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. Lagrangian formalism in the classical field theory

by WikToR SzczYRBA (Warszawa)

Abstract. A variational problem with a fixed boundary in the geometriec form
is considered. Equations of extremals are formulated in the language of differential
forms on the Grassmannian manifold. A discussion on the transformation properties
of the classical form of the Euler-Lagrange equations is presented and a new interpret-
ation of these equations is proposed. The Legendre transformation in the field theory
is defined and several physical examples of if are given. Invariance problems are con-
sidered and the Noether theorem is proved. Problems with constraints are formulated
geometrically.

It is well known that a variational principle is an appropriate tool
for the formulation of physical laws. Equations of mechanics, scalar field
theory, electrodynamics can be defived from “the least action principle”.
In mechanics this approach allows us to obtain two formulations of the
theory: the Lagrangian and the canonical one. A mapping which gives
an isomorphism between these formulations is called the Legendre trans-
Jormation [1]. In the present paper we consider the Lagrangian apptoach
to the classical field theory based on the geometrical theory of the calcu-
lus of variations. This theory was given by P. Dedecker [2] in the fifties.
Recently H. Goldschmidt and 8. Sternberg have given a modern exposi-
tion of the geometrical theory of the calculus of variations [5]. Their
results are equivalent to ours, but are given in another formulation. The
starting point of our considerations is a bundle W over an n-dimensional
manifold B. In relativistic field theories B is the space-time. We construct,
for a given Lagrangian function .#, an n-form y on the Grassmannian
bundle G"(W). Equations of motions take the form (X _|dy)|C = 0, where:
C is an n-dimensional submanifold of G*(W) and X is any vector field
defined on O, tangent to G"(W). This approach is in a 1-1 correspondence:
(when some conditions of regularity of £ are fulfilled) with the canonical
formulation. In the canonical formulation (cf. [4], [6]) a subspace

n A n ) i
# c A\ T"(W) and the canonical n-form w on A T*(W) are given. Equations

of motion are (¥ _jdw)|8 = 0, where § is an n-dimensional submanifold
of # and Y is any vector field defined on 8, tangent to #. A diffeomorphism
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.L:G"(W)—> 2 such that L*» = ¢ is called the Legendre transformation.
We present several examples of Lagrangian functions and Legendre
transformations.

In section 6 we study a new approach to the Euler—Lagrange equations.
The analysis of geometrical properties of the classical form of the Euler—
Lagrange equations in the language of differential forms is given. Especially
simple are in our approach problems connected with the invariance of
the Lagrangian function with respect to an m-parameter family of trans-
formations of W. In section 9 we present an elegant proof of the Noether
theorem. The results of that section are equivalent to the results of A. Traut-
man [10], who has given an exposition in the language of jet-bundles.

In section 10 we consider a variational principle with constraints
in the “velocity space”. Such problems appear for instance in the hydro-
dynamics of an incompressible fluid, cf. [9].

We do not investigate the canonical structure of field theories. Results
concerning that problem were published in papers of J. Kijowski and.
K. Gawedzki [6], [4]. Completely new results on the canonical structure
of the classical field theory were recently obtained by J. Kijowski and the
author [7]. Paper [7] gives the natural symplectic structure in an infinite
dimensional manifold of solutions of the given field equations. This paper
is an essential generalization of [4], [6] and provides a simple and el-
egant definition of physical quantities and Poisson brackets.

The author is very much indebted to Professor K. Maurin for his

interest in this work. Special thanks are due to Dr. J. Kijowski for many
fruitful discussions.

1. NOTATION

.In this paper we shall use notions of modern differential geometry..
All these notions can be found in [8]). Let us recall some definitions.

If V,, V, are smooth manifolds and f is a smooth mapping from V,
into V,, then f, denotes the tangent map to f. For any o¢V,, f, is a linear
map from T,(V,) into Ty,)(V,), where T,(V,) (T (V,)) denotes the space
tangent to V,(V,) at the point @(f(»)). If T;(V,), Tj,(V,) are the cor-
responding cotangent spaces, then f* is a linear map from T, (V,) into
T%(V,). The maps f.,f* can be extended onto exterior products:

(1.1) Ja: /\Tz(Vﬂ—’/\Tf(z)(Vn):

n n
(12) Je: /\T;(,_.)(V,)—>/\T;(V1).
Let K*(V,) denote the bundle of alk simple, non-vanishing n-vectors
tangent to V, (¢ =1, 2). There exist natural projections

(1.3) K*(V)) >-@q*(Vy), i=1, 2,.
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where G"(V,) denotes the Grassmannian bundle of all oriented n-planes
‘tangent to V,. There exists a map generated by (1.1)

(1.4) Jur G2(V) ""G}'(c)(Vn)~
For every f: V,—V, the map (1.2) induces a linear map f* from
n n n

C®(AT*(V,)) into C*(AT*(V,)), where C*°(AT*(V,) are the vector

spaces of sections of the bundle AT*(V,)—»V,,i =1, 2 (the “pull-back”
of n-forms).

If fi 1s an injection, it generates a linear map f* from G°°(/\T (V1)
into C""(/\T(V,)If(Vl)). For
D = V1A A, el (V), 1+1=1,...,n,
' =u AL oAU, wMeTy(V), j=1,..,n,
we define a bilinear form: .
(1.5) wlu*y = (oA A UM AL AU = det (v;|ut)
=nlu' A AU (VA L AD,).
We shall use the following definition of the interior product:
(1.6) (WaA . AV Dy _[u*D = (0 AL A, U™,

n-1
_ v, e ANT* (V).
Let C c V be an embedded submanifold of V and let i: C—V be
the natural injection. For every n-form o on V we shall write

(1.7 0|0 : =1*(w).

Let #: W—B be a bundle and veT,(W), we W. We call v a n-vertical
vector if a*v = 0. The subspace of all z-vertical vectors tangent to W at
w we denote n-verT,(W).

By x-horT,(W) we denote a subspace of T, (W) which anihilates
n-ver T, (W). Elements of s-horTs(W) are called x-horizontal covectors.

In this paper we shall use the summation convention in formulae
which contain sums with respect to upper and lower indexes.

2. THE ACTION INTEGRAL

Let W be an r-dimensional, smooth manifold (with boundary) and
let B be an n-dimensional, smooth, compact, orientable and connected
manifold with boundary (n < r). Let K"(W) be a bundle of all simple,
non-zero n-vectors tangent to W. Let wz be an n-form giving an orien-
tation of B (volume n-form) and let »5 be the dual field of n-vectors on B,
ie., (rglowg) =1.
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DErFINITION. A Lagrangian function % is a positive homogeneous
Sfunction on K" (W), ie., £:K*(W)—>R, for Ae R_,ve E"(W), A-Z(v)
= Z(iv). ) ‘

We shall assume that Z is at least of class C*.

For every smooth embedding f: B—~W (f is a diffeomorphism B onto
f(B)) we can define the action integral '

(2.1) I, = [Z(fors)wp,
B
n
where f.: AT(B)—>KE"(W) is induced by the following diagram:

AT(B)—Le > K™(W) -
(2.2)

B—I W

LeMMA 1. If wp belongs to a given orientation class of B, then I, defined
by (2.1) does not depend on the particular choice of wg.

Proof. If 'wy =y wg, peC®(B), y > 0, then from the positive
homogeneity of ¥ we have '

f.?(f.’va)'wB = f.?(f,vB)wB.
B B

LemmA 2. Let B, be a manifold diffeomorphic to B and let A: B,—~ B
be an orientation-preserving diffeomorphism. Let f,: B;—~W be an embedding
such that f; = fol. Then for any wg , wp which belong to the orientation
-classes corresponding to one another by A we have

f-'z’(ft"x) wg = f-?(flt”ﬂl)”nlo
B B
PrOOf- If wBl =-7/1‘w3, ”Bl = (1‘)—173 we have

[2(furs)os, = [Z((frodurp)l 0y = [ L(fivs)wp.
By B B

For arbitrary wp,, wp the result follows from lemma 1.
LeMMA 3. If ¢ i8 an orientation-preserving diffeomorphism f(B) onto
(B), then

[Zl@ohvs)op = [2L(frpws.
B B



Lagrangian formalism in the field theory 149

Proof. For simplicity we assume that W = B, f = idg, pe Dif(B).
Then _
x (v5(@) = p(p(a))-v5(p(2)), 0eB,0< ye 0°(B),
v(e@)-(97)* (05(®) = op(p(a)),

[2@erp)os = [ Z(p(p(@) vp(p(0)wp(2)
B zcB

= [ 92 (p(2) (™) (0s(e7 () = [ Z(v5(2)wp(2),
geB _"B
where 2z = p(2).

It follows from lemmas 1, 2 and 3 that the value I, depends only on
the submanifold C = f(B) and does not depend on the particular embed-
ding f. This means that the value of the action integral (2.1) does not

depend on the parametrization of C.

3. INTEGRABLE SUBMANIFOLDS OF G*(W)

Let #,: K®(W)—W be the bundle of noh-zero, simple n-vectors tangent
to W. For every veK"(W) we have the uniquely determined element
7 = ny(v)eG*(W) of the Grassmannian bundle =;: G"(W)—>W of all
oriented m-planes tangent to W. For every n-dimensional embedded
submanifold f: B—+W of W there exists a uniquely determined submanifold
f: B > G*(W) given by the following diagram: '

G" (W)
W< - K*(W)
] A
(3.1) B - »K"(B)
(3.2) [ = (m0fa)r.
It is easy to see that f does not depend on the choice of ». We have also
(3.3) f = mgof.

