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1. Let f be a real-valued function defined on the set B of all real
numbers, and let 43f(x) denote the p-th difference of the function f with
increment . *

Every solution of the functional equation

(1) Ay f(z) =0

{the identity with respect to z and h) is called a polynomial function of
n-th order (see [4]).

It is well known that if f fulfilling (1) is continuous, then it is a poly-
nomial of at most n-th degree. It is also known that if f is bounded on
a set of positive Lebesgue measure, then it is continuous (see [2]).

McKiernan [3] has proved that every polynomial function of «-th
order must be of the form

(2) fl@) = A2+ A1 (z)+ A2 (@) + ... + A™=),

where A° = const and A* (§ =1,2,...,n) are the diagonalizations at =
of real-valued, symmetric, multi-additive functions A4;(»,, @,,..., z;,) of
4 arguments, i.e.

Al(z) = Aj(w, @y ..., 2),

‘where A,(xy, %g,...,%;) are additive in each argument and symmetric
with respect to every permutation of the arguments z,, %,, ..., ;.

Let us notice that for A<, where @ denotes the set of all rational num-
bers, we have A*(Aiz) = A*- A*(x). This follows from the fact that, for an
additive function ¢ and 1¢Q, ¢g(Ax) = Ag(w) holds, and from the additivity
of 4* in each argument.

It is well known that a functions g defined (in an arbitrary manner)
on a Hamel base of the set R has a unique extension to an additive function
defined on R.

In general this is not true in the case of polynomial funections. To
show this, let us fix a Hamel base of the set R, and take a polynomial
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function of 2-nd order
fle) = Al(z)+ A>(x).
Let & = 3 Aghyy 4€Q, hyeH. So we have:

A(m) = D) B Ay (ho);  A%(@) = Zﬁzaz,,Az(ha, he),s

where 4,, A, may be defined in an arbitrary manner on H and HX H
respectively, with the only restriction that A, is symmetric. Let us put

1  for h, = hy = hy,
0 Dbesides on H X H;
-1 for A, = hy,

0 besides on H,

Ag(hq, hp)#‘—i.[

Ay (h) E—‘il

where &, denotes a fixed element of H. Thus f(k,) = 0 for each h,cH,
but if & = Ahy, AeQ\{0, 1}, then f(x) = f(ih,) = 22—2 # 0.

On the other hand, f =0 is also a polynomial function vanishing
on H, which shows that the equality of two polynomial functions on H
does not imply the equality of these functions on E.

The following general problem arises: if we have a certain functional
equation with the unknown function ¢(x), which we can shortly note
in the form

(*) E(¢g) =0

and which has to be fulfilled in a certain set X, then we can put the
following two questions. What must the set Z < X be like in order to
ensure that if ¢ is arbitrarily given on Z, then

(i) there exists an extension of ¢, fulfilling (*) on the whole X;
(ii) there exists a unique such extension.

It is obvious that if Z* < Z, and the answer to (i) is positive for Z,
then it is also positive for Z*. From this point of view, when we are con-
cerned with (i), it is interesting to find the largest possible set Z. However,
if we are interested in (ii), then it may happen that for Z we have a unique
extension, but for Z* we obtain a greater number of extensions, and thus
it is interesting to find a possibly “thin’ set Z.

Moreover, let us note that, in general, if we know the values of ¢
at certain points, then equation (*) determines the values of ¢ at certain
new points, Thus the set Z cannot be any set and for the most part it
cannot be too ‘‘slim”.

In the present paper we are concerned with (ii) in connection with
equation (1). Namely, for a fixed positive integer n, we construct a set:
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Z = Z(n) ¢ R such that every function defined in an arbitrary manner
on Z has a unique extension to a polynomial function of n-th order defined
on R.

2. In the sequel n denotes & fixed positive integer. Moreover, we
shall use the following notation:

1° if 4, k, i < k< m, are fixed positive integers, then k; denotes the
number of decompositions of & into a sum of ¢ natural summands (two
decompositions differing with a succession of different summands are
treated as two different decompositions);

2° 80 = Suyq(t, k) denotes the ¢-th summand of m-th decomposition
of the number % into the sum of ¢4 natural summands, i.e.

