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A solution of the problem of four limits

by W. BAacH (Krakéw)

1. The formulation of the problem. The ecart and the
capacity of the set. F. Leja posed in 1938 in Annales de la Soc. Pol.
de Math. 17 (1938), p. 130, the following problem (1).

Let R be the complex plane and p™ = {p,, py, ..., P»} an arbitrary
system of n+1 different points of a closed and bounded set E and
Ui = Ujk(2, p™) the function defined by the formulas:

z—pk
Ujp, =
" i —r

Let us denote by Aa(2), Bau(2), Ca(2), Du(z), the greatest lower bounds
of the products

for j#k, wy =1

n

a(25 p™) = I I [ Iium n(2; p™) = n}gil Il“.fk'“wla
7

k=0

Ca(z; p™) = max[—[ |use! ,  Da(z; p™) = max”mk,

respectively, when the system p™ changes in E.

It is known [1], [2], [3] that, if the ecart v(E, |p—q|) of the set K
is positive (2), then the sequences Az(2)"™ ™™ Bu(2)"™", Cu(2)"", Dn(z)'™
are convergent to A (z), B(z), C(z), D(2) respectively and that A(z) = B(z).
Prove that A(z2) = B(?2) = C(2) = D(z) or that at least one of the
equalities is false.

The object of the present paper is to give a solution of the above
problem.

To begin with we shall introduce some definitions.

Let w(p, q) be an arbitrary generating function, i.e. a function de-
fined and continuous for every pair of points p and ¢ of the complex
plane and satisfing the conditions

w(p,q) =0, o(p, q) = ol(q, p)

(*) See also Colloquium Mathematicum 7 (1959), p. 151.
(?) The ecart will be detined later.
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and let E be a closed and bounded set in the complex plane. Let us con-
sider a system p™ = {py, Py, ..., Pa} of n+1 points of E. Let us denote

by V(p®™) the product [] w(ps, pi) and by Vi(E,w) the supremum

o<j<ksin

k)]zln(n+l) (n)

of the expression | [] w(p;, p
o<<j<k<n
rily in E. Since E is closed and bounded and «(p,q) is continuous,

there exists a system
1.1) ¢ =", ¢, .. g},

which will also be denoted by {qq, ¢, ..., ¢u}, Such that

when p changes arbitra-

Vn(E, w) = [ \/(q(n))]Zln(n-{-n .

It is known [4] that there exists a finite Jimit

(1.2) ImVy(E, w) =V(E, v).
n—00

System (1.1) will be called the n-th extremal system of E with respect
10 o and the limit (1.2) will be called the ecart of E with respect to w.

Let us denote by I the class of all non-negative Radon measures
p(e) defined on the subsets of F and satisfing the condition u(E) = 1.

Let & be an arbitrary positive number. Let us denote by ws(p, q)
the function defined as follows:

wé(p,q):{w(P,Q) for w(p,q)>=9,

) for ow(p,q)<é.

For fixed & the function log is continuous with respect to the

ws( P ¢)
pair of points p and ¢ and non-decreasing with respect to 4. Then the

integrals

Jotagpiw, [ reegggawo]we

and their limits (finite or not) as 6 —0 exist. The limit of the first integral
will be denoted by

1
flog olp, 9 P9

E
and the limit of the second integral by

f[ J log w(;, 2 du(q)] du(p) ,
E E

or shortly by I(u).
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Let K = max (1, sup o(p, q) Since E is a closed and bounded
Pg€E

set and w(p, ¢) is continuous, K is a finite number > 1. Since log aﬁ =0
’

= oo) and since

(in the case where w(p, q) = 0 we put log (K -
f[{ 08 (p 7 H(Q]d.u(p)-—logK f[{]g
we have

(1.3) ,f[flng
E E

We shall consider two cases:
Case 1. There exists a u ¢ M such that I(u) < oo. In this case we
can prove by the method as in [1] that there exists an i ¢ M such that

I(n) =inf I(u).
pneI

dn(q)] du(p)

au ()| du(p) > log -

By (1.3) we have I(n) > — oco. The measure 7(e) will be called the equi-
librium measure with respect to the function ». The function U(p) defined
in the whole plane by the formula

U(p) = flog

2,9 dn(q)

will be called the equilibrium potential with respect to «» and the number
C(E, w) =e I
the capacity of the set E with respect w.