If C = f(B), we shall write C = f(B) or C; = f(B). |

DEFINITION. An n-dimensional embedded submanifold g: B— G* (W)
is called integrable if nzog = g.

DEFINITION. Let #: W— B be a bundle over an n-dimensional manifold
B. An embedded submanifold f: B — W is called #-transversal if, for every
wef(B), m, is an isomorphism T, (f(B)) onto T ,,(B).

It follows from the implicit function theorem that for every wef(B)
there exists a neighbourhood U < f(B) of w in f(B) such that U is an
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mage of some section f, of » over the set #(U). But f is an embedding,
and so there exists a diffeomorphism y: f~!(U)—>=(U) such that f|f~'(U)
= f,op. This means that if we change the parametrization, then f(B)
will be locally a section of .

In the sequel we shall consider only those f which are globally .
sections of =.

4. THE FIBRE DERIVATIVE OF A LAGRANGIAN FUNCTION

Let W be an r-dimensional manifold and let K"(W) be a bundle of
simple, non-zero n-vectors tangent to W (r > n). For every we W a fibre
E5(W) is a 14n(r—n) dimensional manifold. We have the following

LEMMA 4. The space tangent to the manifold K3 (W) at a point v,e Ky, (W)

is isomorphic to the subspace A(v,) of AT,(W) spanned by the following
n-vectors:

(4.1) VA AY,, VIALLATALLAY, (ISm<n,n+l1<<ELT),

e——
m
where v, = V;A... AV, and (V)i_n,, are arbitrary linearly independent

vectors which together with (v;)j.., form a basis of T,,(W).

Proof. Let t—>al(8),t—pE(t),1<s,j<n,n+1< k< r, be smooth
functions on an interval ]—48, 8[ such that a’(0) = &/ and g¥(0) = 0.
We have a curve in Kj;(W):

1—4, 6[3t~>(2 (t)0,+ ﬂ’{(t)vk)/\.../\(jaf,(t)v,+ Zr: ﬂﬁ(t)vk).
+ j=1 k=n+1

=1 k=n+1
n —1
If 0< e< 4 is small enough, we shall put y*(t) = DX af(t)p:(t) and
we shall have the curve p=1

(4.2) 1—z, e[2t—>det [a)(t)]- (v, + Y5 () v ) A. .. A (0, +¥E(8) 7).

If we differentiate (4.2) at the point ¢ = 0, we shall obtain a lineay
combination of n-vectors given in (4.1). It is easy to prove that locall .
every curve in K7 (W) passing through the point o, is of the form (4.2)
Taking all curves in K3 (W) passing through v,, we obtain the whole sub-
space 4 (v,).

Remark. This construction does not depend on the representation
of the n-vector v,, in the form v, A... Av, and does not depend on the choice
of vectors (v;)5.,,, tangent to W at the point w.

In general there does not exist a canonically defined subspace B(v,)

of 7\T.,(W) such that RT,,,(W) = A(v,) ®B(v,). Therefore the dual
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space n
(4.3) (4 (9,))" is equal to ATy(W)/(4(v,))%

n
where (4 (v,,))° is the subspace of ATy (W) which anihilates 4 (v,,).
If we want to choose a representative in the quotient space

n
ATo (W) /[(A(v,),°, we shall have to define a section of the natural projection

(4.4) pr: ATS(W)—ATS (W)/(4(0,))°,
i.e., such a map
(4.5) E: ATw(W)/(A(v,))°~ATw (W)
that

pro & =id.

It is the problem of gauge in the given field theory It can be proved

that it is possible to take for every class [r]e /\T,",',(W)/(A(vw))" such
that »(v,) # 0 a unique simple n-covector belonging to this class. This
procedure is called the Carathéodory gauge (cf. [2]).

For our purpose we shall use another gauge, which is connected with
the bundle structurein W. If =: W — B is a bundle (dimB = fn), we shall
use the following

DEFINITION. An element ve K"( W) is called n-transversal if =,(v) # 0.
By #-tr K"(W) (or simply tr K"(W)) we denote the bundle of all n-trans-
versal, simple, non-zero n-vectors tangent to W.

In this case we choose vectors (v;)i.n,+, in such a way that they are

n
n-vertical vectors in T'(W). Then there exists a subspace B = AT (W)
(independent of v,) such that

n

(4.6) AT (W) = A(v,) B.

B is the subspace consisting of all at least 2-vertical n-vectors and
is spanned by all n-vectors of the form
(4.7)  DIALADL ALLAG AL AT, 1K1 << <], <,

I
NI <k <...<k<r, 8$=2.

It is easy to see that B does not depend on v, and does not depend

on the particular choice of n-vertical vectors (v4)i.,,,. Therefore we have

(4.8) | (4(0,)" =
It follows from (4:7) that B® is the subspace of all at most 1-vertical
n-covectors and is spanned by n-covectors of the form

(4.9) AL A, DAL AP ALLAY™,  1Ki<n, n+1I<ESTY,
——
i
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where (v"’);_, form the dual basis to the basis (v,),., of T, (W). The
subspace B® is also independent of »,, and of the choice of x-vertical vec-

n
018 (Vg)fmns1- We denote it by 1-ver A Ty (W).
Remark. The covectors ('v""),_l_a.re =n-horizontal.

LemMA 5. Let x: W — B be a bundle over an n-dimensional manifold B.
The space cotcmgent to the manifold trKg(W) at the point v, i8 isomorphio

to the space 1-ver /\T (W).
We define, for every v,etrK;(W), a projection P,: /\T"(W)

1-ver /\T;(W). If v, =V1A...AV,, (V;)kany1 are zm-vertical vectors and

v = Ao AL AP+ 2 Biv*' A... A0 AL AV 4

1<j<n 5
n+lksr
+ - 2 Bjizo" AL Av™Mia L avtRea a0ttt
17 <fgsn T 7‘;’
ﬂ+l<k1<k2<f
then
(410) P,y = Av" A... A"+ 2 Biv" A .. AV AL A
1<i<n 5
] n+l<k<r
It follows from formula (4.10) that P, depends only on 7, = m,(?,,)

eGu(W).

The operator P, gives us the so-called 1-vertical gauge (cf. [6]).

n
Remark. f n =1 or r =n+1, A(v,) = AT,(W) and we do not
have problems with a gauge. These situations occur in mechanics and in
the theory of scalar fields (cf. section 8).

Let us consider the map
(4.11) tr K (W)>v,—~2L(v,)<R.
"The derivative of this map is called the fibre derivative of £. We

+

denote it by Zo,,. Of course, .. (v,,) e1-ver ATy (W).

LemMma 6.
Lo(v,) = A0 AL AV 2 T AL AT AL AP
1<msn g
n+l<k<r
where (v,)5_, and ()., are such as in (4.9) and
d
A=—| ZL(1+D)0A...A7,) = L(v,)
dat limo .
= (O A A | L e (V0))
d .
BP = —| Z(0,A.A(0,+H0)A. A0,
a i=0 : '

= (U3 A ADEA L ADLE (0,0
' m
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Proof. This lemma follows from lemma 5, (4.8), (4.9) and from the
positive homogeneity of Z.

From the positive homogeneity of % we have also
(4.12) Loer(Vy) = Lor(v,)  for AeR,.
Therefore we can define the mapping

(4.13) (G (W)> 5> P (3,) eL-ver AT(W),

where trG"(W) is an open set in G"(W) consisting of all =-transversal
oriented n-dimensional planes tangent to W and 7, = 7,(7v,,).
The following diagram induces a =,-horizontal form 3 on trG"(W):

AT* (tr@™ (W)« i AT* (W)

"3 Ld

(4.14) trG” (W) . —W

(4.15) p(-) = a0 Loe(-).

Now we shall express the vertical derivative of .# in local coordinates.
Let (¢,0%),j =1,...,m,k = n+1,...,r, denote local coordinates in the
bundle W.

H ,
4.16 ol k 1<8<
{4.16) ”a—asaj'i'pagm—k'? s¥¢xn,
Y =D A...AD,, vetr K*(W), then det[al] # 0.

Let

n o)
(4.17) i =D afB;
mm=]
then
(4.18) v = det[a]* [— +y* ) (_a_+ k_ﬂ_)
' - oene atl e TR &

where summation conventlon is used.
(¢, @*, y¥) form coordinates in tr@*(W) and (¢, o, y,,).), where

(4.19) A = det[a], form coordinates in tr K*(W).
In local coordinates (4.19),
(4.20) L(v) =2, ¥k, 4)

and % is positive homogeneous in 4.
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Let
(4.21) v =n§-£7, n+1<p<r, det[n] #0;
then
(4.22) o™ =—alﬁdt’, T1<jg,
(4.23) v*? = Qi’dm"—_n]%:yfdt’, n+1<p<r,

Using formulae (4.17), (4.22) and (4.23), we obtain
(4.24) P AL AD = (det[a]) A AL A dER,

-1
(4.28) VAL ADPALL AV = — gD ph(det[a])iA AL AN+

j
n 3
+(det[a])"‘Za;qﬁdt‘A...Adal"/\...Adt".
= -
For 1<j<n,n+1 < p<r, we have

d
(426) —

0z (¥, o, v, det[a)) 11;;{,

&z i =
. (9, Ao A(D;+ D) AL AD) oy

(4.27) @30 Frg(®) = p(¥!, &, )
_ e, a0 L,

A AGBEA .. AN —

oyt .
'] k
_ (af(t ’ 4”‘7 Vi 1) ‘y"‘—.?(tj, a:", J’;‘, 1))dtlA.../\dt".
ay;
In local coordinates (4.19) we define
(4.28) L(t,o*, ) =20t o, ¥, 1).

