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Coefficient inequalities and maximalization of some functionals
for pairs of vector functions

by Kazimierz Wrobarczyk (Lodz)

Abstract. The paper investigates pairs of vector functions [33] defined as a natural
generalization of Aharonov's pairs [1].

Making use of the methods of Grunsky—Nehari ([13], [25]) type we obtain estimations of
the first and third order functionals and also estimates of derivatives and Schwarz’ derivatives
for some pairs of vector functions.

For some cases a complete characterization of all extremal pairs is given,

Introduction. Aharonov [1] introduced the class 4 whose elements are
pairs (F, G) of functions F and G, F(0) = G(0) = 0, analytic and univalent
in 4 ={z: |zl <1} such that F(z) G(¢) # 1 for any points z, £€A. In the
class A of Aharonov’s pairs significant results have been obtamed especially
by Aharonov [2], Hummel [14] and Jenkins [18].

The class in question has the following interesting property. For G = F,
G=F and G= —F, where F(z)=F(2), it generates the classes of
Bieberbach—Eilenberg’s functions ([3], [4], [7]) of bounded functions and of
Grunsky-Shah’s functions ([12], [29]), respectively. These classes were
studied in Hummel and Schiffer [15], Jenkins [17], Schiffer and Tammi [26],

[27], Sladkowska [30], [31].
The following definition, which is a natural generallzatlon of Aharonov’s

definition of a pair, was given in [33].
For any non-negative integers m, n such that m+n > 2 let

o = {801, --+s Gom}s M21, " bo={bos, ..., bon}, n=1,
=Q, m=0, =, n=0,
be two sets of finite elements satisfying thc.conditions:
o # aop, k#j, k,j=1,...,m, m>1,n=0,
bow # boy, k#j, k,j=1,...,m, m20, n>1,
anboy#1, k=1,...,m j=1,..,n, 1n,n>i.
Let C denote the complex plane.
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2 K. Wiodarczyk

The mappings F and G, F=(F,,...,F,): 4-C" when m21,
G=(Gy,....,G): 4—»C"whenn>1, F=00or G=0whenm=0o0r n=0,
respectively, are said to form a pair (F, G) if Fy, ..., F,, and Gy, ..., G, are
functions of the form: ’

F.(2)=ap+ayz+..., k=1,...,m n=0
=0,

G (2) =boy+byz+..5 k=1,...,n0,m

analytic and univalent in 4, satisfying the conditions:
Fi(2)#F;(&), k#jkj=1...,mm>1 n20,
G(2)#Gj(§), k#j, k,j=1,...,n,m=20, n>1,
F@)Gi(O#1, k=1,...mj=1,...,n mnzl,

for any points z, {e4.
The pair (F, 0) is identified with the function F. Clearly, (F, 0) = (0, F).
The class of all pairs (F, G) of vector functions F and G as defined
above, for fixed admissible m, n, ag, by Will be denoted by C,, ,(ao, bo) ([33]).
Accordingly, C, o(ao, bo), bo = @, denotes the class of functions F of the
form

F(z)=ap +ay 2+ ...,

analytic and univalent in 4.

Some subclasses of the class C,, (a0, bg) have the property analogous to
subclasses of A, the class of Aharonov’s pairs; e.g, for G=F, G=F and
G= —F, where F =(F,, ..., F,), they generate the generalized classes of
Bieberbach—Eilenberg’s functions, of bounded functions, and Grunsky-Shah'’s
functions, respectively. These classes were investigated in Gromova and
Lebedev [11].

The classes C, (a0, bp), m = 2, generalize Gelfer’s class [8], i.e. the class
of the functions F analytic and univalent in 4 and satisfying the condition

F()+F()#0

for ali z, £ €4, while the classes C; 4(ay, by) are counterparts of the familiar
class §, ie. the class of functions F of the form

F(z)=z+a,z*+ ...

analytic and univalent in 4.

In [33] we proved three general inequalities of Grunsky-Nehari type
([13], [25]) for the classes C,, ,(ao, bo), m+n > 2, and presented a thorough
discussion of these inequalities.

The present paper i a continuation of the study initiated in [33] and
deals with the problem of maximalization of certain functionals in the classes
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Cn.m(ao, bo) and C,, o{ag, ®) for m > 1 with a,, by given by
(N Ao, = Aoy €Xp 2n(k—1)i/m], k=1,...,m,
(2) boy = boy exp [2n(k—1)i/m], k=1,...,m,

and in their subclasses consisting of pairs (F, G) and of functions F,
respectively, such that

(3) F,=F exp[2rn(k—1)i/m], k=1,...,m,
4) G,= G, exp 2n(k—1)i/m], k=1,...,m.

The results obtained contain a complete, in some cases, characterization
of all extremal pairs. The method employed thus proves to be workable and
most promising.

1. Estimations of first-order functionals. In this section we estimate the
functionals

m m

T IF© GOt and T IF(O),
(F’ G)ecm.m(aﬂa bO): FECM.O(GO’ ¢)

Investigation of counterparts of the problem under consideration in the
classes of systems of functions with disjoint images has been originated by
Lavrentev [21] and Goluzin [9].