Case 2. I(u) = oo for every u € 3. In this case we put C(¥, w) = 0.
In this case we do not define the equilibrium measure and the equilibrium
potential.

2. The equality of the ecart and the capacity of a set.

LEMMA 1. For an arbitrary closed and bounded set E in the plane and
for an arbitrary generating function w(p, q) we have
CE,w)=V(¥l, w).

Proof. Let  be an arbitrary positive number and ws(p, ) a function
defined on page 58. Let Va(E, ws), V(E, w;) and C(E, ws) be defined
analogically to V,(E, w), V(F, w) and C(F, w). It is sufficient to prove
that
(21) .V(E, (L)(s) = C(E, (J),j) )

(2.2) V(E,w) >V(E,0) as §->0,

(2.3) C(E,m;)>C(E,»w) as 8-0.
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We shall first prove (2.1). Let K = sup ws(p, ¢). Since E is closed

pac E
and bounded and ws(p, ¢) is continuous, K is a finite number > §. Let

wy(p, q) = ws(p, q)/K. It is easy to see that ws(p, q) <1 for p, qe Eand
V(E, w;) = V(E, ws)|K, C(E, w;) = C(E, w;)/K. In order to prove (2.1)
it is sufficient to prove that C(E, w;) = V(E, ws).

In the sequel we shall write ws(p,q) instead of wy(p, q). Hence we
have ws(p,q) <1 for p,qe E.

Let u(e) be a measure belonging to M (see p. 58). Let us denote
by I’(x) the integral defined by the formula

L) £ [ { [ 108 oo du@] dn@)

CA ws( P

and by 7,(e) a measure realising the greatest lower bound of the integrals
I"(y) when ue M:

I(ns) = inf I (u) .

pneM

Without any loss of generality we can assume that there exists
a number a > 1 such that E is contained in the rectangle

0<e<a—-1, o0<<y<a—1.
Let us divide the square 0 <z <a, 0 <y <a into n® partially open
squares

j—1 j k—1

k .
- a<w<q—%a, " a<y<ﬁa, j,k=1,2,...,n

and let us denote these squares by Pﬁ”), i=1,2,..,%". Let us denote
the sets B ~ P{™ by E® for i =1,2,...,n". Hence we have

n2

D EM—E.

=1

Let m(n) be a natural number and l;(»n), ¢ = 1, 2, ..., »? non-negative
integers such’ that
l;(’l’b) 1

(2.4) m(n) " < no(EY)

N

If the set B is empty we put li(n) = 0. We can assume (taking suitable
m(n)) that

n2

Zl,-(n)» co, a§ MNn->o00.
i=1
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Let us take ly(n) arbitrary points (different or not) in every set E"
(1=1,2,..,n%. We shall have the system of the l(n) points

(2.5) {Pos D1y s Piy}  where  l(n) = Zli(”)'—

te=1

Next, for brevity we shall denote the sets E{® by E; and the numbers
Un), l(n), m(n) by 1,1, m.

Let
(2~6) {QM Q1y -y ql}

be the Ith extremal system of the set F with respect to the function w;.
Let us denote by w(e) and pi(e) the measures defined on the Borel sub-
sets ¢ of F as follows:

k k'
wi(e) =771 ple) = 11’

where & and k&’ denote the numbers of the points of system (2.5) and of
the extremal system (2.6) contained in e. It is easy to see that the mea-
sures u; and u; belong to the class M (see p. 58). From the definition
of the extremal system (2.6) we have

1 2 1
2.7 lo = log———
ED - leyE, oy T D, £ '8 el 00
1 l
l+1[ R 1 1 1 ]
] — log —-—| .
(Z+1>2Z %€ wi(gi, g) <’+1>2,~2=‘: %8 wi(gi, 20
Since

1
1 1 _ 1 & e
<l+1>2.~,k2::1°g @iy 46) Ef [Ef 108 11y 7g) 0] i) £ I

and

og <lo
a’d(p ’ Q) g 6’

we have from (2.7) and from the definition of x; and #,

1 [ I 1 14+11.. 1
(2:8) 18 7 g g = 1 [I( ) l+1]g] [I l+1l°g]

Since Vi(E, ws) >V (E,ws) as l->oc0 (p. 58), we shall obtain from (2.8)
the inequality

1 5
log W,Ta) = I'(ns)
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and hence
V(E, w) < exp[—I"()] = C(E, w,) .