If we change the coordinate chart:
,‘,_aw"'.yp.at’ +8m"'_ o
T T e T o o

(4.29) ¢ =¢'({th, o =¥, Y,

then
— 4 —_
(4.30) z, o, y}‘f) det [%] =2t o, yj‘).

In the same way a8 in lemmas 4 and 5 wWe can prove that the space

n
tangent to tr G ( W) at the point #,, is isomorphic to the subspace of AT, (W)
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spanned by »n vectors
(4.31) AL AYALLAY, 1<mgn, n+l<kLy,

——
m

where 7, = 7®3(0,,), ¥y = ¥1A...A?,, and the space cotangent to trGy (W)
n .
at ¥, is isomorphic to the subspace of AT (W) spanned by n-covectors

(4.32) AL AVEALL A, 1<mgKn, n+1KEL .
——
m

5. A VARIATIONAL PRINCIPLE WITH A FIXED BOUNDARY

In this section we shall assume that W is a bundle (over an n-dimension-
al manifold B) with a projection z. Let & be a Lagrangian function on
K" (W), let f: B>W be a section of » which is a diffeomorphism onto
f(B), let, f be the lift of f to trG"™(W) (see (3.2)) and let y be defined by
(4.15) and I, =g.?(f.v)w (see (2.1)); then we have

PROPOSITION 1.
(6.1) 1,=‘ ff'.'w,
B

LEMMA 7. Let wef(B) and (v,)j., be a basis of Tw(W) such that (Vy)me;
are tangent to f(B) at the point w and (v,)s_, ., are n-vertical vectors. If (v*')]_,
48 the dual basis, then, for n+1< k< r, ffon;(v**) = 0.

Proof. Vectors (@t.vy)m, form a basis of T, (B). We have
UF* 03 0™ |mavy) = {(7s0f) "™ | 700y
= (0™ | mvp> = (0| (fom)yvm).
But (fom)|f(B) =idyg and (v,)m-, are tangent to f(B); therefore
(foR)e?, = 7,,. The lemma is proved. '

Proof of proposition 1. Let (v,)%.,, (vx)ens: and let (v*)j_; be
such as in lemma 7. By lemma 6 we have

p(7) =ar;(.9('v)v‘"/\...'/\v"""+ 2 BZ‘v"A...Av*"A...Av‘”).
1€m<n had
n+lck<r

It follows from lemma 7 that
Fv®) = (f*On;)(.‘Z’(v)v‘lA...Av"‘)
= Z(fun)f* (0. A0 = Z(fur) o,
where
P =V AL AY, T = m,(v),

¥ (7(W) = A(V1A...AD,), @ (m(w)) = f* (V"' A...AD"").
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Proposition 1 is proved.

Let n,: verT(W)—>W be the bundle of n-vertical vectors tangent
to W, let mom -trG"(verT(W)) be the bundle of all mow,-transversal
oriented n-planes tangent to verT (W), and let =o u,-verT(trG"(W))
be the bundle of all mos,-vertical vectors tangent to trG"(W).

LeMMA 8. There eaists an invertible mapping 7, wom-trG™(ver T(W))
onto mom,-verT (trG™(W)), such that the following diagrams commute:

(6.2) nom-tr@G* (ver T (W)) —2— momy-ver T (trG" (W))
W B id > W
wO;,trG* (verT (W) e —»trG™(W)
®O 7y verT(trG"( w)) )
(5.3) verT (W) \W

 In local coordinates (b*, w*) on W a point (3°, u*, X*, o¥, g¥) of mo=,-
trG@"(verT(W)} is transformed into a point (¥°, u*, a,,X" p%) of mom,-
ver T (trG"(W)). This definition of v does not depend on the choice of
local eoordmates on W because of what follows:
I (b, u*, X*, a,, p") are local coordinates in mom,-trG" (verT(W))
and b = b* (b), u¥ = u "(b°, w¥), then (cf. (4.29)):

ou¥ 6u ou* ) oab*

x¥-xt au"’ a = ( o T on ) o

5.4 . ’
( ) ( uk kXp 6’““ ). ab.
, B 6b'6 o T Gurouw) oo
If (b, u*, %, Y¥, ).f) are loca.l coordinates in mom,-verT (trG"(W))
and b* = b¥(b*), u* = u"'(b’ u¥), then (cf. (4.29)):

¥ u* au ob®
(6.5) T (yk b’) b’
' ou*’ 3u* - Pur \ abY
— [ 2k k .
& “('1' 7+ T g HAY au*au’) T
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If n;: verT(W)— B and X is a section of =, then we shall have the
commutative diagram

nom-trG* (ver T (W)) — ' JacmgverT (tr@" (W)

6 trG* (W)

K" (ver T(W)) ————> verT(W) »W
;x‘I IX/
K*(B)« ! B

Let us define X = (no7)(X.).
The section X of zozm,-ver T (trG"( W))—B is called the canonical lift of X
to o ;- ver T (trG™ (W)). If in local coordinates X = (b*, u*(b°), X*(1*)), then

)

ab®

DEFINITION. We call a section ¥ of mom, verT (trG"(W))—>B inte-
grable if there exists a section X of ver T(W)—B such that ¥ = X,

For every bundle z: V—Z and every k- iorm won V a fibre derlvatlve
of w, is defined, w,g e 0°°(L (verT(V), /\T' (V))) where L(verT (v),

/\T‘( V)} -V is the bundle of linear maps from verT(V) to /\T"(V)
If (', 2’) are local coordinates in V,

5.7) X = (b, w0, oo, T0%),

0
— af —.
=05 -
and
0 = 2 bsy.. 4y gy g BE LA ABRADDI A .. AdTi—s,
1< <Hy ’
j1< <jk—.
then .
, a
(5.8) Woee(X) = 2 g (bt iyt ')a"‘dz‘lz\ AdZA
1<, <1y
11<.. <1k-a

AdTA. . Adpik-e,

From formula (5.8) we have the following '
LeMMA 9. If o i8 a v-horizontal form on V and X a v-vertical vector

tangent to V at the point veV, then we have

(5.9) (X _|dw) = oy (X).

' We shall apply this lemma to the bundle x=,: trG"(W) — W and the

7y-horizontal n-form y.



1568 W. Szezyrba

For every vetrG" (W) we have a mapping

(6.10)  B;: my-ver T5(trG™ (W) x /';T,,S;(W)B(X, q)
—-+B3(X,q) = (ﬁl'l"m(x))€ R (Y).
The space =y-ver T'; (trG"(W)) is isomiorphie to a subspace of /';T,,a;(W)
(see (4.31)), and so we have the bilinear mapping
(5.11) B;: my-ver Ty (trG* (W)} X my-ver T (trG" (W)) >R

induced by (5.10). We shall assume that for every vetrG*(W) the bilinear
form Bj; is non-degenerate. In section 7 we shall prove that this assumption
will ensure the existence of the Legendre transformation.

In local coordinates in tr@™(W) (b°, u*, y¥),

0_(0 AN A(a L
B PTIEAN ™ M PTORRE P

—_ 0 0
(6.12) Z(v) = 2(V, “IG’Y’:), X = X, ay kr Y = Yl: dy k’
y *L (b, u ,yf) kv
Bix, ¥) = I wiy,

It is seen from formula (5.12) that B; is a symmetric bilinear ma,pping.
Its non- degeneracy is equivalent to the condition

PL (B, u, 5
(6.13) det[ 5o Y ] £0.

PrOPOSITION 2. If f: B—>W is a section of =, and f is the lift of f to
trG*(W), then for every my-vertical vector field X defined on C; = f(B)
we have (X _jdy)|Cr =
- Conversely, for every tetrG*(W) let the form B, be non-degenerate.
If £: B—>trQ"(W) is a section of xon, and, for every mq-vertical vedtor field
X defined on C; = §(B), (X _|dy)|C; = 0, then O, is integrable, i.e., C; =
C;, where ¢ = my0&.

We shall first prove the following

LEMMA 10. Let o be a n-horizontal k-form on W and let & be a fibre-
preserving mapping from W to W. Then w is ZL-invariant, z e, L0 = .

Proof For every ae W there exists a covector w,,(a)c/\T,,(,)(B) such
that @*@.q = w(a).dLet & = L(w). We have a*@y g = o(Z(w)).
Thus (no £)* w,,(,,, = (£*w)(w) and o(w) = (L*w)(w) (?).

