COLLOQUIUM MATHEMATICUM

VOL. XLIX 1984 FASC. 1

THE RATE OF CONVERGENCE OF ITERATES
OF THE FROBENIUS - PERRON OPERATOR
FOR PIECEWISE MONOTONIC TRANSFORMATIONS

BY
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1. Introduction. Lasota [5] and Jablonski [2] have shown that the
sequence P! f of iterates of the Frobenius-Perron operator P,: I! — I! given
by an expanding transformation 7: M — M of the differentiable manifold
into itself is uniformly convergent for a certain class of functions f: M — R.
A similar theorem has also been stated by Krzyzewski [3]. But the above
authors have assumed in their theorems that the transformation t is con-
tinuous. The purpose of this note is to give an analogous theorem in the case
where the transformation t: [0, 1] — [0, 1] is piecewise C2 with some point
of discontinuity.

The paper is divided into two parts. In Section 2 we give the conver-
gence theorem for the Frobenius - Perron operator P,: I!(m) — L!(m), where
m is a Lebesgue measure. In Section 3 we prove a theorem concerning the
rate of convergence of the iterates of the Frobenius-Perron operator
P, L' (u) - I} (n), where u is an absolutely continuous measure invariant
under t.

2. Convergence theorem for 1 -piecewise C2. Let ([0,1],Z,v) be a
probability space with measure v and let I!([0, 1], Z, v) be the space of all
integrable functions defined on [0. 1]. For a nonsingular transformation
t: [0,1]>[0,1] (v(t™'(4)) =0 whenever v(4)=0) we define the
Frobenius-Perron operator '

P I}(0, 1], Z,v) = L}([0, 1], Z, v)

by the formula
[P fdv= [ fdv,
A

L)
which is valid for each measurable set A < [0, 1]. It is well known that the
operator P, is linear and continuous and satisfies the following conditions:
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(a) P, is positive: f=20=>P, f>0;
(b) P, preserves integrals:

} P, fdv = }fdv, fel}(v);
0 0

(¢) P, = P{ (z" denotes the n-th iterate of 1);

(d) P, f=fif and only if the measure du = fdv is invariant under 7, that
is p(t'(A)) = u(A) for each measurable A.

In the sequel we denote, for convenience, by P, and P, the Frobenius -
Perron operators defined on I!([0,1],2,) and L ([0, 1], Z, m),
respectively.

A transformation t: [0, 1] — R will be called piecewise C? if there exists
a partition 0 = gy < a; < ... <a, =1 of the unit interval such that for each
integer i (i =1, 2, ..., p) the restriction t; of 7 to the open interval (a;_,, a;)
is a C2-function which can be extended to the closed interval [a;_,, a;] as a
C2function. T need not be continuous at the points a;.

Lasota and Yorke [6] have proved that for a piecewise C2-
transformation t with inf|t’| > 1 there exists an absolutely continuous
measure pu invariant under t and the density of u is of bounded variation.

Denote by

b
Vri=Vf
a [a,b]
the variation of f over the interval [a, b].
We shall show the following convergence theorem:

THEOREM 1. Let 7: [0, 1] — [0, 1] be a piecewise C>-function such that

: @i (x)

1 § = Sup [—
L i,.P @i (x)
where §; = 2—card {1(a;+), t(g; =)} n{0,1} and ¢;=77' (i=1,2,..., p).
Then there exists exactly one probabilistic, absolutely continuous measure u
invariant under v and for any f-> 0 with bounded variation we have

p
+suploj(x) (1+ Y &)< 1,
=1

i,x i

1 1
() (P )= Lf Nl fo(x) < S"(\o/f+llf|| \o/fo),
where f, is the density of the measure L.

Proof. A simple computation shows that the Frobenius - Perron oper-
ator P corresponding to T may be written in the form

p
&) (P, f)(x) = 'Z,l [ (9:()19; ()| %: (),
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where y; is the characteristic function of the interval J; = 1;([a;_, g;]). By its
very definition the operator P, is a mapping from L ([0, 1], Z, m) into
L ([0, 1], £, m), but the last formula enables us to consider P, as a map
from the space of functions defined on [0, 1] into itself.