Let (F, G)eCp (89, bg), m=10rm=2l,1=1, 2, ..., and assume that
aq, by satisfy conditions (1) and (2).

Let ro =|zo| when G,(zo) =0 for some zyed and k=1,...,m, or
ro =0 when G,(z) # 0 for all zed and k=1, ..., m.

For any fixed re(rqy; 1) let D, be a 2m-connected region bounded by
some curves I',, k=1, ..., 2m, described parametrically by

I'y: w=F(2), k=1,...,m,
=1/Gp-n(2), k=m+1,...,2m,
where z = r exp (ip) (0 < ¢ < 2n), the orientation of the boundary 9D, being

defined by the change of the parameter ¢ from 0 to 2m.
Write

_ ka(r)a k=1:"'am’
*T11YGi—n(r), k=m+1,..., 2m.
If coeD,, let |[w| = R be a circle of negative orientation will respect to its
interior and such that the curves I, k =1, ..., 2m, are inside it.
Let D? denote a one-connected region bounded by the curves I,
k=1, ..., 2m, the circle |w| = R and some analytic arcs joining the point R

of the circle |w| = R with the points w,, k=1, ..., 2m.
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If o¢D,, say, oo is inside the curve Iy, then.D? will denote a con-

- nected region bounded-by the curves I, k=1, ..., 2m, and some analytic
arcs joining the point w,, with the points w,, k=1, ..., 2m—1.

Let _
(1.1) Ap=al®, B =bl% k=1,...,m m>2.

In the closure D, we define an analytic function g by

W—‘aol

log , when m =1,
1—wb
(12) g(W) = (wm::—o;(u) (1+wml2B )
01
=2l 1=1,2,...

og "+ Agy) (1—w"By)’ when m , 1,2,
and assume
(1.3) Z k294 x, log z = g[F,(2)], k=1,...,m,

a= lz] =r.

=g[1/G-n(@)], k=m+1,..., 2m,
Clearly, for m =1 we have

(1.4) X =—=Xx3=1

and for m=2l, I=1,2,..., we have

(1.5) Xg= —Xppm=1, k=2p+1,
=—1, k=2p+2,

where p=0, 1, ..., $(m—2).
As a 51mple consequence of the Green formula (Nehari [24]) we have
the followmg inequality :

(1.6)
0<— ”Iy () dv = —— fg(W)dg(W)
Do
In view of the equality
(1.7 lim | g(w)dg(w)=0, when weD,

R->w Jw|=R

from (1.6) we obtain

%
0< —— Z {f[g (W) + 2mi Z} x,,_l]dg(w)+2ﬂig[Fk(")]}—

1[1,‘1

1
—— {f[g +2m Z Xp-1] dg(w)+2mi g [1/G, _ ,,,(r)]}

27”& m+1
t
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and x, = 0. Thus, by (1.3)

2 2m
0> § ¥ [x(logr—ip)+ Z 7] [xk+ Z qck ] do+
0 k=1 =0
2m a
+ ¥ {x Z k11 +|x*logr}.
k=1 q=0
Consequently

2m
Y [2x, Re {ck}+ Z glck?r¥] < E 2logr1,
k=1

Passing to the limit as r — 1, we obtain
Tueorem 1. If (F, G)eC,,(ag, bo) or (F, G)eC, .(ao, bo), m =2],
I=1,2,..., and ay, by satisfy conditions (1), (2), then

(1.8) Z [2x, Re {ch}+ Z qlc"lz]

k=1
where ¢t and x,, k=1, ...,2m, g =0, 1, ..., are defined by (1.1)~(1.5).
From Theorem 1 we get '
THEOREM 2. If (F, G)EC1 1((10, bo), then

(1.9 [ayy byq| < |1—apy bo1|

and the equality, holds only for pairs (F, G) in which the functions F,, G,
satisfy the equations

F—ae, G, —bo,
1 -0 _ —_ = =1.

Proof. Observe (cf. (1.8), (1.4)) that Re {¢}—c3} < 0. Hence and from
(1.2) and (1.3) we obtain (1.9). .
Assuming Re {c}—c2} = 0 we conclude that

Re {g[F,(z)]} =loglazl, ~Re {g[1/G;(2)]} =log|fz], [af =1,

which consequently gives (1.10).

Remark 1. Lavrentev [21] proved an analogue of Theorem 2 for the
class of systems of two functions analytic and univalent in 4 and having
disjoint images, where the extremal regions are formed by two half-planes
complementary for each other. :

Let (F, G)eCpm(as, bo), m=2, m=2l+1, I=1,2, ...; assume that
F,(z2)#0, Gy(2) #0 for zed and k =1, ..., m. Denote

F:’IZ(Z) A0k+A1kz+ G;:'Iz(Z)=B0k+B1kZ+>.., k=1,..., m. -

(1.10)

We shall now prove
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TueoreM 3. If (F, G)eC,, .(aq. bo), m = 2, ag, by satisfy conditions (1),
(2) and for zed and k=1, ..., m, F(z) #0, G, (z) # 0 whenever m = 21+ 1,
[=1,2,..., then

m m

(1.11) [T 14 Byl <4 I

k=1 k=1

I—AUkBOI{ 2
Aok Bo (1 Y Bo::)