() Where g is any lift of ge /\ T (W) to AT;(trG"(W)). (6.10) does not depend

n .
on the choice ge AT (trG (W)) because yyr(X) is a n3-horizontal form.
(*) # is not the Lagrangian function.
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Proof of proposition 2. Let & = v,A...A9, and (v;);epn,; arTe

linearly independent =-vertical vectors at we W. It follows from lemma 6
that

b v PL((0F AV A- A (0,4 A1) D, ¢4
(614) V@)X = D o oiia
1sg,8<n
n+l<p,i<r
(VAL AV AL ADY,
8
where X emy-ver T;(trG*(W)), X = 3 X20,A...A0,A... A0, (cf. (4.31)).
ntigp<r '

n - .
If z is a simple non-zero n-vector tangent to Co at v, then n,.; is
a non-zero, simple n-vector tangent to C, at =,(%). Therefore na.; = av,

0 # aeR. From formula (5.14) we have (z|y.e(5)(X)> = 0. .
Conversely, let é: B —>trG*(W) be a section of moxn, and let z be

. - ’ -— n 03
a non-zero, simple n-vector tangent to C; at 5. Then 74,2 is-a non-zero

n-transversal n-vector tangent to 0,,3.5 at my(v). Therefore :rr,.; =
= (w30 &)s(m«(v)), 0 # ac R.

From formula (5.14) we have for every X7
9’2

(*) P

.
QIROAT iBeibma O

(5.15) A A AL AT (30 EOR)y (V1AL .. AD,) = 0.

Covectors (v*))},, are m-horizontal, and so it follows from lemma 10
that
(5.16) (mgo Eom)* o™ =", 1K< n.

Formula (5.16) implies

(5.17)  {(mg0 Eom)av, |0*> = (v, |(mg0 Eom)* 0™y =81, 1<s,j<n.
Using (65.15) and (5.17) we obtain
’>z() |

OAZOR, [iB=i=0

(5.18) XP((730 E0m)at, 0™y = 0.

Formula (5.18) together with the non-degeneracy condition for B;
gives
(5.19) Umg0 0, |v™D =0, 1<KLs<n,n+1<ir.

It follows from (5.19) that vectors (®;0 £0%)sv,, 1 < 8 < n, are linear
combinations of (v;)}.,. They are also linearly independent because vectors
e (30 EO )WV, = Ma®y, 1 < 8 < m, are linearly independent. We conclude

that the plane tangent to (w50 &§)(B) at the point =4(¥) is equal to . The’
‘proposition is proved.

4 — Annales Polonici Mathematicl ¥XXIr.2
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In order to define a variational problem with a fixed boundary we
have to indroduce the notion of a one-parameter family of sections of
n: W—B, )

DEFINITION. A mapping ]— &, 8[ xB3(s, b)—=f,(b)e W is called a one-
parameter family of sections of = if, for every ee]— 8, 8[, mof,(') =idg.
We shall consider only those mappings (e, b) —f,(b) which are at least of
class C*. We shall say that a one-parameter family of sections preserves
the boundary if, for every ¢e 1— 4, o[, f,(b) = fo(b), bedB, or equivalently

1.(9B) = fo(3B).

‘A one-parameter family of sections of =, f,(:), ee]—3, 8[, defines
a one-parameter family of sections of oy, (¢, b) > f,(b) etr@"(W). These
two families of sections determine vector fields X and X, which are defined,
respectively, on f,(B) and f,(B):

d
(5.20) X (fo(0)) = =

o.f.(b), )

E— d
(5.21) R(7uib) = o

fu(d).

LEMMA 11. 4 momy-vertical vector field X is the camonical Uift (in the
sense of (5.6)) of a. m-vertical vector field X. Ij; the family f,(+) preserves
the boundary of B, then X |fo(0B) = 0 and X |f,(8B) is n,-vertical.

The proof follows from lemma 8 and diagram (5.6).
According to proposition 1, let

(5.229 I, = [Z(fev)o = [fly, ee1—38,8[.
B B

ProrosITION 3.

d| - -
(5.23) = L= [Eaw+ [aZ ),

To(B) To(B)

where X is defined by (5.21).
This proposition follows (with a slight modification) from the familiar
formula for the Lie derivative:

1(5.24) ZLxy =X _|y+d(X_Jy) (cf. [8]).

ProprosiTioN 4. If the family of sections of =, fo(*),ee1—8, 8 1s
constant on the boundary of B, then

© (5.25) [ atX_1y) =o.
14B)
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Proof. Using the Stokes theorem, we have

[a(X1y) = fx_w— [ X1y

7B oy(B) To(0B)

But y is a m,-horizontal n-form and X is m,-vertical on f.,(aB) (see
lemma 11); therefore X_ |y = 0 on f(dB).

Let M be an (n—1)-dimensional embedded submanifold of W such
that M is a diffeomorphism M onto dB..The 'variational problem with
a fixed boundary M is a triplet (W, %, M), where # is a Lagrangian
function. '

DEFINITION. An embedded submanifold f: B — W is called an extrema
section of the variational problem (W,%, M) if:

1° f is a section of # and f(0B) = M

2° for every one-parameter family f,(-), ee]— &, 8[, of sections of
= fulfilling the conditions '

fi(6B) = M, ge ]— d, 6f,
J="Jo,

we have

THEOREM 1. Let f: B> W be a section of = such that f(0B) = M. If,
for every momg-vertical integrable vector field X on C;, (X_ldy)|C; =0,
then f is an emtremal saction of the variational problem (W, %, M).

If f: B—~>W is an ewiremal section of the variational problem (W, %, M),
then for every momy-vertical integrable vector field X on C;

(5.26) (X _dy) |0; =0.

Proof. The first statement follows from propositions 3 and 4. Let
f: B—>W be an extremal section and X a o z,-vertical integrable vector
field on 03. We have to prove that X is generated by a one-parameter
family of sections of 7. Let X = m,.X be a m-vertical vector field on C,.
It follows from the theorem on flows of vector fields on compact manifolds
that X defines a one-parameter family of sections of #(f,) (cf. [1]) such

af, - %
dE =

Therefore, for every momn,-vertical integrable vector field X on 3,
we infer from (5.23) and (5.25) that

(5.26) [(X_1ay) =o.
%
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Let ¢ be a function on G—,and let ¢, be the correspondmg function on

Cp(ie, p = m, <p1) It is easy to see that ¢+ X — thX is a my-vertical vector
field on C; (ef. (5.7)). If we use (5.26') and proposition 2, we shall find
that, for every @eC™(Cj) éftp(X_]dvp) = 0. Thus (X_ldtp)l(), =0.

THEOREM 2. For every vctrG"(W), let the bilinear form B; be non-
degenerate. Then every embedded submanifold &: B —trG" (W) of trG™(W)
which is a section of mon, and satisfies, for every mom,-vertical vector field
Y defined on C;, the condition

(5.27) (Y_1dy)|0; =0

18 integrable and mo & is an extremal section of the variational problem (W, £,
(730 &) (aB)) .
- If f: B—~W is an eatremal section of the vartational problem (W, %, M),
then for every vector field Y defined on C; we have

(5.28) (¥_1dy) |05 =

Proof. The first part of this theorem follows from proposition 2
and theorem 1.

Let f: B—~W be an extremal section of the variational problem
(W, 2, M). For every vector field ¥ on C; there exist a vector field Y, tan-
gent to C; and a mom,-vertical vector field Y, such that ¥ = ¥, + ¥,.
It is easy to see that

- (6.29) (Y, _ldylC; = 0.

Let X = ny. ¥, be a w-vertical vector field on C,and let X be the canoni-
cal lift of X. X is a wom,-vertical integrable vector field on 0; and ¥,— X
is a @y-vertical vector field on C;. Therefore we have

(Y,1dy) |05 = (X_1dp) |05+ (X, — X)_Ldy) |07
From the above formula, proposition 2 and theorem 1 we obtain
(5.30) (Y,_ldy)|C; = 0.

Formula (5.30) together with (5.29) completes the proof.

Remark. In the second part of the proof we do not use the non-
degeneracy condition for B;.

We shall consider as an example a special case of a Lagrangian func-

n
tion. Let Q¢ C°({AT*(W)), i.e., 2 is an n-form on W. We define & Lagran-
gian function which corresponds to the form Q:

(6.31) E(W)o>Z(v) = (2| 2)<R.
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If v = v A... A0, and (V;);.n,: are linearly independent =-vertical
vectors, we have by lemma 6

(8.32) ZLi(v) = (0] DV'A. A"+

+(le...Az,LA...Av,,lQ)v"‘A...Av""A...Av"' =P;Q,

m m
where (9*/);_, is the dual basis and P; is the projection on the subspace
of m-one vertical forms (cf. formula (4.10)).
We shall use the following

LEMMA 12. In the above noiation let

(5.33) q = AV A.. AV, + Z BEv AL ADALL AT,
1<men g
n4igksr

then <q|P;92) = <{q| Q).

PROPOSITION 5. Let & be given by (5.31). A section f: B—»>W is an
emtremal gection of the variational problem (W, £, M) if and only if:

1° f(0B) = M, '

2° for every m-vertical vector field X defined on Cy,

(5.34) (X_132)|C, = 0.

Proof. Let v¢C;. Locally there exist » linearly independent vector
fields Q,, ..., @, defined on a neighbourhood U of ¥ in C; and tangent to
C;. Let @, be a woz,-vertical vector field defined on C; (®). By means of
@, we can construct 3 bundle over U with 1-dimensional fibre in such a way
that @, will be vertical. This bundle D is an (n +1)-dimensional submani-
fold in trG™(W).

