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VARIETIES OF MODULAR p-ALGEBRAS

BY

TIBOR KATRINAK (BRATISLAVA)

A description of varieties or equational classes of distributive p-
algebras was given in Lee [8]. In [6] we have investigated the varieties of
modular S-algebras, which form a subclass of the class of all modular
p-algebras. In this note we shall continue this research and study varieties
of modular p-algebras associated with algebras B),, closely related to
distributive varieties.

In the second section we characterize in terms of identities all varieties
generated by a (finite) set of algebras Bj,. The third section deals with a de-
scription of the lattice of all those varieties. In both sections we get gener-
alizations of corresponding results appearing in [8].

1. Preliminaries. A universal algebra {(L; u, N, *,0,1> of type
{2,2,1,0,0) is called a (modular) p-algebra ift (L; v, N, 0, 1) is a bound-
ed (modular) lattice and if, for every ae L, the element a* is a pseudo-
complement of a, i.e., # < a* iff anx = 0. The class of all (modular) p-
algebras is equationally definable (see [1]), and is, therefore, a variety.
Standard results on p-algebras can be found in [1].

For a p-algebra L define the set B(L) = {we L; x = x**} of closed
elements. The partial ordering of L partially orders B(L) and makes the
latter into a Boolean algebra (B(L); v, N, *,0,1)> for which

avd = (aubd)**

holds. Another significant subset of a p-algebra L is the set of dense ele-
ments D(L) = {we L;z* = 0}. D(L) is a filter in L.
A modular p-algebra satisfies the identity

(1) x = 2**N(xVT*)
and, obviously, #uz*e D(L) (see [1]). For ae B(L), write

F, = {ze L; x** = a}.
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Obviously, F, = {0} and F, = D(L).
An element « of a p-algebra L is said to be a Stone element (see [7])
if it satisfies the identity

r*ux** =1.

The following is true (see 4.3 in [7]):
1.1. In a modular p-algebra L, the subset

S(L) = {xe L;x is a Stone element}

18 a subalgebra of L.

Subdirectly irreducible modular p-algebras were characterized in
Theorem 1 of [7] as follows:

1.2. Let L be a modular p-algebra. Then L is subdirectly irreducible
iff L satisfies the following conditions:

(i) D(L) vs subdirectly irreducible;
(ii) for each closed Stone element a (0 < a < 1) of L, we have card (F,) = 2-

We shall study varieties of p-algebras which are generated by sub-
directly irreducible modular p-algebras L having D(L) ~ M,. (M, is
the one-element lattice, and M, — the two-element one. For the cardinal
number n > 3, let M, denote the modular lattice of dimension 2 and order
n+2.) In [5] we have given the full description of these p-algebras. The
following proposition will be useful for our purposes (see 1.4 in [5]):

1.3. Let L be a subdirectly irreducible modular p-algebra with D(L)
~M, (n=3). Then

(1) B(L)NS(L) = {0, 1} (type I);
(ii) B(L)n8(L) = {0, a, a*, 1} (type II).

We shall now construct some subdirectly irreducible modular p-
algebras I with D(L) ~ M, . Let B be a Boolean lattice. Take the ordinal
sum BPM, . Identifying the largest element of B with the smallest element
of M,, we get a bounded modular lattice B". Moreover, B" is a pseudo-
complemented lattice with D (B") ~ M, . The lattice B" can be considered
as a modular p-algebra. According to 1.2 and 1.3, B" (n > 2) is subdirectly
irreducible of type I. (Evidently, B' ~ B.) For the sake of brevity, let
B,, denote the 2™-element (m is a non-negative number) and B,, an infinite
Boolean algebra. (For » =1, only B! is subdirectly irreducible.) Some
of these algebras are pictured in Fig. 1.

Now we can make our task more precise. We shall investigate
V(Bnl, ..., B,:::), the smallest variety of modular p-algebras generated
by the finite set {Bpl, ..., Byr}. For n =2, B" is distributive, and all
varieties V(B?) are described in [8].
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Fig. 1

2. Properties of V(Byl, ..., Byr).
2.1. Every finitely generated subalgebra of a p-algebra B™ is finite.

The proof is straightforward.
From 2.1 it follows immediately

2.2. If B and C are Boolean algebras, then the following statements
are true:

(i) V(B") = V(C™) for B, C, n and m infinite;

(ii) V(B") = V(B™) for n and m infinite;

(iii) V(B™) = V(C™) for B and C infinite.

These results justify the notation V(Bj) for V(By), and V(B2)
for V(B),), if n is infinite.