When Agy By, > 0, the equality holds only for pairs (F, G) in which the
functions F,, G, k=1, ..., m (Fig. 1) satisfy the equations:

/ /B 1—ez
1 12) Ok 0k lez ( /A B ) _
( BO Fm,IZ AOI; BOk Ok = 0k 14+ez

lef =1, k=1, ..., m,

B 1 Ao 1 ——\ 1=tz
: / — [F2 6 =————=— /40 B )
(1.13) A,, G2 B, k Ay Ba, v Aok Bow | T

el =1, k=1,....,m

Proof. Assume that m=2/, I=1, 2, ...
From (1.8) it follows that
(m—2)/2
(1.14) Re{ 3 (cdP*i4cdrt2tm—cprifm_c2r+?)l <0
p=0

and hence we obtain (1.11).
Assume that Ay By >0 (ie. AguBo, >0, k=1, ..., m) and that the
equality holds in (1.14).

Then
k=0, k=1,...,2m, g=1,2
and  if
(1.15) Re {c’(‘,} =0, k=1,...,2m,

then, by (1.2), (1.3), and (1.5),

'Re (g[Fy(2)]} = —Re {g(1/G,(2)]} = log |2, k=2p+1,
= —log|z|, k=2p+2,

where p=0, 1, ..., (m—2)/2. Hence we obtain (1.12) and (1.15).

i condmons (1 15) were not fulfilled, then the images F,{4) and 1/G, (4),
k=1,...,m, together with their boundaries would not fill the whole plane C
which is impossible in view of the obvious fact that g'(w) # 0.
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Ifm=2+1,1=1,2, ..., then (F, G)€Cyp 1m(@0, bo), where

(1.16) F, =FL? k=1,...,m,
=—-F2, k=m+1,..., 2m,
(L16) G, = G2, k=1,...,m,

=—-Gi2,, k=m+1,...,2m,

and using the procedure described above we obtain (1.11)-(1.13).

O<AuBu<l 1 < AgiBor < 00
aai(i)

3 Bx(7)
(i) Bi(D)
0+ (1L 0= dagk® 0- ehok
-i
{ pu(-1) al=h Ba(-i)
d ar(~i)
130k 172 . 1/2
a(t) =7¥"|-—| exp(iargag), fi(t)=1"[—| exp(iargby)
ok Qox

Fig. 1

Remark 2. If the functions F satisfy condition (3), then from Theorem 3
one obtains Sladkowska’s result for subclasses of the class Cj ;(ao, bo) of
pairs (F, F) (see [31]) and De Temple’s result for subclasses of the classes
Cynm(@os @o) Of pairs (F, F) (see [5], [6]).

Let FeC,,,,o(ao‘, @), m>2. Moreover, if m=2I+1, I=1,2,..., we
assume that F,(z) #0 for zed and k=1, ..., m. Write

F2(2) = A+ A2+ ..., k=1,....,m.

From Theorem 3 we obtain

TueoreM 4. If FeC,, o(aq, @), m = 2, aq satisfies conditions (1) and for
zed and k=1, ..., m we have F,(z) # 0 whenever m=2/+1, 1=1,2, ...,
then

m m

[T 14w <2™ [] 4ol

k=1 k=1
The equality holds true only for functions F for which the functions
Fi., k=1, ..., m (Fig. 2), satisfy the equations

1+6z
1—¢z’

FM2 = Ag, lef=1, k=1,..., m.
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Remark 3. In the case m =3, applying a homographic transformation
to Theorem 4, one obtains Goluzin’s result [9]. ’
From Theorem 4 one can obtain Gelfer’s result concerning subclasses
of the class C,q(ap, @), m>2, of functions F satisfying condition (3)

(see [8], [22]).

y(=1)

%) =an im

Fig. 2

2. Estimations of third-order functionals. In the class S Bieberbach
obtained the following estimation:

lay—a3l < 1.

Studies on homogeneous functionals of that type in the class of bound-
ed functions have been originated by Jakubowski [16] and Zawadzki
[34], while the first to investigate such functionals in the classes of Bieber-
bach—Eilenberg'’s functions and Grunsky—Shah’s functions were Jenkins [17]
and Sladkowska [30], [31]. _

In this section we shall present analogues of that estimation in the
classes C,, (a0, bg) and C,, ¢(ao, @), where a,, b, satisfy conditions (1), (2).

Let (F, G)eCp (a0, bg), m=1orm=2L1=1,2, ..., and a,, b, satisfy
conditions (1), (2). Moreover, let ' :

1 w

21) gw= -bOI(w—ao1)+d01(1_Wb°1)’

’ When m= 1, am b01 # 0,

. SRR S W
BOl Wmlz—AOI Wm/2+A0.1

1 wm/2 wmlz
+ mf2 + 2 ’
Aol l_w BOl 1+Wm/ BOl

when m=2/, 1=1,2, ...,
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and
(2.2) Y 2 =g[F(2)], k=1,...,m,

1=~ ' 2] =r.