We can extend the vector fields (Q,)]., onto D. We denote these
extensions by 6,. Let 15, = n,.é, and let D = my(D). For 1<j< n, Py
are tangent to O, at points belonging to C,. It is clear that
T=P,(#,)A...AP, (73, 7). Now we shall use the formula for the exterior
derivative (cf. [8]):

1 - ~ - P -
1 @otan) (@, -, G) = dpio, G, -, B0

(6.35)

n

T n+l g;( Qo - o) Q)+

n

) L
+ —1)i+1 1 P O 1 P y @n)-
2( AR (CAUATL R

n
+1 oCi<i<n ]

(%) And such that n3eQ, i8 non-vanishing veotor field on Oy.
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But ¢ (%) = n,P-.Q a.nd for 1,5 #0, [P,,P,]IC, is a linear combi-

nation of 131, P and [P.., P,] is a linear combination of P,,, P".
Therefore we can use (5.33).
Using (5.33), we see from (5.35) that

(.36) ap(Qo; -- -, Qa) 105 = dQ(D,, ..., P,)|C,.
This ends the proof.

6. A GEOMETRICAL FORMULATION OF THE EULER-LAGRANGE EQUATIONS

Let (W, %, M) be a variational problem with a fixed boundary.
Let o denote the set of all embedded n-dimensional submamfolds of
W fulfilling the following conditions:

1° xfa¢ ¥, then there exists a section f of #: W-»> B such thatG = f(B),

2°
(6.1) oC =M.

Let C™ (C’ :r:-verT (W)) denoto the vector space of all smooth zn-verti-
cal vector fields tangent to W and defined.on C.
We define a functional: for every Ce # and Xe 0 (C, x-verT(W))

(6.2) (€, X)>F(C, X) = [(X_ldy)< R,
) c

where y is defined by (4.15), € is the canonical lift of C to tr@"(W) and
X is the canonical lift of X defined by (5.6).

. It follows from proposition 2 that instead of the canonical lift X of
X"we can take in (6. 2) any,now,—vertlca.l vector field Y defined on C such
that! Toye Y X.

In local coordinates (t*, #*, %), C = {(¥*, m"(t_’))],. C =-{(‘t‘,. a*(2%),
‘Y;‘(t.) = W‘)}y Y = (01 Xk: Y;‘)
Using (4.27), (4.28) we obtain

5 [Pt 2, 1) 02 i, a*(#), 75(t")
63 (¥ ap)10 = [ZEEDIO g g FEZO B
_ L@, @), ) orn®) o

 dyPays, o

a’.?(t' ok (%), y¥ (1)) oo' (t‘)
0a* 9y?

X”] dt'A...AdI",
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where the summation convention is used. From (6.3) we obtain
(6.4) (Y_ldy)|C

_[03’(?,40"(?),7,"(1‘)) 8 oz (), vE)
L O® o oy?

LEMMA 13 If we change the coordinates in trG*(W) (&, 2", y*) —
(', o, ¥%) (see (4.29)), we obtain '

0L (', (), i) 0 az(r, af (), ()

]I”dt‘/\.../\dt".

(6.5)

0a” ot . 0v3
~ [6..‘,7(#", o), pr ) 0 ozt (), 75‘:("'))] 0 t[at"
- 7 Tw o ar lwe lel

Formhla (6.5) follows from (4.30) by a direct computation.

Using the transformation formula (6.5), we see that (6.4) defines on
every open set U c C in C which is contained in a domain of a local chart
(#, #*) one form §{peC® (U, T*(W)) which fulfils the following condition:
for f: B> W (C = f(B)), volume n-form wgy on B and for every =m-vertical
vector field X on U,

(6.6) (Fl=(D)*(X_L1dy) = (fIm(D) (X p): wp|m(T).
In local coordinates (t*, 4*), wg = p-d'A...AdL", p> 0,

o’
w =f(t) =" "), yt) =5 @),

C [0, ), ) 0 ai(t',m‘w),y;‘w))]
0 twtw = (peo) [ L O] :

EU(W) = pU(w)°dmp'

By means of a partition of unity we can construct one form £e
0™ (G , T'(W)) such that for every =n-vertical vector field X on C we have

(6.8) (X ldy) = f*(X &) wp.

The form ¢ iz not uniquely determined. If ¢£,, &,¢C% (C,A T (W))
and fulfil (6.8), we have, for every XcO‘_‘(G, u~verT(W)), X _|(&,— &)
=0 on C. Therefore & —§,¢C®(C, n-horT*(W)).

We have proved

THEOREM 3. For every n-dimensional, n-lransversal embedded sub-
manifold C of W fulfilling (6.1) there evists an element [ £] of the factor space
C=(C, T*(W))[C™(C, n-horT*(W)) such thai for every Ee[£] formula
(6.8) holds. C is an emtremal of the variational problem (W, %, M) if and
only if [£]1=0.
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If we have a connection in the bundle W, we have the map
(6.9) C*(C, T*(W)) ¢ £ - ver £¢C= (C, m-ver I*(W)).
Using (6.9), we can constiuct the map
(6.10) C>(C, T(W))/O”(C‘,‘a-horT‘(W))s[e] —ver £eC® (C, n-ver T* (W)).

In this case C is an extremal if and only if ver£& = 0.

A situation like that has been investigated in the hydrodynamics
of an incompressible fluid, cf. [9].

7. HAmTONIAN FORMULATION OF VARIATIONAL PROBLEMS.
THE LEGENDRE TRANSFORMATION

In this section we shall describe how to pass from the L;Lgrangia,n
to the Hamiltonian formulations of the classical field theory. We shall
construct a phase space # of a given physical system for which we know
the Lagrangian function. This construction generalizes the notion of
Legendre transformation known in mechanics, cf. [1]. We shall not de-
velop the theory of canonical fields, physical quantities, Poisson brackets
etc. These notions have been investigated in [4], [6]. Recently new results
concerning these problems were obtained and published in [7]. Paper
[7] essentially generalizes the reésults of [4], [6] and gives an elegant con-
struction of the natural symplectic structure on the space of physical
states (solutions of field equations). We also leave aside the problem of
construction of a phase space in theories without a Lagrangian function.

This problem has recently been partially solved and the results will be
published elsewhere.

Several physical examles of phase space are given in section 8.

For every etr@G*(W) let the bilinear form B; (defined by (5.11)) be
non-degenerate.

DEeFINTITION. The Legendre transformation is the map L defined by
—_— n
(7.1) trG™ (W) 5L (0) = Lree(B) e AT (W).
For a fixed we W we have the mapping

(7.2) tr @y (W) >9,~L(B,) e ATy(W).
The derivative of (7.2) at the point %, is 2 linear mapping

(7.3) ng-ver Ty (trG"(W)) > X—>B; (X, °)e/n\.’l’;(W)
(cf. (5.10)).
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It follows from the non-degeneracy of B; that (7.3) is an injection
and thus its rank is equal to n(r —n). It is easy to see that the rank of L
is equal to r+n(r—n). It follows from the rank theorem (cf. [8]) that
there exists an open neighbourhood ¢ of ¥ in trG"(W) that L maps

€ onto an r+n(r—na)- dlmenswna.l submanifold 2 of /\T"' (W) and

7(¥) is an open set in W(r: AT‘(W) —W is the canomcal projection).
L is a diffeomorphism of € onto #. Let € be the maximal open set in trG@" (W)
such that L is a diffeomorphism € onto its image # = L(¥). We call ¢
the configuration space of a physical system and # the n-phase space of
that system. £ is a bundle over an open set 7(#?) c W.

Let us consider the following diagram: ’

AT*(AT* (W) <= AT*(W)
(7.4) l 1

AT* (W) w

n
This diagram defines the canonical »-form on the manifold AT*(W).
n
If ze AT*(W), then

(7.5) w(z) = 7*(2).

DEFINITION. The form o which is defined by (7.5) is called the canoni-
n
cal n-form on AT*(W) and y = dw is called the canonical (n +1)-form
n
on A\T*(W).

In the sequel we shall denote the pull-backs of w, y onto # by the
same symbols.

DEFINITION. An n-dimensional embedded submanifold S of 2 which
is a section of wmov is called y-singular if for every mo<z-vertical vector
field X which is defined on 8§ we have

(7.6) (X _17)18 =o.

Remark. In this definition we can consider an arbitrary vector
field X defined on 8. In fact, X can.be decomposed into a sum X = X, + X,,
where X, is tangent to 8 and X, is nor-vertical. But (X, _ly)|§ = 0.

PROPOSITION 6. If the n-form y on trG,(W) is defined by (4.15) and
w 48 the camonical n-form on 2, then L' w = y.
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Proof. We consider the diagram constructed from diagrams (4.14)
and (7.4):

AT* (tr@ (W) AT (W)= AT*(AT*(W))

T | 2d

{rG* (W) ™ S < AT* (W)

‘We have
L* («(L(9))) = L** (L(9))) = (vo L)* L(v)
= 73 (L(7)) = 9(¥).
Now we can formulate the main result of this section:

THEOREM 4. An embedded submanifold C of W which is a section of
% 18 an emiremal section of the variational problem (W, %, M) if and only
(if the image L(C) is a y-singular submanifold of 2.

Proof. It follows from (5.27 ) and (5.28) that, for every mo x,-vertical
“vector field Y on C, (Y_Jdy)|C = 0. But L, Y is a mor-vertical vector
field defined on L(C) and (L™")*y = w.