2.3. Let Le V(By) for 1L<n, m < o. Then L satisfies the following
identities ():
(J) 21N [22 U (23N 24)IN (B30 2,) < 2L (0, NT3) U (TN T,) 5
(2) zN(y*uz) = (zNy*)u(xnz).

Moreover, if n (n = 2) or m are finite, then L satisfies one of the identities:

(Jn) ynl A (muz)l< V (ynz)
I<i<jign 1<i<n
or
(L) (@0 .o N u@ N . naL) UL u(EN ... Nah) =1,

Proof. It is enough to check conditions (J), (J,), (L,,) and (2) for B%,.
We know that D(B,) ~ M,. By [4], M, satisfies (J) and, for » finite
also (J,). Now it is easy to check (J) and (J,) for B},. (L,) can be proved
as in [8]. (2) follows from the fact that each sublattice of B generated
by the set {z, y*, 2z} is distributive.

2.4. Let L be a modular p-algebra. Then identity (2) implies the following
tdentities :
(3) [zuz*)ny**Juy* = [(Fua*)vy*]N(Y**Uy*);
(4) (z*uz**)N(yuz) = [(T*ur**)Ny]u[(z*vz**)NZz].

() In a lattice each inclusion can be changed into an identity.
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Proof. (3) follows from (2) by an easy calculation. Let (2) hold in L.
By Theorem 3 of [3], each sublattice of L generated by the set {z, y*, 2}
(®, y, ze L) is distributive. Now it is easy to show that also (4) is true in L.

2.5. Let V be a variety of modular p-algebras satisfying (J) and (2).
Then, for each mon-trivial subdirectly irreducible algebra Le V, there exist
a Boolean algebra B and a cardinal number n such that L ~ B".

Proof. Let 0 = Le V be subdirectly irreducible. D(L) is a filter and,
therefore, a sublattice of L. Assuming that L satisfies (J) and (2), we see
that (J) also holds in D(L). By 1.2, D(L) is subdirectly irreducible. There-
fore, D(L) ~ M, for some cardinal number »n (see Theorem 1 in [4]).
If 1<n<2, then D(L) is distributive. Hence L is also distributive (see
3.2 in [7]). According to 5.2 in [7], L ~ B’ (i = 1, 2) for some Boolean
algebra B. So we can assume 7 > 3. We know that y**uUy*e D(L). Denote
by s the smallest dense element of L. We claim that

(i) y*uy** =1 or y*uy** =s.

Suppose y*uy** = d for some 8 < d < 1. Since n > 3, there exist
non-comparable elements s < #.and 2z <1 such that 4 #d # 2. Then
identity (4) fails in L (take d, u,2). So y*uy** =1 or y*uy** =3, as
claimed.

Now we prove that

(ii) y*uy** =1 implies y* =0 or y* = 1.

Suppose on the contrary that y*uy** =1 for 0 # y* # 1. Hence
0 # y** £ 1. We claim that

(iii) y**us =d #e =y*us (s<d, e<l).

Really, put a = y**. Clearly, a is a closed Stone element. Since L
is subdirectly irreducible, we infer from 2.1 that card(F,)> 2. There
exists a ye F, such that y # a. Take an arbitrary ye¢ F, with y # a.
By (1), we have

Yy =y**n(yuy*) =an(yua*).
Evidently, yuy* > s because yuy*e D(L). Therefore,
s yrtuesKyuyr<l.

yuy* = 1 is impossible, because y < y** = a, yNy* = y**Ny* =0,
and L is modular. Therefore, yuy* < 1. Since y* = y***, we have y*< B(L).
It is easy to see that y* is a Stone element. By 1.2, we obtain card(F ) > 2.
It is known that te F,. implies { < y*. By (1), we have

t =t*"Nn@ut*) =y n@ut’).

y*us = 8 would imply ¢> y*N 8 = y*, because tut*e D(L). Hence
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F,. = {y*}, a contradiction. Thus s < y*us, and since D(L) ~ M,, we
have established

(iv) s<e =y*us =yuy*<1l (ye F,,y # a).
Since card(F,.) > 2, we can analogously prove

s<d=y**vs<l1.

However, 1 = y*uy** =due implies d # e. Thus (iii) holds, as
claimed. Acecording to D(L) ~ M, (n > 3), there exists a t (s <t < 1)
such that

y**us =d #1t #e = y*rus.