In order to prove (2.1) it is sufficient to prove that V(FE, ws)
2 C(E, (DJ).
Since system (2.6) is extremal, we have

lo 1 __Z p) log L < 2 ) lg—liﬁ
SVAE, ) 10+Y) , & F e, a0 ST+ <o % lpi, p)
(2.9) .

4
l+1[ 1 \| 1 1 2 1 ]
== M — log———| .
l (l+1)=,..%;0 P onpi, po) T T+12 & % wlps, pi)

Let Mg= sup lo
‘k psEM}eEL- J wa(P, Q)

. Since
i

1 1 5
1\ .
(I+1)2 1,2:: g ws(Piy Pr) )

we shall obtain from (2.9)

141 log(1/31)
- 0

1
o8 o S [+1

( *(ua
+1( log(1/M
< —+l— (”‘Z: Mg i E;) pu(Ei) — _ﬁt(-f—h/l_)) ’

where M = sup lo
p,qu & wy(P, q)
nition of u; we have

. From inequality (2.4) and from the defi-

n? ne

l; 1 1
Z M i E;) u( Ey) = 2 Im;z Tn Z M [m(E) ] [776( k) + ]
k=1
and hence
1 11 O 1
log V{E, o) < 3 [12 M ms( Es) no( Ex) + e “%1 My, +

n? ne

L Ny N _ log(1/M)
+a 2 M B+ X, ) — 5L |-
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Since My < log (1/6) and 0 < n(E;) <1, we have from the last ine-
quality

1
(210) le v o
il \ log(1/8) = 2log(1/) log(1/M
<N ranmynmg + OB 2logtle) log a0,
t,k=1

The function log

(1 ) is uniformly continuous in the set E X E; so
wa\P, 4
for any & > 0 there exists a N(¢) such that

My —log onp. D <e for peE;, qeky, n>=N{(e).
Hence
D My B no ) = Z [ [ stadnia)] anp)
k=1 L,k=1E; E
< 2 f[ fl og d’]o(Q]d’ﬂo(P)-{-
,k=1 E} Ey
+er[ fdm ]dno(p = I’(ns) +
t,hk=1E;
and from (2.10) we have
1 log(l/é) 2log (1/6) log(1/M)
1OgV;(E < I(ms) + n® + n Tl+1

Since [ = l(n) >o00 as n—>o0, we have from the last inequality

1 s
—_— < .
logV(E, wa) = 1 (?70) +&
Since ¢ is an arbitrary positive number, we shall hence obtain
1 5
log ——— <1
BV (&, ) < T OW

or
V(E, ws) = exp[—1’(ns)] = C(E, ws) .

Hence and from the opposite inequality (see p. 62) we have equality (2.1).
Proof of (2.2). It is known [5] that

(2.11) Vari(E, ) <Va(E,w) for n=1,2,..
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From the definition of ws; it follows that
VilB, ws) ZVa(B,w), n=1,2,..
Hence and from formula (1.2) (see p. 58) follows
{2.12) V(E, w) =V(E, w).

In order to prove (2.2) it is sufficient to prove that for any ¢ > 0 there
exists a dy(e) such that

(2.13) VB, ws) <V(E,w)+e for <=4 ¢).

Since V.(E, w) >V (E, w) there exists a natural pumber N (¢) such that
(2.14) ValE,0) <V(E,w)+¢2 for n>N().

Next we shall prove that for N = N (&) there exists a 8, such that
(2.15) VN(E, 03) < VN(E,w)+¢e/2 for 6<é,.