Let us notice that in Hamiltonian formulations the action integral
(2.1) takes the form

(7.8) ‘ I, = f w.
L(#B))

8. EXAMPLES OF CLASSICAL FIELD THEORIES

1. Classical mechanics. We consider a k-dimensional Riemannian
manifold M with a metric tensor (gy). Let W = M x R, ¥: KY(W)
— R be a Lagrangian function. If («*, t) are local coordinates on W and
vetr K'(W), then o

' ' ; 0 d

(8.1.1) v =pTﬂ‘- +a7_n—, a #0.
We put
(8.1.2) 2(0) = 5-g4(@)Ff —aV (@, 1),

where :VeC”(W) is a potential function,
In local coordinates

| | igl
B13) Lonlr) = myy () 2209 — (T -0 B 4 v, 0

a
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Let y* = f'/a,1 < i < k, be local coordinates in a fibre of 7y: trG* (W)
—+ W. We have

(8.1.4) »(D) = mgy(a*)y'da’ — E(t, o*, y*)dt,
where
(8.1.5) B(t, 0, 1) = 204 (@")9'¥ + V(@ 1

is the energy. Equation (5.27): (X _ldy)|C = 0 for every moms-vertical
vector field X on C:

_pg. 9 w9
(8.1.6) X=B"—5+C o
where ‘
(8.1.7) ¢ ={{t, o (t) ¥(1);te R},
gives '
dmf .
—‘_ = 7’;
(8.1.8)
& o® da:‘ da;’ 1 ov (o*,t
B g o o = e

where I'jj are the coefficients of the Riemannian connection.
If V =0 we obtain equations of geodesic lines in M cf. [8]. The
-condition of non-degeneracy of Bj; is here fulfilled because

' ag(tr dc’ )’k)

det[———ay‘ayj

The phase space # < T*(W) is '
(8.1.9) P = peT™(W): »(t, o*) = p;da’ —H(t, o*, p,)dt},

where

= det[mg,(2*)] #0 (see (5.}3)).

1
(8.1.10) p; = mgu(a*)y', H(t, ok, p) = E’—n—g"(‘”k)PtPH‘ v, a*).
The canonical 1-form on £ is o(t,2*, p,) = p,do’ ~H(t, o, p,)dt
and the canonical 2-form is
(8.1.11) y = dw = dp;ada’ —dH(t, o*, p,) A dt,
where H is given by (8.1.10).

2. Relativistic mechanics. Let M be a pseudoriemannian manifold
with a metric tensor (g,) with & signature(4+, —, —, —). M is not a
bundle, but we can develop constructions given in section 5 because n=1
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Let K /(M) < K'(M) be an open cone consisting of such vectors
v that (v|v) > 0. In local coordinates (#") on M,

(8.2.1) v=a" g,,,(al‘) a“a” > 0.

Let &: K (M) ->R be a Lagrangian function,

(8.2.2) ZL(0) =mV (v|v)+ew 4D,

where .

(8.2.3) A = A,(a)da

is & given covector field on M. In local coordinates (¢”, a”) we have
(8.2.4) Z(v) = mVg,, (@) d"d" +ea"A,(a"),

(8.2.8) Lre(v) = (9@ a"a’) VP g, (0")a"d0" + ¢ A, (0')da".

Let G (M) = n, (K. (M)), where m,: K'(M)—G*(M).
In @ (M) we have local coordinates

(8.2.6) (@, 9"); ¥ = (gn(@")a" ) d,
where g, (0')y*y =1,

(8.2.7) p(@*, ¥*) = m-g,,(a")y*ds" +ed (o) da,
and ~

(8.2.8) dy(a*,y*) = m-g,(c")dy" rdd" 4 m 7;37(9”(:»‘)) +y*da” Ade’) +

+e B_Aa,;'ﬂ_ do’ Ada”,
where
(8.2.9) %(flm("”1 )7y do" +2g,, (0" y*dy" = 0.
If X is tangent to G (M), we have
(8.2.10) X = P* af"' +@ az' ,
where
(8.2.11) % (g,,,(m‘ NQ Yy +2-g,, () Py = 0.

Let C be a one-dimensional submanifold of @, (W),
(8.2.12) 0 = {[#*(z), ¥*(v): gy’ =1, 7R},
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I we use (8.2.11) and (8.2.12), then equation (X_ldy)|0 = 0 will
give us

dx
o = o0,
(8.2.13)
d dz° do’ do
0(7)7;7"+T5p(¢‘) = ar = —;-g“"f,,(m“(r))-o(r)d—:,

where 7—¢(7) is a non-vanishing funetion and
Fap(@) = 0, 4,(%) — 85 4,(2).

Let us introduce & new parametrization of (':

dr 1
(8.2.14) s = f oW, g =
We obtain
Mu
a8 =
(8.2.15) . e a W
e + Ity (7 (3) % @ %f"n(wl(3));#-
We put |
(8.2.16) p, = mg,(7")y’, where ¢*(x)p,p, = m".

The pﬁase space is
(82.17) 2 ={reT*(M): v = (p,+e-4,(a")da*, g ())p,p, = m?}.
The canonical 1-form on £ is given by

(8.2.18) (@, p,) = (P, +64,(z)) .

3. Theory of a scalar field. Let M be a 4-dimensional pseudorieman-
nian manifold with the metric tensor (g,,) which has the signature (4, —,
—, —). Let g =det[g,]. In W = M xR we have local coordinates
(e, @).

Let vetr K*(W):

(8.3.1) VU = VgA V3 ADA Dy,

d

d
(8.3.2) v, =w,+d,, wherew, =d,—~, b, = ﬁugq-;,

p=0,1,2,3.



172 ‘ W. S8zezyrba

From the transversality of » we have det[a]] # 0. Let det[a]] > 0.
Let

(8—3-3) 0‘ = b‘ = —,

The dual badis consists of vectors

-1
(8.3.4) o™ =w*", oM=0"—-guw", w"*=qa'ds", u=0,1,2,3

and ™ = dg.
The Lagrangian function is given by
(8.3.5) 2(v) =V —A(}w**10*)B,8,— G (),
where
(8.3.6) A = (WoA...AW[|WoA...AWy) = det(w,|w,) = g-(det[a}])?,

and @ i3 an arbitrary smooth function of one variable;

(8.3.7)  Lie(9) = V—A4($(0*|0*) 8,8, +G(p)) 0" A... Aw* +

3 . .
+V-—-4 Z(w"‘lw"')ﬁ,;w"’/\...Ab"‘A... Aw®,

-1
t‘at(HW;’,. ;aiﬁ.,y =0,1,2,3, are local coordinates in a fibre of
r —W, then

(8.3.5") £(v) =V —gdet[a]](1" (") y,7,— G(p)),

S—

3
WAL ABMAL AW =(det [a]) ! ,qudm"/\... AdpA...Ada®,
p=0 r

(8.3.8)

WA A" = (det[a]) ' do"A... AdD".

Using (8.3.7) and (8.3.8), we obtain

(83.7)  (v) = — (30" (@) 7,7, +G(@)V —gda’ A... nda +

s
+ Zg“'(m“)y‘,l’ —gda®A...AdpA...AdS°.

(2] v i

The non-degeneracy condition is here fulfilled because

dt[ §e ]—dt[;/" 0
*[5r,0y,] =LY ~ 991 =0
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0 0
b
X = Aaw"+B6 +06

C = {(a*) p(a*), ,(2")) etr@*(W): (m")e M},
then the equation (X _]dy)|C =0 gives
Op
Frae
(8.3.9)

(—y)“"”

(y”(w‘)l/ 9a )+G'(¢)—o

Using the Laplace-Beltrami operator (cf. [3]), we can write the second
equation in (8.3.9) in the form

Op+@'(¢) =0.
Let #* = ¢g""(#")y,. The phase space is

(8.3.10) 9={ve;\T‘(W):v(m“,q’)}—2ﬂ"‘l/ gdaA.. dqu oAda®—

p=0

—H(z*, ¢, )V — dm Acondas®,)
where

(8.3.11) H(o, 9,7") = }(n1n)+G(p).

The canonical 4-form on # is equal to

3
(8.3.12) o(@, @, 7') = D0V —gda*A...adpA... Add,—

p=0 "

—~H(@", ¢, )V —g-da"A...And2*.

4. Non-linear electrodymamics. Let M be as in section 3. Let W =
T* (M) with local coordinates (2", 4,) and 7%: T*(M)—M he the prOJectlon
For v,eT'(W),u =0,1,2,3,

0 0 0
(8.4.1) v, =a, Fy +b,, A U= a, py
and
A d
(8.}4.2) verv, = (b,,,—I‘,’,’,,a,,-A,)aT,

where verv, is the vertical component of v, which is determined by the
linear connection corresponding to the Riemannian structure of M. By
~ we denote the natural injection s-verT(T"(M)) in T*(M).
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We have
(8.4.3) verv, = (b,,—I'4aiA)-do’.
Let

(8.4.4) vztrK‘(W), v = 9AVA,AD;  and  det[a]] #0.

. Let (u,,),’,_o be =-vertical linearly independent vectors tangent to
T"(M); e.g.,

d

8.4.6 = .
(8.4.5) e = 54,

Let w, = m,v, and (0*)}_, be the dual basis

-1

(8.4.6) w* = ada’.

Let

-1

(8.4.7) i =dA,—b,.atdy’, 1 =0,1,2,3.