= g[l/G,,-,,,(z)J, k=m+1, ..., 2m,

Hence, according to Green’s formula,

2n
m

0>3{ £ [ otrien & atR @i
0

2n
m+n

d .
+ 3 f g[l/Gk_,.(z)JZg[l/Gkﬂm(z)]quo},

k=m+1
0

where z =r exp (i¢). Thus

x

2m
Y ¥ gldPre<o

k=1¢g=-x
and consequently )
(23) Y Y qlg*<0
k=1g=—~1z

as r—1.
We shall now represent inequality (2.3) in a bilinear form.

Putting \/ac"=Uq,,, —\/Ec"_,,=.Vq,‘, k=1,....,2m, g=1,2,... we
have '

X b
2 U< ) W™
q=1 g=1

Hence and from Schwarz' inequality it follows that

-]

[+ 4]
Re {Y U V)< X V2
g=1 g=1

It

and the equality holds if and only if
u,=v%, gq=12,...

Thus we have proved
THEOREM 5. If ao, by satisfy conditions (1), (2), (F, G)eCy 4 (ao, bo),
apy  boy #0, or (F,G)eC,,m(ap, bg), m=21, 1=1,2,..., then

= o]

2m Zm x
—Re [} Y gt p< ) X qlt )’

k=1 g=1 k=1 g=1
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and the equality holds if and only if

k=g, k=1,..,m q=12,..,
where ¢k, k=1,...,2m, g= %1, 2, ..., are defined by (2.2).

Before we pass to applications of Theorem 5 we shall present some
simple properties‘of the classes under consideration which prove to be of
special importance for investigations of homogeneous' functionals.

Let (F, G)€Cpm(ag: bo) of F€Cpolap, @). It can easily be verified
that the following relations hold: (F,, G,)€Cp n(ao. bo)s F, eC,,,o(ao, 0,
where & =(g, ..., e,,,), T=(T, ..oy Tm)s & =I0l=1, k=1,...,m, F,
= (Flela Fme (Gltl3 trvy Gmtm)’ stk(z) = Fk(akz)! thk(z) = Gk(TkZ),
k=1,...

We shall now prove the following

THeOREM 6. If (F, G)eC, 1 (ao, bo), Go1 boy # 0, then

(24) LS. SN N S
) |(a11 bm)z (bys a01)2 h lay, bo1|2 by y a01|2- ’
where
_Gu 1 bot  ah g by b a6 b
a a%l aox(l"ambm)z, by b31 boy (1—ag, bm)2

If @oy boy > 0, then the equality holds true only for the pairs (F,, G,) in
which the functions F, and G, (Fig. 3) satisfy the equations

S “
1
14ag; by ~ /401 b01 (\/—oi Fi+ ?l}:‘)
01 L1
b_°‘1 F, _Go 1
Qoy bos F,

_ 4y boy z

vV 001 b01 (Z‘_Zl) (z+z_1)

a by, 1
1+ag, boy — /a0y bo1 ,b01 G+ \/ o )
01 g, G

ao1 b01 1
bm Qapy G1

.
k]

- by, ag, z
== —,
\/‘aol b01 (Z_ZZ) (Z+ZZ)
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respectively, and

azy ayy boy
__+—_

— _ [ vl = ( —
1—ag, by, 2Im {z;}i, |z)=1, Im 1831 bgy } =0,

1 | ay1 boy |

(2.5 Im {z;}] <1
s Vv am b01 |1 Aoy bDll

byy  byyae

——————=—=21Im {z,!i jzo) =1 Im (b 1=0
12241, Z 11815 =
byy 1—‘1011701 ' ' g ’
1 l byy a0, l

(2.6) Im {z,}] € | ~——— .
* v/ @o1 boy |1“ao1bo1|

Thus, for each a,y, by, the functions F,, G, belong to one-parameter families,
where the parameters are a,q, byy or z,, z,, respectively.

Proof. Let (F, G)eC,,, (aq, bo), aoy by; # 0. In view of Theorem 5 we
have

2
—Re { Y et} < Zlc 12

k=1

Since
1 1 A B
Cl_ = - N 02 = Cl = c2 o j—
! ay boy ! by ag, ' a;; bo, e by, apy
we have
A B 1 1
2.7 Re { + } < +
(ary box)2 (b1y 001)2 ay box|2 by ao1|2
and in case of equality
A=‘111b01, B=buaon‘
ayy boy b1 @0

Let ag, bo; > 0 and assume that in (2.7) equality holds. We can also
assume that

A=B=1,

which is equivalent to Im {a,, bo,} =Im {b;, a,} = 0.

From (2.1) it follows that
/bo1 /‘101 1
W ——— —
agy by, w

1
b ay, 1
V@01 b0 1+ag; by, — ao1b01( ao: W+\/B—21—)
1

w

glw)=
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and
el = Ao 2 = — B,
° a1 boy’ ° byyae;’
where
ayy ayy boy b21 by ao,
Ag=—+——, B —_
° a;;, l1—ag; by °= bu 1—ag, boy
therefore
1 A%+ Agz—1 1 Bz?’+Byz—1
F.]= , 1/Gi{] = — , .
g(F,] 411 bo; g[1/G{ by doy 2
Consequently
r—— b g, 1°
1+a4; boy — /801 boy /ﬂFﬁ' ,B_"iF_)
01 I'1
(2.8)
bo1 Qo1

boy . Z
Goy 22+ Apz—1"

\/am bo1 F1

=4y

a b

1+agy boy — ambox [ o Gl'*‘,( =
boy Q9. Gx
(29)
I o’ G1 boy 1.
b aop 1 V4

—ou bm 224+ Byz—1"

b01
The points /ag,/bo; and /byy/a,; being boundary, the left-hand sides of
(2.8) and (29) are different from infinity for zed, and thus we obtain .

ao; G4

22+ Agz—1=(z—2,)(z+7,), 2z*+Boz—1=(2—12,) (z+%,),
where lz] =1, k=1, 2, ie.