Let ¢qq, 41y «+-y v be the Nth extremal system of E with respect to w,.
If VNy(E, w) > 0 we have the equality

ws(Qiy @) = @ (Gsy qr)
for

NN+ paeE

N(N+1)

2

6<6.,=min(K,[VN(E’w)] ), K = sup wip, q)
K 2

because in the contrary case there would exist a positive number é < §,
and a pair of points ¢, g,y 0 <4y < N, 0 < ky < N such that ws(qi,) qx,)
= 0 < é,. From the definition of K and é we should have

2 N(N+1) 2

N(l;’+1) -1
Va0 =[ [] wda, @] " <[6E = T <Vy(B0),
O<i<k<N
which is absurd. Hence
2 2
N(N+1) N(N+1)
VB, w) =] [] odgyal] =] ] o)
0<i<k<N 0<i<k<N

<VNn(F,w)+e2,

i.e. we have inequality (2.15).
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N(N+1)

2
It Vi(E, ) =0 then for 6 < ————— there exists a pair of
K TN&D
points ¢;,, qx, of the extremal system such that ws(g;,, qr,) = 6; so
NN+ _ o 2
VB, o) <[0E T O < g2 = Vy(E, w) +¢f2

and inequality (2.15) is also proved.
From (2.14) and (2.15) it follows that

(2.16) VB, ws) <V(E,w)+e for 8§<é,
and from (2.11) and (2.16) we have

V(E,w;) <V(E,w)+e for &<y,
i.e. inequality (2.13).
Since € is an arbitrary positive number, formula (2.2) follows hence.
Proof of (2.3). We shall consider two cases.

Case 1. V(E, w) > 0. In this case from (2.1) and (2.2) it follows
that

Cl, ws)>V(E,w) as 06->0.
Hence it follows that I’(3) converges to a finite limit I as 6 —>0:

(2.17) Hm I%(ns) = I .
60

From the definition of » (see p. 59) and #; (see p. 60) we have
(2.18) L(ny) < I’(n) .

From (2.17), (2.18) and the definition of the integral I(n) we obtain the
inequality

(2.19) I<I(n).

Now we shall prove that I = I(5). In the opposite case there would
exist a number ¢ > 0 such that

(2.20) I<I(n)—e.

Let {0} be a sequence of positive numbers such that 6, -0 and I™(z,,) - I.
We can suppose that the sequence of the measures 7;,(e) is convergent
to a measure (e) (because from the sequence of such measures we can
take a convergent subsequence, see [1]). Let &’ be an arbitrary positive
number. It is easy to see that I™(ns,) > 1"(77.;,,) for 0, < ¢ and hence if
u ->o00, we shall obtain I > I¢(n,). Now if ¢ >0 we shall have I > I (70)y
which together with inequality (2.20) gives the inequality I(%n,) < I(n)—¢
in contradiction to the definition of 7. Therefore I = I(7).

Annales Polonici Mathematici XV 5
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Hence and from equality (2.1) we have

CE,m) =X 5T —¢7 1 _ (B, 0) as 6-0.

Case 2. V(E, w) = 0. In this case from (2.1) and (2.2) it follows
that I’(ns) >oo as 6 0. Hence and from the definition of 1, it follows that
() >oc0 as 8>0 for u e M and hence I(u) = oo for u e M. By the defi-
nition of capacity we have in this case C(E,w)=0=V(E, w). For-
mula (2.3) is thus proved.

From (2.1), (2.2) and (2.3) it follows that C(F, ) = V(¥, w), q.e.d.

3. The properties of the extremal measure and its con-
nection with the Green funection. Let £ be a closed set on the
2-plane and 2z be a point not belonging to E. Suppose C(E, |[p—gq|) > 0.
Since (see p. 57)

A p(n) [1 l/ |Z_P7'l Iz—pk1 and An( ) — inf An(" p(n))
j k=0 — Pxl pMeE
¥k

it follows that

log An(2) = inf log A,(2) =2 2 log ————
g n(2) pln) g () 4 gw(inqk; z)’

o<j<k<n

p—4l

Vie— PHZ_(L
stem of E with respect to w(p, ¢q; 2). Since

where w(p, ¢; 2) =

and qo, ¢y, -..s ¢n 15 the nth extremal sy-

log A (2) —lim—l—— log Ap(2) =1lim 2 __ 3 log 1
& n(n+1) " n(n+1)

o<j<h<n w(qif Q5 z)
1

og
V(E, o(p,g; 2))

it follows from lemma 1 that logA(2) = I(u,) where u, is the equilibrium
measure with respect to w(p, ¢; 2) (see p. 59).
Let