81+ Sme + + 8 =k

for m = 1, 2, ey k‘i;

3° 8, L i+ (i4+1)+  +ny

In the sequel we shall consider the following sequences:

'glq(i) i); slq(";1 t+1), 32«(":: t-+1)y .y 3(1'.+1)'tq(7;y 1+1); ...
814(%y 1)y 82(8y M)y eory Spy(t, M),

where 1 < ¢ < 4. To simplify the notation we make the following over-
numbering:

oAt . at .o at : as
815(1y 2) = Tygy 814(2y T+ 1) = Ty, s2q(7'7 t+1) =tygy .y sniq(@y n) = ts,,;a'
With the aid of this notation we define (for 7 henceforth fixed) the
following determinant of degree s;:

I £ det [Agh-2gn- - Adil,

Pl D2

where p =1,2,...,8, j=1,2,...,8, Wwhereas A, (»p =1,2,...,8,;
qg=1, 2,..., i) denote rational numbers.

LeMMA 1. If 4 is fized, then the numbers 1,,¢@\ {0} may be chosen
so that I, # 0.

Proof. We shall give an effective construction of such a determinant.
Let {2, 3, ..., r;} be the sequence of ¢ successive prime numbers. Let ug
define the numbers «; as follows:

o & 93 L e,

For j, #j,, 1</ <8, 1<j,<s;, we have z; # x;,. Indeed

otherwise we would have
25,

mjz

— 1 = o1 Uarghiz a2 .., phini Yy

and thug

(3) tjll = t]‘z]., tfzi = t1225 S t,l.l'b = tiz’i:'
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Let 4., = Sl &), by = Spa(ty 1)y ¢ =1,2,...,1, and let us consider
two cases: '
1° % #1L

1 T
Then 3 t;, =% #1 = Zl‘ t;,o and equalities (3) are impossible;
g=1 q=

2°k =1

Then m # p, since j; # j,, and we have two different decompositions
of the same number k. Thus they must differ at least in the succession
of summands, and equalities (3) are not possible, either.

We construct the detérminant I, as follows:

I, £ det[(2°)n:(37)- ... (D)%),

where p =0,1,2,...,8—1;j=1,2,..., 8.
Thus I; is of the form

1 1 1

wl ﬁz msi

o @ g
-1 8;—1 81—1

A w3

and from the fact that the numbers x;, 1 <j < s;, are pairwise different
we infer that I, # 0, which completes the proof.

3. For a fixed positive integer 1 and a fixed Hamel base H of the
i
reals let #; & X H,, where H,, = H for m =1,2,...,4.
m=1l

In the set s#; we introduce an equivalence relation r as follows:
(hay Pgyoeey W) ¥ (hy,y Ryy ...y hy) <> (hyy By, ..., h;) i8 a permutation of
{hy, Byy oovy By). Let 57,7 denote the set of all equivalence classes.

Now, we choose one element from each equivalence clags. Let w;:
H,/r — H#,; denote a function of choice. It easily follows from the defi-
nition of 4, that a function ¢ arbitrarily given on the set w,(s#;/r) has
a unique extension to a function 4, defined on R°

For a linearly independent (over @) (}) set B =« B and numbers
AyyAgy ooy @\ {0} we define the following set:

(4) 4B+4,B+ 4B
S (@i @ = b+ Apbyt ... +Aby, bjeB, b, # b for m £,
m,j =1,2,...,1}.

() Let L be a linear space over a field K. We say that a set 4 = T is linearly
independent over K iff every finite subset of 4 is linearly independent.
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In this set we introduce an equivalence relation p as follows:

(Aaby+ Agbat o +Ab)p(Aaby+ Aoby+- ... +2B)) < (By, by, ..., by)
is a permutation of (b, by, ..., b;).