Evidently, ¢ = tut* and y**nt # y** (y**Nt = y** would imply
y**NdNt = y**Ns = y**, and whence y**us = 8). Clearly, we have
y =y**Nnte F, for a = y**. By (iv), we obtain

(V) e = [(Fut)ny**]uy* = yuy*.

On the other hand, (fut*)uy*>tu(suy*) =tue = 1. Therefore,

(vi) 1 = [(tuth)uy*In(y**uy*).

From (v) and (vi) it follows that identity (3) fails in L, which is a con-
tradiction. Thus the proof of condition (ii) is complete.

Let us consider the sublattice (8] = {re L; ¢ < 8}. It is easy to verify
(cf. [1]) that {(s]; U, N, ¥ ,0,8> forms a modular p-algebra in which
#* = x*Ns holds. Hence 2* = 2*Ns =0 iff # = 3. Thus D((s]) = {s}.
By (1), we have x = 2%+ for all e (s]. Therefore (s] = B((s]). Hence
(8] is a Boolean algebra. It is easy to show that (s8] ~ B(L).

Let #e L. If z* = 0, then 2 > 8. * = 1 implies 2 = 0. Suppose now
0 < 2* < 1. By (i) and (iii), we obtain z < x** < 8. Therefore x¢ L implies
x<s or #>8 We know that

D(L) ={weL;s<a} ~M, (n=3).

If we set B = (8] ~ B(L), then L ~ B" as claimed.

THEOREM 1. V(B) ts the class of all modular p-algebras satisfying
the identities

(a) (J) and (2) for n = 0 = m;

(b) (J), (J,) and (2) for m = 0w and 2 < 1 < w;

(e) (J)y, (L,) and (2) for n =0 and 1 < m < w;

(A) () (Jp)y (Ly) and (2) for 2<n < o and 1 < m < w;

(e) (J,) and x = z** for n = 1.

The proof follows from 2.2-2.5 and from the fact that D(L) is a sub-
lattice of L. (e) is a known characterization of Boolean algebras.
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Before we formulate the next theorem, we need some notation.
For the sake of convenience, (J,) will denote identity (J). Analogously,
(L,) will denote the (trivial) identity (xnz*)* = 1.

l,, or, more precisely, 1, (x,,...,2,) will stand for the term

* * |k

(@, ... Nz u(@n... na,) u.. u(@n... nal)*.

Substituting the terms ¢, ..., t, into identity (J,), we get a new iden-
tity which will be denoted by (J,(t, ..., t,))-

THEOREM 2. V(Bpl, ..., B,:‘,:)for r=2finiteand2<n, < ...<n, < o,
wo>=m;>...>m. =1 is the class of all modular p-algebras satisfying
tdentities (J), (Jp, )y (Lim,); (2) and

(5?:) (J"i._l (l’”b{Uyo7 ¢ lm'iu:yn'i—l)) for ’l: = 2, ooy r.

Proof. Necessity. According to Theorem 1, we have to check only
identity (b¢) (¢ =2,...,7) for all ng (j=1,...,7). But 1, =1 in
Bpiy ...y Byr. Therefore, (5¢) holds in every B,::; (j =4y...,7). Since
(Jy) implies (J;) for j < %, (5¢) also holds in Bk (k =1,...,¢—1).

Sufficiency. Let V be a variety of all modular p-algebras satisfying
identities (J), (J,,r), (Lim,)s (2) and (52) for ¢ = 2,...,r. Let L be a non-
trivial subdirectly irreducible algebra in V. By 2.5 and Theorem 1,
L= Bf for k<n, and I < m,. Let n;_; < k < n;. We claim that I < m,.
If 1> m;, then there exist elements x,, ..., #, L such that

=l (%1y .., @y ) <t for all te D(L).

-

Choosing - distinet atoms ¥, ..., Y,,_, from D(L), we get 1, vy; = y;
for all j =0,...,m;_,. But (J,,_ (Yo;---»Yn, ,)) fails in L. Therefore
l< my;, as claimed. We have shown that all algebras B,ﬁ; (g =1,...,7)
satisfy identities (5¢) for ¢ =2,...,7. Hence V = V(Bpl, ..., Bg;).

3. The lattice of varieties. This section is concerned with the lattice
L(V) of all subvarieties of modular p-algebras satisfying identities (J)
and (2). Of prime importance for general results is paper [2] by Jénsson.