Ao =—(2,-2)) = =21Im {z;}i, By= —(z,-7)=—21Im {Zz}i-

The function

{=12/z~2z) (z+7,)
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transforms conformally 4 onto the set

C—({C: —o<Im{< -t

|Z1_i|2’

1
/K ) = .
u{( i Im{ <oo, Re{ 0})
On the other hand, the function

ReL‘=0}Q

_ 1+a03 boy — /8oy boy (W+1/w)
w—1/w

4
transforms conformally the set {w: |w| < 1} whenever 0 < ag bg; < 1, and
the set {w: |w| > 1} whenever 1 < ay; by; < 00, onto the set

C—{{: [Im {] > 311 —agy boul, Re { =0}.
Thus

) 1211 by 1 |ay; boyl 1 }
max : < 311 —agy boyl.
: —3 —r (S 2 o1 Do1

{\/001 bo]_ Izl+l| ,1/001 b01 |21—1I2

If we assume that
0<Im {z,} <1,
ie.
2(1—1Im {z,}) = |z, —i* < |z, + 1/,

we 1nfer that

b
0<Im {z,) <1— L 211001 |.
Vo1 bo; 11 —601 bml

On the other hand, if we assume that
—1<1Im {z;} €0

then, by an analogous reasoning, we have

_( 1 l a11b01 l)élm {zl}éo

1—
« Qo1 b01 ll_a01 b01|

Thus we have shown inequality (2.5).
Using a similar argument one can show inequality (2.6).
That concl}ides the proof of Theorem 6.

Remark 4. When by; = ag; and ag; — 0, from Theorem 6 one directly
obtains the corresponding result for the class A, and consequently the




14 K. Wiodarczyk

corresponding results for the classes of Bieberbach-Eilenberg's functions, of
bounded functions, and of Grunsky-Shah's functions.

In the class of bounded functions, in case of a;, =a;;, the result
obtained coincides with Tammi’s result [32]. ’

The analogue of Theorem 6 concerning classes of extended bounded
functions is due to Kortram [19].

A straightforward consequence of Theorem 6 is

0<anbdbn<l

2(zo)

1<agbo<e=

| oﬁ(ZU)
a(zo) | aos
{2(Zo)

t=p O<{<p —og “P<i<0 {=-p
n=q 0<p<g 1 —g<n<0 n=-q
1 I a1y boy I | byy ag, I

T » 4= =Im{z,)
\//aoj bDl |1—aDl b01| \/m |1 —ay, boll n myz,y;

aft)= |1, Jzl=1, Re (2o} =_2__Va°‘b'“’ B(z )_\/@
1 +ag, by, Qo1

Fig. 3
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THeoREM 7. If FeCy o(aq, @), then

2
a3; 4

2
a1 a5

The equality holds true only for functions F, for which the functions F,
satisfy the equations

< 1.

.

z az; ,
F, =ag,—ay, - and — =-21Im {z5}i, |zo|=1.
(z—z0) (z+3Z0) ay
Thus, for each ay,, the functions F, belong to a one-parameter family, where
the parameter is a,, or z,.
Remark 5. As an immediate consequence of Theorem 7 one gets
Bieberbach’s estimation.

We shall now prove a theorem which is a counterpart of Theorem 6.

TueoreM 8. If (F, G)eC,, n(aq, bo), m > 1, aq, by satisfy conditions (1),
(2) and F, () #0, Gy(2) #0 for zed and k=1, ..., m, then

M

g @i < e B
=1 (AlkBOk) (BlkAOk) = IAIRBOI(I IBlk-AOklz ’

where
Ay A% By 1445 By ., . Al 1
Ak—- - 3 p2 .2 kT3 . k= g oy M,
Ay A Ao (1—Ag Bgy) 445,
B, = By, sz Ao, 1+A5B% _, . Bh k=1,..., m.

By, B Bo (1—A%BZ)? ' 4B3’
When Aq, Boy > 0, the equahty holds true only for pairs (F,, G,) in which

the functions F,, G, k=1, ..., m (Fig. 4), satisfy the equanons
B A 1
1+ A% B3 — A, B Ok pom 4 ZOk
+ Aoy Bax — Aoy Dok ( Ao, xt Box F’"
ﬁ Fmi2_ AO" 1
Ao " By, F2
B z
=2—'—4u (14 Ao Boy) —, k=1,...,m;
< Aok Box (z—2z1) Z+510)
Aoy Bo\ 1
1+Agk B(z)k_‘AOk BOk (E;; G +A0L) GIT
Aok G2 — Box 1
Bow Ao GPP2
B, A z
=2 2 (1+ Ao Boy)

\/AOk BOk (Z—ZZk) (z+22k)
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respectively, and