Let f be a function with bounded variation such that

}fdm = 0.
0
We have
1 1 4 4
) \o/ P.f< ) \,/ (fo@)leil +sup |¢j Zl 01 f(a)l.
i=1 J; i,x i=

In order to evaluate the first sum we write

\J/(fOtp.-)Iw.fl =JI [d((fo @))leil) SJI |foeil oy dM+JJ @il 1d(fo @)

i i

@i (%)
@i (x)

< sup

i,x

JI |fo @il lgil dm+sup |@;(x)| [ |d(fow)l.
. i,x J;:

Changing the variables we obtain

;I x a; , a;
) \VUoelal<sup BN [ |fdmrsup gl \/
Ji ix [@9i(%)| 42, i,x a;_

1
Since | fdm =0, we have the obvious inequality

0

1

(6) |f ()] < \o/f-
Applying (6) and (5) to (4) we obtain

1 1

VP f<s\/f

0 0
and, consequently, by induction we have

1 1
¥)) \O/F:'fss"\o/f.

Now, we shall show that the absolutely continuous measure u invariant
under 7 is unique. To the contrary, assume that u; and u, are two different
probabilistic measures invariant under t with densities f; and f,, respectively.
Since

1 1
J (/=S f)dm =0 and (I) (/=S f2)dm =0,
0
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by (7) for f of bounded variation we have

1 1

\O/ PL(=IAILSD) < s\ fHIANN fr)

0 0

and
1 1 1
\0/ P (f=IfII f2) < S"(\o/f+llf|| \O/fz),

which is impossible because each convergent sequence has only one limit.
Since

1
g (f=Ilf1l fo)dm = O,

inequality (2) is a simple consequence of (6), (7), and (d). This completes the
proof of the theorem. '

3. Convergence theorem for t piecewise convex.

THeOREM 2. If T is a piecewise C2-transformation of the unit interval into
itself such that

D) & =1lg,_ .y (=1,2,..., p) are convex,

(li) T,-(a,-_l) = 0 (l = 1, 2, ceey p),

(i) 7([ay, a,]) = [0, 1],

(iv) T satisfies (1),
then there exists a unique t-invariant absolutely continuous measure u with
density f, = du'dm satisfying the inequality
(8) 0<1/c<fy<c for some c.

Proof. The uniqueness of u is a consequence of Theorem 1. Now, we
show (8). By induction, from (i), (ii), and (3) it follows that P f are decreasing
functions whenever f is decreasing. Consequently, by Theorem 1, there exists
a sequence P! f of decreasing functions convergent to f,. Therefore, f, is

decreasing, and so supp f, =[0, a] for some a< 1. Now, applying the
inclusion (see [10])

T(supp fo) = supp fo
we can easily seen that
(9) supp fo = [0, 1].
Since f,, is decreasing, by (d), (3), and (9) we have
fo(x) = fola)) @i(ay) >0  for xe[0, 1].

This completes the proof because f,, is of bounded variation.
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THEOREM 3. If 1 satisfies the assumptions of Theorem 2, then for any f > 0
of bounded variation we have

1
[P ) )=l fll1gnl < s"(MyllfllLtgn+ M \o/f),

1 1
where M = 2c \/ fo, My =(\/ fo+c¢)c, P, is the Frobenius-Perron operator
0 0

of the space L (u) into itself, and pu is a measure invariant under t.
Proof. By the equalities

A A
and
jpzfdﬂ= j fdp = j ﬁ’odm=jP,(ﬁ‘o)dm
4 ™ L4 1) A
we obtain

(P.f) fo = P.(ffo)

and, consequently,

Pt(ﬂO).

10 P f=
(19 JS==7

Let f = 0 be a function of bounded variation. By Theorems 1 and 2 and (10)
we have

IP? f= 11 fllergl =

lP:(ﬁro)‘”ﬂo“Ll(m)fd

p < S"C(\/ﬁo'*'“ffoul.l(m) \/fo)-
Jo 0 0

Since
g 1 R 1 1 1
\O/ffo < (supf) \o/fo +(supfo) \O/f< (1A Nl + \O/f) \O/fo+C \o/f
and || follLim = lfllL1, from the last inequality we obtain

P21l < 57D\ Y Sorke)+ 21t \:)/fo]

1
<" (M Sl + M2\ f].

This completes the proof.
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