Covectors v** = z*w** and u; form a basis of T*(W) at the given

point.
We define a 2-covector f at the point @« M, where » = a(m.v):

(8.4.8) f = w**Avers,.
In local coordinates:
. -1 —~1
(8.4.9) f =) fuda*rnda’ = D (a}b,,—ab,,)da* rdo’
u<r n<v

-1 —~1
= D (a,B;—aiB,)da" rdd,
u<r
where

(8.4.10) B.. =b,,—I%al4,.

By ﬁ;ea.ns of the Hodge operator » (cf. [3]) we define the dual tensor
J = =f.. In local coordinates:

(8.4.11) fur = BV — g f™.

For a physical reason we shall assume that a Lagrangian function
is of the form

(8.4.12) L) =V —B(-?o((f 1)y (f D)+ (e, A..)),
where
(8.4.13) B = (wgA...AWg|WoA...AWs) = det(w,|w,)

= (det[a))*g.
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We have

—1
(8.4.14) (flw*™Au’) = 3aif (970" —g™g™),
. . -1
(8.4.15) (F10**Afl’) = 2V — gopuef™ al(9” 9™ — g* ¢°),
(8.4.16) A, A" = (det [a;])-ldmoA .Adm,
(8.417) 0" A...AuUM AL AD" = (det[a}])" Za"dm"/\ QAN A~

o A=0 ‘

— (det[a}])~'b,,da’A. .. Ada®,
Using (8.4.14)—(8.4.17) and lemma 6, we obtain
(8.4.18) Lig(v) = (Lo((f1N), (f |f))+$I(w",A‘,))l/ngw°A...Adm'—-
— (DL ((F1), (FIN= T+ DaZo((F1F), (FI))fomf™) ¥
XV —gda®A... ndo®+
+2D:%0((f1f), NNV —g-da°n... ndA,A.... Ado+

’

+2D.2, (1), (FIDFY =g —gda’h... AdA;A... A da>.

Remark. Symbols D,, D, denote partial derivatives of the function
%o, which is an arbitrary function of 2 varlablas

In local coordinates:

(8.4.19) (FIf) = 3fud™s  (F1) = 3fuf™-

In what follows symbol 8/df,, will denote a differentiation with re-
spect to independent components of the antysymmetric tensor f,,.
We have from (8.4.19)

(8.4.20)

(N1 =2-5, (f1f) = 2*.

af,,. 0f-
From (8.4.18) and (8.4.20) we obtain

0%,

V —gdo®A.. AdAA LA de® -
Of ur

,4

(8.4.21) w(a', 4 f3) =

1 0%

+( z oL f,,,+$o+.?,)l/ gdo®A... Ada®.
-1

X y. = bya,, then f,, = y,,— 7, (see (8.4.9)).

§ — Annales Polonici Mqthematlcl XXXTI1.2
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If
¢ = {(o*, 4,(0"), v (@): (a") e M},
0 0
X =0, oA +P, ay,,,'
then the equation (X _|dy)|C = 0 gives '
07 0%
(8.4.22) Vi = 0,4,, V"F,: = E—f,

where I’ denotes the covariant derivative corresponding to the metric
(¢94)- We have also

(8.4.23) fuw=0,4,—0,4,.
Let h*" = —4m 0L,[0f,; then we have

: . 0z

(8.4.24) Vb = s Af .

Equations (8.4.23) and (8.4.24) form a complete set of field equations.
Let us notice that y,, cannot be obtained from them (only f,,). In Maxwell
electrodynamics
1
o= — ﬁ;fwfmr. '?I =j'(a.1)‘1n‘
and we have _
B =fC, V"= 4nhj'(m‘).

The non-degeneracy condition is for non-linear electrodynamics
equivalent to the condition

2,
(8.4.25) det [—] _#0.
6fmafk §<<o
If condition (8.4.25) is fulfilled, we can determine from (8.4.24)
(8.4.26) Fur = Fn(B™).

The phase space is

(8.4.27) 2 = {ve/(T‘(W): (@, A,)

= — —J'—h“'l" —gada®A.. . AGA A...Ado*+ H(a*, A,, b%) l/——gdo"/\.../\do‘,
4 [ .

) [
where

(1) H@, 4, 1) = = WL, (00 +.23 (£, (W) +2,(a, 4),

(8.4.28) @) W = — i,
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The canonical 4-form on 2 is

1
(8.4.29) w(a* 4;, 1% = —z;h"'l/—gda)“A...AdA,A...Ada)’-i—

. [

+H(a*, A;, KV —gdaoA...A dat.
9, INVARIANCE OF LAGRANGIAN SYSTEMS. THE NOETHER THEOREM
Let m: W— B be a bundle over an n-dimensional ma.nifold B and

let 2 be a Lagrangian function on E"(W). Let (T, F) be a morphism of
W, i.e., the following diagram is commutative:

(9.1) w—L .w
(9.2) B—L B -.

We assume that T' is a diffeomorphism of B.
Diagram (9.1) induces the following diagram:

F,

.trKI(W) »tr K" (W)
Y’ F » W
; B T — B )
K*(B S T s K"
(9.3) (B) K"(B)
It follows from (9.2) that, for vetr K™ (W), F,(v) # 0 and
(9.4) AeFo(v) #0.

DEFINITION. We say that % is F-invariant if
(9.5) PoF, =Z.

LemmA 13. If & i3 F-invariant, then, for every section of =, f: B—>W,
I, = IF,!.T—I.
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Proof.
L= [Z(fo@)ee) = [L(F.of)rz)o)
seB seB
[Z((FofoT™)e(Tur)(a)((T7)* ) (@) = Ippr-,
zeB

where @ = T (2).

LEMMA 14. Let & be F-invariant. For every u,eKTW(W) we have
(0.6)  (Fa(thy) [ Loa(Fu(0,))) = thol Lrer(V0)),  Doetr Kp(W).

Proof. This formula follows from the linearity of the mappmg r,:
tt Ko, (W) —>trK‘,5M(W)

Let F,: trG®(W)—>trG"(W) be the map generated by F,: trK,(W)
- tr K*(W).

PROPOSITION 7. If & is F-invariant, then (F,)*y =y, where p(-)
= 7 0L (") (cf. (4.15))
Proof. We shall use the following diagram:

1™ (W) —— K (tr@" (W) —E2\ K* (trG* (W) ——> trG™ (W)

A 4 >~ { ”
W'  trK"(W) L RN (W)— 2 W
v » v
tr@" (W) + trG™ (W)

(9.7)
Let vetr@*(W) and geKj(tr@*(W)). We have from the diagram

i — - - =

(9-8) <F0“8°q| g;,,(ﬁ.(ﬂ))) = <“3‘(Ft)t9l'?ver(F#('-)))>

= <(Fa)t!l|“;°§lm(Ft(ﬁ))> = (q| ((F.)'v)(ﬁ)).
If we use (9.6) and (9.8), we shall obtain (F.)'y = v.

Now we shall generalize the notion of the F-invariant Lagrangian
function.

DEFINITION. We say that a Lagrangian function & is F-invariant
in a generalized sense if there exists a complete n-form 2 on W(i.e., 2 = dw)
such that

(9.9) (LoF,)(v) =Z(v)+<{v|2>, vetrK"(W).

In this situation we have, fpr vetr K3 (W), ue;\T,,(W),
(9.10) CFa ()] Lo (Fu(0))) = CU| Lo (v)) +<u|Pp 25,
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where P, is the projector on the subspace of 1-vertical forms on W (see
(4.10)).

From formulae (9.10) and (5.32) we obtain
(9.11) (Fo)*v)(7) = p(3)+ 73 P; 2, Tetr@*(W).

DerFINITION. We say that a Lagrangian function & is invarient (in
the generalized sense) with respect to a one-parameter family (F,),q_s,o
of transformations of W if there exists a one-parameter family (£,),;_s,¢(
of complete n-forms on W such that

(9.12) (ZLoF,.)(v) == L(v)4+ |2, ee]—86, 8[, wvetrK"(W).
We assume the differentiability of mappings:
1— 0, 8[ x Wa(e, w)—>F. (w)e W,

1—8, d[> e->9,¢0°°(7\1"(w’)).

n
(We take the compact convergence topology in C®°(AT*(W)).)
The main result of this section is the following

THEOREM 5 (Noether). Let (F,),.)—so be a onme-parameter family of
transformations of W and let (£,),)_s,0; b€ a one-parameter family of com-
plete n-forms on W. Let & be a Lagrangian function which i8 invariant with
respect to the family (F,) in the sense of (9.12).

If f: B —>W 18 an extremal section of a variational problem (W, <%, M),
then there emist a vector field X on trG"(W) and an (n—1)-form n on W
such that

(9.13) (X _y—a}n)|f(B) = 0.
Proof. We known from (9.11) that
(9.14) (Fo)*9)(8) = 9(9) + 73 P;.0,.
If we differentiate (9.14) with respect to e, we shall obtain
(9.15) £xv(7) = w3 (P5x),
where X = % F. is the vector field on trG"(W) which generates
. a0

(F,),and ¥y = % 2 is a complete n-form on W (the space of complete
am=( ’

forms is complete in the compact convergence topology); therefore there
exists an » —1 form % on W such that y = dy. From (9.15) we obtain

(9.16) X_\dyp+d(X_ly) = =3 (Pydy).
If f: B — W is an extremal section, then we have from (5.27)
(X_ldy)|f(B) = 0.
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Let Uef(B) and ge K3 (trG™(W)). We have

(9.17) (qimsP;dn) = {myq|P5dn).