A2l+A%kng+4A0kB0k"1
Ay 2AgBoo(1— A3 B3

Alkat = —2Im{z,}i, Im {AuBOk} =0,

' 1Ay Boyl 1+ Aok Box
210 Zol =1, Im {z £1— , k=1,..., m;

By A% Bi+4A40Box—1
By, 240 Bor(1 — A%, Bd)

B Aoy = —2 IIP {zx}i,  Im {By; A} =0,

1 IB“‘ AOkI 1+A0k BOk
2110 |zl =1, |Im{z,} <1-= , k=1,...,m.
( - I ZkI ' { Zk}l 5] AOk BOk |1—A0k BOk' .

Thus, for each ay,, by,, the functions F,, G, belong to one-parameter families,
where the parameters are ay, by, or zy,, Zy, k=1, ..., m, respectively.

Proof. In accordance with (2.1),

2(14 Ao, Boy) V Bo/ Aoy W2 —/ Ao/ Bor /W™?

Ao Box 1+ A8 Box— Aok Box [(Bow/Aor) W™ +(Aox/Borf/w™]

gw) =

for any k=1, ..., m. This means that

ck _ 1 k+m __ 1 k A" k+m __ Bk
LT T By Y TBLAy YALBy T B, A
1k Dok 1k Aok 1k Dok 1k Aok
k=1, » m,
and
A? B?
Ck= * ) Ck+m=_ . ) k-—-l’ ym,
° Ay By ° By Ao
where

Ay Al Bf+4Ag By —1
Ay 24 B (1— A%, BE)
By, | AjBé+445 Bo—1

Bl=—"Z=+ B Ao, k=1,...,m.
*“ By 240 Bo(1—A3BZ) %

L

On applying Theorem 5 we get

2m 2Zm
'—'RC { z C’]‘. CE.I} S z |Ck_1]2
k=1 k=1



Functionals for pairs of vector functions 17

and the equality holds true if and orﬂy if

k __ =k
cl - —c—la
ck =0,

Consequently, we have

k=1,...,
k=1, ...,

2m,
2m, g=2,3,...

o A B,
212) R
(212 Re {,;21 [(A1k B

Ak — Alk BOk ,
- A Box

18
BU( AOk

By Ao
Let Ay Boy > 0 (which means that also Ag,Box >0, k=1, ...,

(Byx Aox)
and if in (2.12) equality holds, then

Bk=

IIM;

1 1
[lAu Bol? lBlk Aoasl 2J’

k=1,..., m.

m) and

assume that in (2.12) equality holds. We can also assume that, possibly after

a suitable rotation, we have

Aok Box

It is also worth noticing that

22+ AQz—1= (Z_le;) (z+21)s

where |zy| =1, n=1,2, and k=1, ...,

2 — Annales Polonici Mathematici XLI. 1.

A, =B, =1, k=1,...,m,
ie.
Im {AlkBOR} = Il‘fl '{BIkAOk} = 0, k = 1, ceay ML
One can easily see that
B Ay 1
1+ A2, B2, — Ao, Bo, ( % Py Lk ﬁ)
BO" Fm/z ﬂ S
Aoa By, F}'*
"~ Ay By z
=2'——,_—(1+A0k30k)T"“—__ k=1, , m,
\/I‘AOkBOk +Ak Z—l
and
‘A Bo 1
1 4 A%, B~ Aot Boy ( % Gy 4 =%k )
: BOh AOk Gk
(2.14)
AOk Gmfz Bok
AOk Gm/l
1 Aok z
=2——/_-:_—(1+A0k30k)m, k=1,..., m.

22+B,?Z—1 =(z—zy) (z+Z3),

m. Indeed, we have assumed that

8\
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Fi(2) # 0, Gk'(z) # 0 for zed and k=1, ..., m. Also, from the definition of
the classes C,, . (aq, by} under consideration it follows that the points

 toi/box and /boy/ao, k =1,...,m, are boundary. Consequently, the left-
hand sides of (2.13) and (2.14) are different from infinity.

Thus

o _ 5 — r Yy o _ > — ( :
Ak - —(Zlk—z],k) - —2 Im 121“!, .Bk b _(22,‘-22)‘) - _‘2 Im 122"}‘1,

0<AoxBok<3-2V2

" ax(l)
° ak(ZDR)/— olok ~ ]
ax(~i)
ai(Zot) .
0
O i) :

. Bili)
o Bu(Zor)p_ obox h_ ©

Bi(=D)

3-2V2 < AdoxBos<
ai(i)

)

-

oA

0
bgk Bu(D) .
: Bi(20)
Bi-0—"5,(3, 0
1 <AokBor<3+2Y2
o ak(f) aai)k °
ax(zox)
ax(Zox) i .

ax(-i)

NNGAYAVECAY
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Since the function

1+ A8 B3, — Ao Box (W™ + 1/w™)
wmlz - l/wmlz

b =

transforms conformally the set {w: [w] <1, n(2k—3)/m <argw < n(2k—
—1)/m}, whenever 0 < Ao Bo, <1, or the set {w: |w|>1, n(2k—3)/m
< arg w < n(2k—1)/m}, whenever 1 < Ay By, < 00, onto the set