Let (,L,B+1,B+ +X4B)[p denote the set of all equivalence

classes.
Now, we choose one element from each equivalence class. Let

w: (B+ 2B+  +4B)p > (B+AB+  +A4B)

denote a function of choice.
Let us define the set Z = Z(n, H, Ay, w;,) as follows:

G ZE2U U opllpE+hpHs  + )} o {0} ()

i=1 p=1

with the following meaning of the symbols:
n — a fixed pogitive integer;
H — a fixed Hamel base of the set of real numbers;
Aipg — fixed non-zero rationals, chosen so that the suitable determi-

nant i8 I; # 0 for 1 =1,2,...,m,p=1,2,...,8,¢=12,..., ¢ (the
possibility of such a choice is guaranteed by Lemma 1);

wy, — fixed funections of choice (from each equivalence class belonging
to (A H + Ay H + + Ay H)/p one element is chosen), 1 =1,2,...,n,
p=12,...,s,.

THEOREM 1. A function | arbitrarily given on the set Z defined by (b)
has a unique extension to a polynomial function of n-th order defined on
the whole space R of the reals.

Proof. An arbitrary polynomial function of n-th order is of the

form
fla) = A°+A4(@)+  +4%(2),

It is sufficient to prove that we can determine the function A4; on
the set w,;(s#;/r) for 1 =1,2,...,n.

Since we always have 4:(0) = 0 fors =1,2,...,n, we put A° < £(0).

Let us take h,«H. Making s, = n expangions of the form f(4,,%,),
p=1,2...,8, we obtain the following system of linear equations:

FlhgrTie) — A° = Ay A2 () A2 A2 (hg) + .o + oy AP (hy).

(2) Let us note that all the summands in the sense of “U” are pairwise disjoint
in virtue of the linear independence of H over @.
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The main determinant of this syste m is I, 5 0.

Repeating this procedure for all 7,¢Z we shall determine the values
of the functions A% on H for ¢ =1, 2, ..., n. The function A! is completely
determined, since H = w,(3#,;/r).

Next, making s, expansions of the form f(A,h,+ Apehs) We take
into consideration the sets

Wop{(Aapr H+ L H) [}, D =1,2,...,8.

To simplify the notation, let us adopt for fixed numbers a,, az, ...y ty,
m< e a,+ay+ +a, =1, the following symbols:

a & . .
Ay(m?y g ...y o) = At(fu-’”u ey L1j Loy Loy ooy Dajeeei Tmy Dy vy By
- —— ———’

a 1 02 Am

Thus we shall get

n
F(Aaga o+ Agpa hg) — A° — 2 Ky A (ko) — D) Hyn A*(hy)

=l =1

= 01)vzp1}~2pzA (Pgy hp)"“czﬂ-zmﬂzpzA (h hg) +03221;1/12p2-4 (Bas h§)+
+ oot Gyt 21711;-21024411(’?”—1 hﬂ)+682_n+21§“1;11 2p2A (h2~? hp) +
+ . +03212p1'1127'p—21An(has h.B—- )y

where p =1,2,...,8, 01,0, ..., C;, are positive integers.

The main determinant of this system is ¢;-¢,- “Cs,' Iy # 0.

Proceeding thus further for all &,, hycH, h, # hy, we shall determine
the function 4, completely (i.e. on the set of the form w,(#,/r)). Moreover,
the values of the functions A4,, 4,,..., 4, will be known on certain
subsets of the sets of the form wy (£, /1), w, (#,[7), ..., w, (3, [r) (namely,
on those elements of these sets which have at most two different ‘“co-
ordinates”).

In the third step the function A4, is completely determined and the
values of 4,,4;,..., 4, will be known on those elements of the sets
wy (A4 1), ws(Hg[r),y ..., w,(#,[r) which have at most three different
‘‘coordinates’’.