ﬁf 1

up) = | log ————— du.(q) .
Ap) J gw(p, 47 p=(q)
Then

1
Ap) = | log———dpu,
U(p) Ef‘ogw(p,q; 2 u=(q)

where E* is the kernel of u,, i.e. the set of the points of ¥ such that, for
every 2, € E* and every open set U, containing 2,, u.(E N Uy) > 0.
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It is easy to see that

(3.1) limup) = —o00, limu,(p)=— oo
P2 P
and
1 1 1 1 1
32)  udp) = [log—1— du(q)— tlo ——ﬁ——floo—-d, .
(32)  uip) Ef € g 0~ 08— 5 [ g g0

From (3.1) and (3.2) it follows that «.(p) is a function of p, sub-
harmonic on the outside of E. Hence we can prove by the same method
as in [1] or in [6] that w,(p) satisfies the maximum principle, i.e. if
u,(p) < K for p ¢ E, where K is a constant, then u.(p) < K for every p.
Hence

(8.3) u:(p) < sup w.(q)

qe E*
for every p.

LEMMA 2. For every p e E except a sel whose capacity with respect
to |p—ql| equals zero we have the inequality

(3.4) U(p) = Sup u,(q) .

qgeE*

Proof. In the opposite case there would exist a set F C E such that
C(F,|p—gq|)>0 and

(3.5) u,(p) < sup u,(q) for peF,

geE*
Hence there would exist a positive number ¢ and a closed subset F, of F'
with a positive capacity such that

(3.5%) U(p) < sup u,(q) —2¢ for pelkF,.

qe E*

Since 2 does not belong to E, it is easy to prove that also O’(F.,, w(p, g; 2))
> 0. It is evident that there exists a point p, belonging to E* such that

(3.6) uz(Po) > sup Uy (g) —€ .
geE®

The potential u,(p) for a fixed 2 is the lower semi-continuous funection
of p. Hence and from (3.6) it follows that there exists a neighbourhood U,
of the point p, such that

(3.6") U (p) +&>sup u,(q) for peU,.

ge E*

‘Diminishing U, if necessary, we can suppose that the distance of F,
and U, is positive. Because p, ¢ E*, u,(U,) > 0. Let mL 1A U,). Since
C (F.,, w(p, q; z)) > 0, there exists (see p. 59) a non-negative measure a‘(e)

5.
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defined on the Borel subsets of F, such that

1
3.7 [ [10g 2 aog)dw (Fy) =1
20 7o pf 8, q; )0 0]4(P) < c0y (Fo)

Let o'’(e) = ma’(e). Since

f[flog "y q’~ da"(q)]do"(p) = m? f[ {log o0, q,~z—) dG'(Q)] do’(p) ,

we have by (3.7)

f[“[ Eolp, ,z)dan(m]do”(p)< o, o(Fy) =m.

Let us consider the measure o(¢) defined as follows:

—us(e) for the Borel sets ¢eC U,,
ale) =1d"(e) for the Borel sets ¢ C F,,
0 for the Borel sets lying in the outside U, and F,.

Let o be a positive number smaller than 1. It is evident that the
measure u,-+ oo belongs to M. By the same method as in [1] and [6]
we can prove that

(3.8) I(s) < oo
and
(3.9) I(ps+0o)—I(p:) < —o[2me—oI(0)].

For sufficiently small p the right side of (3.9) i3, by (3.8), smaller than
zero; 50 u, would not realise the infimum of the integrals I(u), which is
a contradiction of the definition of u,. The lemma is thus proved.

From (3.3) and (3.4) we have the equality
(3.10) U(p) = Sup u,(q)
geE®*

for p ¢ E except a set of capacity zero (for example, with respect to [p —gq|).
We shall introduce the following notations:

1 1
p,z)— {logl d#z q)— élogm,

y(2) = sup w,(p) + { log1 2 W9 -

From (3.2) and (3.10) it follows that
(3.11) h(p,?) = y(2)
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for p € E except a set of capacity zero. The function h(p, 2) considered
as a function of p on E is continuous except a set of capacity zero. So
we can prove by the same method as in [1] and [6] that the function
h(p, 2z) is continuous in the whole plane except a set of capacity zero.

