COLLOQUIUM MATHEMATICUM

VOL. XXIII 1971 FASC. 1
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RIEMANNIAN SPACES
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According to Chaki and Gupta [1] an n-dimebnsional analytic Rie-
mannian space with n > 3 is called conformally symmetric if the well-
-known Weyl’s conformal tensor

(1) Oy = Bijy— a’Rjk gu+ el g, — ag;y By + agy By + bRy 9,— bRg;H9:
satisfies the condition
(2) Ci]'kl,m = 07

where a = 1/n—2, b = 1/(n—1)(n—2), and. the comma in (2) indicates
covariant differentiation with respect to the metric of the space.
Notation is derived from [2].

THEOREM 1. Every conformally symetric space is conformally flat
or the vector R ; is null. ‘

Proof. Differentiating (1) covariantly and taking into account (2)
we get

(3) R, m— oy ngu+ aR; 09— 0 By o+ a5 By -
+ bR,mg;ikgil_ bR 919 = 0.
Since
;"kz,r = R;ik,l_le,k and 1r = 3R,

we infer by contraction of (3) with ¢"™ that

1
(4) Bjp1— By = 3(m—1) (9 B1— g B i)

Now, differentiating (3) covariantly and using Ricci’s identity,
we obtain

(5) Rz?mp Tsjkl - }?mp Tsikl + R;mp Tal’ii - Rfmp TSkiJ' =0 ’
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where
(6) Tojy = Rojra— ag;x R+ ag;y Ry -
The last relation, in view of (3) gives the equality

Tojr1,0 = By 90— a’le,ugsk — bR ,9ix9a+ DR 95100k,

whence
Rgmp Tojran = aRlimp Ry’k, u a'Rkimp By — bR .9 'Rlimp +
+ bR,uglekimp
and, consequently,
( 7) Rgmp Tsjkl,u_ R;mp Tsikl,u + -Rskmstli;i,u - lmpTakij,u = 0.

On the other hand, in view of (7), the covariant differentiation of (5)
gives

(8) -Rt?mp,uTsjkl_ R;mp,uTsikl"}- Rskmp,uTslij'_ lmp,uTskij =0 ’
Contracting (8) with ¢* and applying (4), we get
9)  YmiB s Tja— B Tmjra) — (g B, o Tiia— B, ; Trpipa) +
+ (G B, e T0ij— B 1 Toutij) — (9 B, s This— B, 1 Touieij) = 0,
whence, by the subsequent contraction with g™, we come to

.R's T;kl = — aR,,-R.k—}— aR]qR’l"l— bgﬂRR’k— bgjk-RR,l'
Hence

(10) gmiR,sT;kl_ R,iijkl = —ag, B;R -+ a’gmiRij,l+
+b9mign RR ;4 aR ;g Byi— bRy, 9B — a'R,iglemk —R; ijkl .

However, it can be easily verified, by virtue of (9), (10) and (1),
that

(11) R,iGm]‘kl_ R,y‘ Omikl-l_ R,komlij— R,lomkij =0 ’
whence, by contraction with ¢™' and in view of the equalities

Co = Oy = Cpe = 0,
it follows that )
(12) B,C% = 0.

Contracting now (11) with R’ and taking into consideration (12)
and the well-known relations

Chiﬁc = ijhi = - Cihik = - Chiky';
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we finally obtain
R,iR, iC’mJ’kl = 0’
which completes the proof of Theorem 1. ‘
As an immediate consequence of Theorem 1 we have the following

THEOREM 2. Every conformally symmetric space with definite metric
i8 conformally flat or its scalar curvature is constant.

From Theorem 2 and (4) easily follows

THEOREM 3. Every conformally symmetric space with definite metric
is conformally flat or its Ricci tensor satisfies Ry, ; = Ry .
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