But by the integrability of f(B), #pq = a-v,0 # ac R.
It follows from (9.17) and lemma 12 that

(9.18) (Byeq | Pydn) = (myeqldn) = {q|m;dn).
From (9.16), (9.18) and (5.27) we obtain
d(X_jy—n3n)|f(B) =0.

The (n—1)-form a = X_Jy—my7 is called a conserved current (cf.
[10]). For every extremal C = f(B) we can define the physical quantity
corresponding to the current a.

Let ¢,_, be an (n—1)-dimensional submanifold of . A physical
quantity @ is a functional which assigns to every extremal C the real

' number

(9.19) Q) = fa. .

Cp—-1

Tt was proved in [6] that for every extremal ¢ we can choose a family
€ of (n—1)-dimensional submanifolds of C such that for every ¢!, cl¢ ¥,
f a= f a. This means that Q(C) does not depend on the choice of cc C‘
1
‘ We shall not develop the theory of physical quantities and we refer
the reader to [4], [6], [7].

ExaMpLE. The energy-momentum tensor for a scalar field theory.
We consider a scalar field theory in a flat space-time M with a diagonal
metric tensor (g,,), Joo = 1) 911 = Jaa = g3 = —1. Let (@*) denote affine
coordinates in M. According to section 8.3 the Lagrangmn function on
K*(W) is given by

Z(v) = A{}9”v.v,—G(p)) (cf. (8.3.5"),
where (@, ¢) are coordinates in W = M xR, 1 = det[d}],
v(@*, 9, 7) = — (39" v.v,+G(9))da’A... Ada®+
3
+Zg“'y,,dw°/\..._/\d¢/\.../\dm°.

In W we have & 4-parameter family of transformations which si
generated by translations in M:

..... a’(”"; P) = (”1+a‘9 ?)y
(Fao......s)a(w '@y Y1y ) = (0*+a’, @, ¥;, 4).
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The family (F- -) generates four vector fields on trG*(W):

X p=0,1,2,3.

B = W’
Let C = {m‘ﬁ(qj(w‘), 7,(¢"))} be a solution of field equations (8.3.9),
y, = 0,9, Op+G'(¢) = 0; then

(X, 1y)1C = Z(—'l)'“(n’n,, & (dn'm— G(cp)))dw% ...... Adp®.

()

The energy momentum tensor is equal to

I =9y —g* (dn'n— G ().
The 4-energy momentum vector of the system is

P* = [T"(2)d8,,

where ¢ is any space-like surface in M and 48, is its surface element (dimo

= 3) (ef. [6], [7]).

10. A VARIATIONAL PROBLEM WITH CONSTRAINTS

Let %, be a positive homogeneous function on K"(W). “The equation

(10.1) i Zo(v) =0 defines a subset N inK"(W)
and a subset N in G*(W). Let
(10.2) voeN and Z,.(v) #O.

It follows from the rank theorem that (10.1) defines locally a submani-

fold A~ in G"(W) such that n,(./V ) is an open set in W. In local coordinates
(#, o, ¥*) in trG@*(W) (10.2) is equivalent to the condition: there exists
a (p, q) such that B
' 0L (1%, o*, ¥})

(10.3) 57 #£0.

We shall consider only those sections f:(moz,) (.47) — W for -which
(10.4) Flmomy(A) € & < tr@*(W).

DEFINITION. A variational problem with constraints is a ) 8ystem (W,

L, M, %,,4), where &, and £ are Lagrangian functions, .4 is defined
by (10.1), and M is an (» —1)-dimensional compact submanifold of W which
is a section of & over some (7 —1)-dimensional compact submanifold B, of
B contained in

(10.5) . (mOM) (AH).
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DEFINITION. A section f of = which fulfils (10.4) is called an estremal
section of the variational problem (10.5) if, for every onc-parameter family
(f,) of sections of » over B, fulfilling the conditions

1° fl(aBl) =_l”’fo =f7

2° f(By) e A,
we have

10.6) d
(10.6) de

(f.?(f,.vBl)wBl) =0.
By

Now we introduce a bundle W, and consider a variational problem
in W,.Let Wy = W®(R xB), i.e., fibre of W, over #¢B is equal to W, x R.
Let p: W,—>B, pr,: Wy— W, pr,: W, >R xB be natural projections.
These projections generate the maps

(10.7) Pry: K™(W,) >E™(W), pre: G*(W,)-G"(W).

Using (10.7), we can extend functions %, and % onto K"(W,). We
denote these extensions by %; and #°. Let a be a function on W,
defined by a(w, 1) = A4, for we W, e R. Let

(10.8) @ = g;a = aogy, where g3: G*(W,)—> W,.
Let *
(10.9) vo(*) = 9;0 g:lver(’)’ () = 9;0 -?,var(')

LemyA 16. If C is an integrable submanifold of trG”(W) which is
a section of o x, over B, and y,|C = 0, then C < 4.

Proof. For an integrable submanifold C the condition y,|C = 0
is equivalent to the condition &,(f.») = 0 (where C = f(B,)). This fact
follows from proposition 1.

We shall use lemma 15 for the bundle ¢: W, - B, and the Lagrangian
function &£;. It is easy to see that

(10.10) ¥ = (pre)*(vo),  ¥° = (Pr)* ().

We consider the variational problem with constraints (W,, B,, £°,
M°, &3, .A_’—*’), where M° is an (n—1)-dimensional submanifold of W,
contained in g4(.#"°) such that mo g4(M°) = 8B,.

THEOREM 6. If there ewists an integrable section g: B,—G"(W,) such
that pr,(g(0B,)) = M and, for every go ps-vertical vector field ¥ on C°
= §(B,), (Y_Id(y*—ayd)}|C° = 0, then the section f = pr,0gis an emtremal
section of a variational problem with constraints (10.5).

Proof. If Y = 0/04, we obtain ¢g|7(B,) = 0. It follows from (10.10)
and from lemma 15 that y,|f(B;) = 0 and f¢B,) < 4.
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Let (g,) be a one- parameter famﬂy of sections of ¢: W,—B, such

that: pr,0g,(0B;) = M; §,: B,~#". Let f, =pryoq, and let f: B,>.4"
be the canonical lift of f. From (10.10) and lemma 15 we have

(10.11) [Fv = [toruog)'y = [Fi(v°—ayl).
B, B, B,
If we differentiate (10.11) we obtain

(1012) [ (Xawe—aw)+ [ (X_itw—ayp) = f 72 Wl
7By 9By

where
a

X =2

g
sm(

The boundary term in (10.12) vanishes because X is gy vertical
on §(0B,) and y®—ay; is gg-horizontal. If we use the assumption of the
theorem, we shall see that

d -
— f fiy=o0.
8=
B,

de

ExAMPLE. We consider the hydrodynamics of an incompressible fluid
with a constant density o on an n-dimensional Riemannian manifold M.
We shall use here some results published in [9]. We have

W =M X[ty 41X My, B =M x[tt], M ~Mc=M,,
Pri: W—M,, pry: W—o[ty, 1], pra: W—M,.

We denote by (¥°) local coordinates in M. 1 and by (2’) local coordinates
in My; t is a coordinate in [t,, ¥,). If (7, ¢, @, (¥))7m1) ¥a+1) denote local
coordinates in tr@**!(W) we have

Z(y) 1,0, ¥ Yhs) = = Gpa(®) 241741 —V (2, 0)
1 Uy @By Vis Vi 299« n+1Vn+1 — @ 1@).
The function £, on K"*!(W) is given by the (n-+1)-form 7 on W;
Z(v) = vlnd, veE"H(W);
(10.18) 5 = (Vdetg, (@)da*A... Ado™ — Vdet gy (y)dylA... Ady™);
Z)(TI% i m‘r 7’;’ 7’::+1) = (det [7;] ‘/detgﬂ(a’) —}/detga(?/)h
v(y's 1, @y ¥, Yhi)) = VEi10pe(@) Vdetgy(y)dyia.. . Ady® A da” —

- (% Ipa(®@) Va1 Van+V (1, w)) Vdetg,(y)-dy*A...Ady" Adt;
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(10.14) o9/, t, @, ¥5, ¥ir)

= —((n—1)det[y§1Vdetg, (@) + Vdet 94(9) - @yr A Ady AL+

k=1

n oy
+ 2 yEdet [y{1Vdet g, (@)d9 A .. AdD" A... Ady™ AdE.
=

We construct the bundle W,. W, = M, X [{,, § ] xM,x R with
local coordinates (y/, ¢, o*, 1). The forms 2, y° are given also by formulae
(10.13) and (10.14). The equations of motion are
(10.15) (Y _1d(yp —Apy)) 10 =0,

where C is an integrable submanifold of W, given by

) ‘g - ;, 0o o
o =a(y,t), 1=Ay,1), Yi=—=>5y Hl=1,..,n,

ay’’
(0
y"+l - at .
If Y = 0/04, we obtain y,|C =0, i.e.,
(10.16) det[yj]1Vdet g, (o) = Vdetgy(y).
If Y = A%3/0s*, then we obtain
' *a® oz” 02"
(10.17) 5 +-I1:p(m)w R
ovt,e) 1 6}.(t,y(t,w)))
= g — )
g (@) ( T o
Therefore A = — P, where P(¢,#) is a pressure at the point # and

time ¢. Equations (10.16) and (10.17) are the equations of motion in the
Lagrange form, cf. [9].
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