Let CE denote the complementary set of E. CE consists of an at
most enumerably infinite number of domains. Let Dy be that one of
those domains which contains 2 = oo and let F be its boundary. Let C(E)
be the capacity of E with respect to |p—gq|.

We shall prove

LEMMA 3. If 2z E and 2, is a regular point for Dy with respect to
the Dirichlet problem, then

y(z)»%loga—(lE—) as  2->2, (?e€Ds).

Proof. Let x be an equilibrium measure with respect to the gener-
ating function |p —g¢|. It is known (see [1], [6]) that for every 2z ¢ E except
a set of capacity zero we have the equality

1
(3.12) flogl dy(p) loga(—E*)

and for every z

(3.13) #(2) < log C_(IE_) .

In [1] and [6] it is proved that if f log

mn ld,u( ?) < oo and C(E,) =
then u(E,) = 0. Hence and by the Fubini theorem we have

(2) = fy (2)du(p fh(p,Z)d#(p)

[estyniegtien
_ f”log| A P)]dﬂz f1°g| “(p)

and so by (3.12) we have

;u(z) .

(3.14) y(2) = log %E) _1

Since (see [1], [6]) u(2) >log == C 2 >z, it follows from (3.13) that

(E , as
1
y(z)-a»élog (@ as 2>z, q.e.d.
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By (3.11), (3.12), (3.13) and (3.14) it is easy to prove that the function

(3.13) G(p,2) = —2h<p, z>+2y(z>+u<p>—log%m

= log —— Ip flogl duz(q)+logC(E) —u(2) +u(p)

is the Green function for the domain D, with the pole at z.

4. A certain properly of the Green function. Let G(p, ?)
be the Green function for D. (defined in Chapter 3) with the pole at z.
We shall always assume that z # oo.

It is known that there exists a finite limit

(4.1) lim [G(p, —log — ]
Pz, Pz lp—2|
and the function U(p, 2) defined for 2, p e Ds by the formulas
1
G(p,z)—loglp_z| for p#=2,

(4.2) Ulp,2) = 1

p—=|
is the solution of the Dirichlet problem for Do with the boundary value

lim [G (p,2) —log

] for p==

equal to --log

L on F.
ip—2|
About the function U(p, 2) we shall prove the following
LeMMA 4. If z, € Fc and 2, i3 a regular point jor the Dirichlet problem,

then lim U(z,2) = — oo.
2—>20,2€ Doy

Proof. Let K be an arbitrary positive number. Let
K

1 for O<r<
(4.3) logx & — nz for xr<e,

K for z>é6&

and let Uk(p,2) be the solution of the Dirichlet problem for D, with

the bonndary value equal to —logg; 1 q We put logx ,pl zlg
Y ¥
for p = 2. It is easy to see that
1
lim logx =1lo | Zg e Foo
z—>z0,2€ Doy 8k lp—2| S L P D — % (20 € )

and the convergence is uniform with respect to p ¢ D.. Hence there
exists a 6 > 0 such that for every p ¢ Fo

loge 1
gxlp_

2| 108k

——— (<1, when |v—%| <0, 2€e¢Ds.
P — %



Solution of the problem of four limils 1

From the last inequality and from the maximum principle for harmoniec
functions we have

[ Uk(p,2)—Uk(p,2)l <1, as |2—2| <d, p,2eDx.

Putting p = 2 we shall obtain

(1.4) Uk(2,2) <1+ Ux(z,2), as [2—2|<d, 2e Dy
and hence
(4.5) Uz, 2) <1+ Ukl(z,2,) for |2—2)<d, 2€ D

(because U(p,?) < Uk(p, #)). Sinee z, is a regular point, we have

lim UK(Z’ 2’0) = UK(Zo, zO) - —.K .

z—>20,2€ Doy

Hence and from (4.5) it follows that lim U(z,2) <1—K and, since K

z—20,2€ Do,

is arbitrary positive number, we have lim U(z,?) = — oo, q.e.d.

2—>20, 2€ Doy

5. Proof of the Inequality 4(z) < C(2). Let D, be the domain
defined in Chapter 4 and 2z ¢ Dy.

THEOREM 1. If the capacity C(E) of E is positive then, for every z € Dy,
z # oo, A(2) < C(2)(}).

Proof. From the definition of 4(2) and B(z) it follows that A (oo)
= B(oco) and for every z

(3.1) A(z) < C(2) .