—{{: Im{|>2 /Ay Box 11~ Aox Bouls Re L =0}, k=1,...,m,

it follows, on applying an argument similar to that used in the proof of

L WIL doiBoi < 0
° o ak(Zok)t:;*/ L)/
0
o ax(Zox)
° ° Qe ﬂk(" °
=D ﬁA(ZOA)
\/7\ F/?\MMF?\ F\\
G=pn 0<fi<p = =0 “P<{ <0 {=-p
m=q O0<m<gq kT - < <0 yg=-—gq
p=1— L|Ay Byl 1+ Aoy Boy o= 1_1 [Byx Aol 14 Ao Box
2 AuBo [1-A0Bol’ ™" 2 AqBo |1~ Ay B
\/A%k B3y —4Aq B+ 1—[1—Ag, Byl \/"Atzlk Bl —6Ag By +1 /
Zox = I
240, Box

Aoy Bo€(0; 3-2,/2]

1 [1—Ag By
=1, ! l=__—, -2 2;1 1;3 2./2
fzoel = 1, Im {2} 2 \;——Ok - Aoy Boye[3 \/_ yu( + \/-]

s _\/A%nﬂga—"”‘lmﬁoﬁ'l+|1—AmBoﬂ\/ignﬁm-ﬁAMBm*'1l.
" 240, Bos

Aoy By € [3+2\/5; )
142 1/2

exp (i arg byy)

Ok

exp (i atg agy),  Bi(r) = v/"

Ok

& (7) = 72"

= {
Ly =1Tm {zy} Mo =1Im {23}

Fig. 4
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Theorem 6, that
max {2 |A1x Borl 1+A4oxBox ., 1Ay Bol 1+A0h30k}

SZ\//AOkBOk II—AOkBOkls k=1,'..., n.

Hence (2.10) follows.
Exactly in the same way one can prove (2.11).

Remark 6. For G=F or G = F, from Theorem 6 and 8 one obtains
the corresponding results for the classes of generalized Bieberbach-
'Eilenberg’s functions and of generalized bounded functions.

As a simple corollary of Theorem 8 we have

THeEOREM 9. If FeC, o(ay, @), m> 2, a, .satisfies condition (1), and
F.(z)#0 for zed and k=1, ..., m, then

m Ak m 1
(2.15) ke 193 ,
S AR TS 1A
where
Ay, A3 AL
=— k=1,...,m.
A, 4., A1k+4A 1, m

The equality holds true only for functions F, for which the functions F,, k
=1, ..., m (Fig. 5), satisfy the equations

2
Aoy Fk/ Ay z

_FR . k=1,....m,
Fm/Z AOk AOk (Z'—'Zk) (Z+Zk) "
and
A2k Alk . {Alk
—————=-2Im {z!i, Im<{—}=0,
Alk 2A0k L AOk}
1|4 ’
2| = 1’ I 1 < 1__ i = - .
=1 Im <13 28 k=1 m

yi(i)
pi(=i)

=p 0<l<p 04=0 —p <( <0 = —pe

114
{i=1Imz) =1-= |-
k Zryy Py 2 [4q,

Fig. §

v %(®) = ag "
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Thus, for each ay;, the functions F, belong to a one-parameter family, where
the parameter is a,, or z;, k=1,...,m

Remark 7. Making use of Lebedev and Mamaj’s inequality [23],
Grindpan and Kolomojceva [10] obtained the counterpart of inequality
(2.15) in subclasses of the classes C,q(a, @) of functions F satisfying
condition (3).

3. Estimations of derivatives and Schwarz’ derivatives. Let (F, G)e
Cm.m(a9, bo) and let the functions F, G satisfy conditions (3), (4).

We define !

= F,(@)—Fy(0)
q P — | 1 ,
L e = o8 e 6L O]

[F1 (2)— FY2(Q)] [1+ FY2(:) GY2 (0)]
=0 FrE@+ PP QI —FP @ 67 01
(3.1) . when m = 2,
: 61 (:)—G, ()
. arp—
L e =lor e G RO
[GT2(2)— GP2(0] [14 GI2(:) F2 ()]
=0 [G7 @+ G201 (=GP @ FT )’

when m=1,

= log

“when m=1,

= log

when m> 2,

For any g, ry < g <r <1, for any real number x,, and for any complex
numbers x,, ..., xy, let -

" W—dy; -
(3.2) g(w) = xq log . + P, (w), m=1,

Wmlz—'AOI 1+Wm’2301
wml:2+A01 1—Wml2B01

= Xp log
where

w—F ({) 1—wby,

' Pi(w)= 2m Z fﬁpﬂ w—ag, 1—wG,(0)
(3.3) Icl=e

P, (w)

d,

Wz"Fl (C))(W2+A01)(1+W2 G1 (C))(I—W Bol)

1
=-2— Z J\ Cp-H m C

s W3 Aon) (W5 + F 2 (0)(1 453 Boy)(1—w3 G (D)

m2=2.




22 K. Wiodarczyk

Then
xologz+ Y, ¢ ' =¢g[F,(2)], m=1,
g=—=o
=g[FT*(2)], m=>2,
(3.4) m i |
—xologz— Y c22=g[1/G,(d)], m=1,
g=—=x
=g[1/GT*@)], m>2 (=1
and
N N
C; = Z Ogp X, c;’.: Z ﬂqpxp, q=0,1,...,
p=0 p=0
6.9 cly=cly=—x/a, q=1 ... N,

=0, g=N+1,N+2, ...