In the n-th step the situation looks as follows: we already have
the functions 4., 4,,..., 4, ; completely determined (i.e. on the sets
of the form w, (3, /7), wy (S, [7), ..., w,_,(#,_,[¥), respectively); however,
the values of the function 4, are not yet known on those elements of the

set w, (o, /r) which have the ‘“coordinates’ pairwise different. We take
into consideration the set

Wy {(}'nIIH']‘ )“nle+ + 'TnInH)/p}

(s, =n, =1). Ta.king a fixed element 2,0, + Ak oy T I-Z,ﬂnh,,_
(then (htq’ ha2 y ey By belongs to the above mentmned set w,, (6,/1)
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.we have to consider only one linear equation. The main determinant
of this “system” i8 I, = A5;-App* .. "y, # 0.

Continuing this procedure for all these elements we shall determine
the function A4, completely.

Thus finally the funetion f is given completely, which ends the proof.

4. The set Z seems to be ““large’”. However, it depends on the choice
of the Hamel base H. Our further considerations will be concerned with
the construction of such a base that the set Z generated by it is of measure
%€ro.

At first we shall prove the following

LEMMA 2. If ki, kyy ..., %y are fized non-zero integers, then there
ewists a Hamel base H such that the set

X = kH+kH+. ..+ by H (%)

18 measurable of measure zero.

Proof. Let N £ 2(|k,|+ [ks| + ... +|%,,|)+4 bethe base of counting.
Let us consider two sets:

AL {reR: N-adic expansion of # contains the digits 0 and 1 only},
BE {x<R: N-adic expansion of z does not contain the digit N/2}.

Both A and B are measurable and of measure zero (a certain generali-
zation of the construction of the Cantor set; see [1]).

Moreover, let us note that the set A spans the space R, i.e. the set
of all linear combinations of elements of 4 with rational coefficients
yields the whole space K.

Thus, the set 4 must contain a Hamel base H. It is easily seen that
such a base H has the property that

X =H+kH+... +k,Hc B.
So X is measurable and of measure zero, which completes the proof
of the lemma.
LEMMA 3. For fized numbers gy, 05y .-y 0m €@ {0} there exisis a Hamel
base H such that the set

qat

Y=o0H+teHt ... +enH

18 measurable of measure zero.

(®) For real numbers a, f and sets 4, B < B we pub

aA+8BE (55 = an+pb, acd, beB).
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Proof. Let o; = k;/M, where k; are integers and M is a positive
, 1 ;
integer, ¢ = 1,2,...,m. Let ¥ =TI—X, where X =k, H+k,H+ ... +

+ %k, H and H is the Hamel base constructed in Lemma 2. The meagura-
bility of X is equivalent to the measurability of ¥. Moreover, we have

m(Y) = T:llfm(X) =0 (m(4) denotes here the Lebesgue measure of

the set A).
Levmma 4. If

A =g, H+p, H+ +onH, B= leH'l' ng-H'l' cee +9m,,H’
{les Omyr =+ ka}c {01y 02y -y 0m} and m(4) =0,

then m(B) = 0.
Proof. Let

m my
hoeH, H'SH—hy o= ghy b= gphe
=1 i=1
We have A—a = o, H*+0,H* + ... +0,H*, m(4d—a) = 0. Since
0c¢H*, we have

O H + 0my ' + o+ oy B = 0 H + o H + ... + 0 HY,
and thus

0= M(leﬂ*-l-gmzﬂ*-i— + kaH*) = m(B_"b) = m(-B)
The construction of the set Z (see (5)) is based upon the choice of

n

m = ) is; rational numbers A,,. Let {o;, 0s,..., 0,,} denote the set of
i=1

all rational coefficients which appear in the construction of Z, and take

a base H such that the get

e H+oH+  +o,H

is measurable of measure zero.
In virtue of Lemma 4 each summand in the sense of ‘‘U” which
appears in Z is of measure zero and thus the set Z is of measure zero.
Thus we- have proved the following

THEOREM 2. There exists a set Z of measure zero and such that a function f
arbitrarily given on Z has a unique extension to a polynomial function of
n-th order defined on the whole space R of the reals.

The author is very grateful to the reviewer for a number of valuable
remarlks.
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