The function w1 +1) log Ax(2) is the lower envelope of the harmonic

. 1 S—DPr
functions nn +1)j§c log Py
harmonic function in De—{co}. Since the function log C(z) (see [5]) is
the Green function for D, with the pole at infinity, it follows from (5.1)
that logA(z)—logC(2) is a non-positive superharmonic function in
Dy — {co}; thus in order to prove our theorem it is sufficient to prove
that there exists one point 2’ € Dy such that A(2') < C(2').

Let 2z, be a regular point for D. Since

. Hence (see p. 66) log A (2) is a super-

6(p, ) = log = flog| ) + 108 75— w(2) +u(p)

() Editor’s remark: J. Siciak has observed that there exist sets E such that the
inequality 4 (2) < C(2) holds not for all points ze Deo (2 # c0).
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is the Green function for D, with the pole in z (see (3.14)) we have
(see (4.2))

1

Hence and from lemma 4 it follows that

duq) »>o0, as 2->% (2€Dw).

(5.2) AEflog\q_z|

Since

log 4(2) = 1) = [ hip, )duulp)— 5 [ 108 = dutp
E

(see p. 66 and p. 68), from (3.11) using the same method as in the proof
of lemma 3 we shall obtain

(5.3) logA(2) =y(3)— flogl dyz ).

From (5.2), (5.3) and lemma 3 it follows that log 4 (2) >o00 as 22, (2 € D).
Since log C(z) is the Green function it follows that logC(z) -0 as z—>z,
(2 € Dx). Hence there exists a 2’ € Dy such that A(z') < C(2"), q.e.d.

ExAMPLE. From (3.12) it follows that log C—(I—E)——u(z) is the Green

function for Dy with the pole z = oo, and so log C(z2) = log 1/C(E) —u(z).
Let E be the circle || = 1. In this case (see [5], pp. 270 and 281)
CE)=C(E,|lp—4q|))=V(E,|p—q]) =1, log C(z) =log|z| for 2 ¢ D, and

Io pz—
g p—

is the Green function for D, with the pole at z. Hence and

from (3.14) it follows that

log

p;—::\ = log Ip—l_;l -2 Eflog lp—l—E du(q) —log Il?l + logéﬂ
and hence

(54)  loglpz—1] = —2Eflogw—iaduz<q> +log|#| —log|p|

If p >z then from (5.4) we shall obtain

1
(5.5) log] [¢t—1] = —2Ef log = dulg) -



Solution of the problem of four limits 3
Since (see (5.3) and (3.13))
log A(2) = y(2) — » log —— du.(q)

1 1

1 1

=1og—(—1’7)—§u(2)—§!10g|z_qid;cz(q)
1 1 1

=§10g|z _§Jlog|z—qldﬂzm) y

we have by (5.5)
log A (2) = }log|2| - }log|lz2—1] = log} [2i?|[22—1]

i.e. A(2) =V|2P[2F—1| for 2z e D.

In this case it is easy to see that A(z) = J[22[22—1] < [2] = C (2)
for |z| > 1, i.e. for z e Dx.

Remark 1. It is known that if the set E is the circle [2| =1 then
C(z) =1 for (2] < 1. It is also easy to prove that A(z) = ]‘/“—le—ﬂ for
|2l < 1.

Remark 2. From the definition of A(2) and C(z) it follows that
log A (z) —log C'(2) -0 as 2 >oo. Hence and from the inequality A4 (2) < C(z)
for z € Dy, 2 # oo it follows that log A () cannot be a harmonic function.

6. Proof of the equality C(z) = D(z).

THEOREM 2. If V(E,|p—q|) > 0 then C(z) = D(z) for every z which
does not belong to K.