Thus D, being defined as before, by the same argument as that used in the
proof of Theorem 1, we get

2 o
(3.6) Y, {2xo Re {cb}+ Y gl *}<0O.
k=1 g=—mm

Consequently, putting
2
Us = Xo Z Re {c5}, Ug = \/‘EC:’ Vg =— \/ack-q,
k=1

k=1,2,9q=1,2,...
and applying a bilinearization method, we obtain

Uo+Re { T U K< Uo+[( X W2—2U,) ¥ W22 < ¥ K2
=1 k=1 k=1 k=1

and the equality holds true if and only if Uy =0, U, =V, k=1, ..., m.
Thus we have proved

Tueorem 10. If (F, G)eC,, n(aq, bo), and the functions F, G satisfy
conditions (3), (4), then
2 . ® 2 @®
(3.7) Re{ ) [xoRe{ck}— Y gckct J}< ¥ ¥ qlc =
k=1 g=1 k=1g=1

The equality holds true if and only if
2
(3.8) Xo ), Relch} =0, ck=-2*, k=1,29q=1,2,..
k=1 '

where cj, k=1,2, ¢=0, £1,%2, ..., are defined in (3.1)~(3.5).
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Theorem 1 can be generalized as follows:
Tueorem 11. If (F, G)eC, ,(ay, by), then

11~ 2
39 L e )

and the equality at a point {€A holds true only for pairs (F, G) in which the
functions F, G, satisfy the equations

F.—-F, ) _  z={ G -G, _,z-¢

3.10 = i =
GO TFe0 "1 om0 it

o] = 1.

Proof. Putting in (3.7) x, =2% zed, ¢=0,1,..., and letting N — oc,
we see that

[}
x:

Re { ) (agp+hy,)2%*") < —log (1—|2%?

,p=0

and hence we immediately obtain (3.9).
Putting in (3.8) x, ={%_{e4,q=0, 1, ..., and letting N — oo, we infer
that

¥

Re { Z (a0p+ﬁ0p) Cp} = 0)
p=0

b4 x*T
Y 2,20 = Y B,zl"= —log (1-{2),
g=1,p=0 g=1,p=0

and hence we get (3.10).
Analogously we can prove

Tueorem 12. If (F, G)eC,, m(ay, bo), m = 2, the functions F, G satisfy
conditions (3), (4), then

|Fy(2) Gy (2))
(1-|zl%)?

4 1-FP2(2) GY2(2)|
m 1+ F7(2) GP2(z)|

IF1(2)Gi(2) <

For G=F and Ay, > O, the equality at a point {€A holds true if

1 1 1—el 1—en z—
- _Fm2 _{_— _ _. I — =
F7i2 Fi ( AOI) 1+el 14en’ =1

where Im [e{] =0, || = 1.

Remark 8. If m=2 and G = F, then from Theorem 12 one obtains
Sladkowska’s result [31], and for m =2 and G = F De Temple’s result [5]
follows.

Denote by & the quantities defined in (3.5), where xo, x4, ..., xy are
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replaced by yo = X, 1, ..-» V- Iéspectively. Thus, by (3.6)

2 7
(3.11) Y [20 Re'{ek}+ ¥ qléi*]<o0.
g=-

k=1

Adding the corresponding sides of inequalities (3.6) and (3.11) and applying a
bilinearization method to the inequality obtained, we get

2 %
. (3.12) RC{ z [yo(:"(‘)+x0c’5— Z q(c';é"_q+52c"_q)]}
k=1 q=1
2 [+ 4]
< T Yl P+ .
=14g=1
Schwarz’ derivative [h; z} of a function h is defined as follows:
‘ hu(z)-; 1 hlf(z) 2
lh;Z} = 7 ==V
h (z)) 2\HK(2)
Put x, =qz'" !, yl =q{?"1 g=1,2,..., and let N> oo and {—z.

Then from (3.12) the following two theorems follow:
THeoReM 13. If (F, G)eC, (aq, by), then

12F (2) G} (2) | L 12
[1-F,(2)G,(2)]?| " (1~|z»?"

(Fy;2}4+ Gy 2} +

Tueorem 14. If (F, G)eC,, m(aq, by), m =2, and the functions F\, G,
k=1,..., m satisfy conditions (3), (4), then
1+J""'n"’2(2)G’i”’(Z)+
[-F1@GI @

3S[Fr@ P 3[er @ 12
2R | 2o | | SToE

(313)  {FP2; 2+ {617 2} + 12F) () 67 )

Remark 9. From Theorem 13 one easily obtains the corresponding

results concerning the classes of Bieberbach—Eilenberg’s functions and of
bounded functions.

In particular, from Theorem 13 Krause’s [20] and Schober’s [28] result
for the class S follows.

From inequality (3.13) one can derive the corresponding result for
subclasses of the classes C,, ¢(a,, D) of functions F satisfying condition (3).

For m=2 the result coincides with Grinipan and Kolomojceva’s
result [10].
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