Since the congruence-relations lattice of every p-algebra is distri-
butive, we have, by 4.1 and 4.2 of [2],

3.1. L(V) is distributive. Moreover, if Le V,uV,, V,Vye L(V),
L — subdirectly irreducible, then Le V, or Le V,.

3.2. In the lattice L(V) the following relations are true:

(i) V(Bp) = V (V(BR) 1< m< w);

n<o

(ii) V(B) = V (V(BR) A<n< o)

m<o
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Proof. (i) If an identity does not hold in the algebra B;,, then,
by 2.1, it does not hold in a finite subalgebra of B, and, consequently,
in some subalgebra B), (n < w). Therefore

V(Ba) < V (V(BR).
n<w

Since B}, (n < w) are subalgebras of B, , the converse inclusion is
trivial. Analogously we prove (ii).

3.3. For each non-trivial variety Ve L(V), there exists a finite set of
p-algebras {B;ll, ceey B’,:,’r} A<<y<...<n<w; 0=2m>... >m,=>1)
such that

= V(B .-, By
holds true.

Proof. Let SI(V) denote the class of all subdirectly irreducible algebras
contained in V. If SI(V) = {By}, then, clearly, V = V(B]). Suppose now
B2 ¢SI(V). We know, by 3.2, that there exists, for each BYeSI(V)
(2 < » < w), the largest number m(n) (1 < m(n) < o) with By, « SI(V).
So we can assign to V the sequence

(i) m(2) = ...z m(n) =

Put m, = m(2). By 3.2, there exists the largest number 7, (2 < #, < )
such that m, = m(n,). If m(n,) is the last term of (i), then V = V(B,L).
Otherwise, there exists a By eSI(V) with m <m,; and n >n,. There
exists the largest m, < m, such that B; eSI(V) and » > n,. By 3.2, we
can find the corresponding largest n, > n, with Bm2 e SI(V). Contlnulng
this process, we get finally the set

(i) {Bps By} (C<m<m<..<o;0=m>mg>...>1)

with the following property:
For each B, eSI(V), there exists a member B",,fi of (ii) such that

n<n and m<m,;.

Since (i) is non-increasing, set (ii) is finite and our statement is proved.

Remark. According to Theorems 1 and 2 and Proposition 3.3, we
can characterize each variety Ve L(V) in terms of identities.

3.4. COROLLARY ([8]). For each mon-trivial variety V of distributive
p-algebras, there exists a p-algebra By (1< n<2; 1< m< w) with V =
= V(BR)-

Proof. According to Theorem 1, B} and BZ, (1 < m < o) are the only
distributive subdirectly irreducible p-algebras. Therefore, by 3.3, we have
V=V@B)or V=V0B(1A<m< o).
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Before formulating the next theorem, we need one more notation.
Let L be a lattice. Let @ (L) be a family of subsets of the lattice L having
the following properties: ,

(i) GeQ(L);

(ii) for each ae L, (a] = {re Lyx < a}eQ(L);

(iii) @ (L) is the smallest family fulfilling (i) and (ii) and closed under
formation of set union.

It is easy to show that Q (L), ordered by set inclusion, is a distributive
lattice with the smallest element @, and that the lattice operations are
the set union and the set intersection.

Let now W, denote the chain 1<2<...<n<...<w and W,
the chain 2<3<...<n<...<w. Both chains are well ordered of
type w+1. Consider the direct product W = W, xW,. W is a distrib-
utive lattice with the smallest element (2,1> and the largest element
{w, w). Set Wy, = Wu{{1,1)} and let > <1, 1) for all ze W. Clearly,
W,, 18 a lattice.

3.5. Let
V,= V(Bml,--- B;',) << <..<n <
V, = V(B Bpa) L) <...<p,<0; @

R

be varieties of modular p-algebras. Then V, < V, in L(V) iff

({May MPJU o Oy MD] S (KPyy 2]V - U(KDsy €6)]
in @(Wy).
The proof is straightforward.
THEOREM 3. Let L(V) be the lattice of all subvarieties of modular
p-algebras satisfying identities (J) and (2). Then L(V) is isomorphic to the
lattice Q(W,).

Proof. Each class Ve L(V) is uniquely determined by the subclass
SI(V). We can establish the isomorphism ¢: L(V)—@Q(W,,) as follows:

if V is trivial,

[
P(7) = (<Ryy )]0 o UMy, myy] iV =V (Bo s ...) Bur).

To show that ¢ is an isomorphism between L(V) and @(Wy,,) is an
eagy calculation which can be left to the reader.
3.6. COROLLARY ([8]). The varieties of distributive p-algebras form the
well-ordered chain
Voc VB)c V(B))c...c V(B c...c V(B2)

of type w+1.
The proof follows from 3.4, 3.5 and Theorem 3.
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