Proof. At first we shall prove that

(6.1) logD(2) <logC(z) for =zeD,.
Let
(6.2) " = {Qos @1y -+ In}
be the nth extremal system with respect to the generating function
lp—ql

w'(p, q; 2) = W—ql Let us denote by uz(e) the measure defined

on the Borel subsets of F as follows:

n _ k
(6.3) we) ==,

where k is the number of the points of the nth extremal system (6.2)
contained in ¢. From the sequence (6.3) we can choose (see [1]) a sub-
sequence uy*(¢e) convergent to a measure u(e):

(6.4) pzi(e) >use) as  k—>oo.
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From the proof of lemma 1 it is easy to deduce that the measure u.(e)
realises the infimum of the integrals

160 = [| [roes g @) ane

for u e M (see p. 38).
Let us introduce the notation

. 1
6.5 wip) & | log ——— au}
(6.5) up) Efogw @, 4 %) uz(q) ,

1 , 1 , ;
W, 2 [log o dulg—log o1, ()2 sup H(p,2),
E

|P’—z| ’ peE*

where E* is the kernel of E. It can be proved by the same method as in
Chapter 3 that

1

(6.6) I(p:) =y'(2) = — | log dp:(q)
and

- , 1
{6.7) 7'(2) = log Z‘TE_)—u(z)’

where C(E) = C(E, |p—q|) is the capacity and «(z) is the equilibrium
potential with respect to the generating function |p —g¢q!. By the same
method as in [1] and [6] we can prove also that

{6.8) u(p) < I (pe)

for every p. From (3.12) and (3.13) it follows that y’(2) is the Green function
for D with the pole at oo. In order to prove (6.1) it is sufficient to prove
the inequality

(6.9) logD(3) <9'(2) for zeDy.
Let us write

"

DS{)(z)LLFI EG) L j=0,1,.n.
vy (BT
k#j

Without any loss of generality we can assume that D{(z) > D3(2) > ...
.. = DP(2). It is evident that

(6.10) Da(2) < DY(2),



Solution of the problem of four limits 75

where D,(z) is defined on page 57. Let

‘/—15!0)(2) [ w QOv qk, ) D(ﬂ) )”l —qkl

k=1

Since system (6.2) is the extremal system, we can prove by the same
method as in [5], p. 267 that

(6.11) A9(z) = rlw(qo,qk,z ) = sup [] (D, Gi; 2) -

Hence

1
for eve E.
24 gw (p qx; z) VA“"(z) Yy Pe

Integrating the last inequality with respect to u.(e) we shall obtain (see

p. 61)
1\, lﬁf 1 , 1
=Y wlg) == log ————— — dul(p) > log e
" q) py gw(p,qk; 2 p(p) gp/ G

Hence and from inequality (6.8) we shall obtain

(6.12) I(pz) > log ;
= Va9()

By (6.10), (6.11) and (6.12) we have

I(4t) > = log Dy(z) — Z g|z_qk\

In particular

ng
NS
(6.13) I(pz) = ;-10g Dalz) — - = - !

(see p. 74). Hence we have

14 1 ’ I
I(u;) > logD(z)— flog E’t;l dulp) or '(2) =logD(z),
E

i.e. inequality (6.1).
In order to prove that logC(z) = logD(2) for z e Dy it is sufficient
to prove that

(6.14) v'(2) <logD(z) for 2eDx.
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Let ™ = {ry, 71y ..., ¥a} be the nth system of points realising the
infimum of Dx(z; p(")) and let x; be a measure defined similarly to the
measure u, (see p. 73). It is easy to prove (see the definition of D(2)}
that for every pe E

1
log D (2 f log——— du>(q)—lo

Let u be nth extremal measure with respect to |p —g¢|. By the same
method as in the proof of lemma 3 (see p. 69) we can prove that

logD(z flogD (2)du(p) f[ f log
E E

1
du(q) —1 ]d

1 ’
= log gy — () =¥,

i.e. inequality (6.14).

In the case where z does not belong to Dy v Fs we have (see [5],
p- 278) log C(z) = 0 and (see [1], [6]) u(2) = log Cp(lﬁ) We can also prove
by the same method as in the case of z e D that logD(z) = 0.

Remark. It is easy to prove that if 2 e F» and 2 is a regular point
for the Dirichlet problem for D, then D(z) = C(z) = 1. If 2z is a irregular
point then D(z) can be greater than C(z).

ExAmMPLE. Let E be the set consisting of the circle |2 =1 and the
point z = 5. In this case C(5) =1 (see [5], p. 278) and

n
| n
Dp(5) = 1nf'maxl I 15 p"1> :} }
pm | () i Pe—pil” 2".6

k+=j

Hence D(5) > 2 > 1 = C(5).
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