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On the coefficients of starlike functions of some classes

by ZBIGNIEW JERZY JAKUBOWSKI (¥.6dz)

1. Let m, M be arbitrary fixed numbers which satisfy the condition
(m, M)e D, where D = D, U D,, .

D, ={m, M): {<m<1l, 1—-m< M<m},
Dy, ={(m, M): 1<m, m—1< M < m}.

Denote by B, s, (m, M)e D, the family of all regular functions of the
form

p(?) = 1+2]3ka
=1

defined in the circle K = {z: |2| << 1} which satisfy in this circle the con-
dition

p(2)—m| < M.
The following sharp estimations
(1.1) pl<a+b, mn=1,2,...
with
(1.2) a=(M2—m2+m)M~', b=m—-1)M"*

have been found with the aid of the Clunie method [2] in [4].

The aim of this paper is to prove a more general theorem and then
to employ it for finding the estimations of the coefficients of starlike
functions of some classes. '

2. Denote by @ the family of regular functions of the form

(2-1) 4(2) = D' ;"

k=1

which are defined in the circle K and satisfy the condition
(2.2) lg(z)l< 1 for ze K.
Then |g,| <1, k =1,2,..., and if |g,| = 1, then g(2) = 2", |¢| = 1.
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Suppose we are given regular functions g(z) and h(2) of the form

(2.3) 9(2) = D' g,  h(z) = D Iyt
k=0 k=0

defined in the circle K with g, = hy #0 or g, = by = 0 and g, = h, # 0.
Assume, moreover, that h(z) # 0 for ze K, 2 # 0 and that

2 .4) lg(2)h~ (2) —m| < M  for every ze K.
Then there exists a function ge @ such that (comp. [4])

(2.5) 9()h7(2) = [L+aq()][1—-bq(2)], =z¢K,

with a and b defined by formulas (1.2) and (m, M)e D. Conversely, for
an arbitrary function ge @ there exist a pair of functions satisfying all
the conditions mentioned above.

We shall prove the following

THEOREM 1. For every fized pair (m, M)e D and every fized pair of
functions g(z) and h(z) satisfying conditions (2.3), (2.4) and (2.5), the fol-
lowing conditions hold:

(2.6) g1—hy = (a+b)goqy,
n—1
(2.7 gn—hn = (a+b)goq,+ 2 (@b +b9x) Gty N =2,3,...,
k=1
and
(2.8) 191 — 2| < (a1 5)2(g,l?,
.n—l
(2.9) 9n—hal? < (a+D)Igol2— D 4, n=2,3,...,
k=1 :
and
(2.10) D' 4, < (a+b)2gl?
k=1
with
(2.11) C Ay = g — Ml®— lab + bgil?, kB =1,2,...

Proof. (2.1), (2.3) and (2.5) yield the identity
(212) D' (g—h)# = [(a+b)g0+ D (ahy+bg0)2 | (D) @d*), 2<E.
k=1 k=1 k=1

Equating the corresponding coefficients, we get relationships (2.6) and
(2.7).

Since [¢,| <1, from relationship (2.6) we obtain inequality (2.8).
For » > 2 identity (2.12) may be written in the form

Z(gk—hkz’w Z a2 = [(a+-b) go+2(ahk+bgk)z 19(2)

k=n+1
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where the coefficients d, have been chosen suitably. Making use of con-
dition (2.2), we find in the circle K the condition

n—1

\2 Gt + > 4 * < [(@+b)got ) (ahy+bgp)e* .
k=1 k=n+1 k=1

Assume z =716, 0 <7< 1, 0 <t<2r and integrate the resulting ine-

quality in the interval <0, 2n>. Then we find the inequality

n—1

Zlgk—hkl=r2’°+ 2 (@27 < (a+b)? |gol2+ 2 | @y + by |2r*.

k=1 k=nt1
Hence we get

n—1
2 |9 — Py |27 < (a4 0)2|gol 2+ D) |ahy + by, |*r%*.
k=1
Passing to the limit as » -1 and taking into consideration estimations
(2.11), we hence obtain inequality (2.9).

Employing condition (2.2) immediately in identity (2.12), by a similar
argument we deduce inequality (2.10).

Remark. Estimation (1.1) immediately follows from inequalities
(2.8) and (2.9). Because assuming g(z) = p(2), pePB, ., h(2) =1 (g, =
=hy=1, g =Py, bt =0, k =1,2,...) since for (m, M)e D, we have
|b] < 1, therefore A, = (1 —b2)|p,|2> 0fork =1, 2,... Thus |p,|? < (a+b)?
for n =1,2,... But if (m, M)e D, then a+b > 0; therefore estimation
(1.1) is true.

From Theorem 1 we get

COROLLARY 1. If for given m, M, g, h all the terms A, are non-negative,
then

(2.13) 19n—hnl < (@4D)Igol, n=1,2,...,
equality being the case only if A, =0 for k =1,2,...
COROLLARY 2. If for given m, M, g, h there exists an index N (N =3, 4,...)

such that A, <0 fork =1,2,....N—2 and A, >0 fork=N-1,N,...,
then the following estimations hold:

((a+b)%g,/2, n =2,

a-+b)2|g,|%2— A w=3,4,..., N
(2.14) ]gn—l_hn—lizgﬁ ( )2 190l é ks y &y 3 4V

-2

N
\(u+b)2]g0|=—2f1k, n=N+1,N+2,...
k=1

3. Consider the class § of all regular functions

(3.1) f&) =2+ ) @
k=2
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defined in the circle K. Let m, M, a, 8 be arbitrary fixed numbers satis-
fying the conditions (m, M)e D, ae<0,1), fe(—4im, ix). Denote by

S‘,",,,M(a, f) the subclass of the family S of functions satisfying at every
point of the circle K the inequality

(3.2) |[2f'(2)f Y (2)e® —isinf —acosB](1—a) tcos™!f—m| < M.
We introduce the following notation:

(3.3) A — (a+b)(1—a)cosp,

(3.4) ko = A (bcosf+ (1 —b2sin2B)' ) (1 —b2)~!,

3.5) N =[k]+2,

(3.6) B = (1—a)"'eos™ ' f|((1 —m) (1 — a) +-1)2cos? B -+ sin2p] '/

with a and b defined by formulas (1.2). We will prove

THEOREM 2. Let f be an arbitrary function of the family S, 1 (a, B).
If (my M)e D and M < B, then

(3.7) la, < An—-1)"', =»n=2,3,...
If, on the other hand, (my, M)e D and M > B, then

2

1 .

&5) anl < gy [ [ AR, m=2, N,
'k

=0
and Nea
1

39 el < o ” 1A +kbe®|, n—N+1,...
© k=0

Estimations (3.7) and (3.8) are sharp, the equality sign being realized for
the functions

n—1
(3.10) f(2) = zexp(sAe“"’z—),
n—1

le] =1 when M < B and b =0,
(3.11) f(2) = 2(1—bez 1) 40T (VTP

le] =1 when M < B and b # 0,
(312)  f(2) =#(L—ebz)~ 47" | =1 when M > B
respectively. Moreover,

(3.13) D [k2— | A +Tbe|2] a2 <A2.

k=1
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Proof. Since fe 8;, y(a, B), it follows from (3.2) that the functions
(3.14) g(2) = f'(2)e” — (¢sinf + acos f)f(2) /2,
(3.15) h(z) = (L —a)cosB-f(»)/z

satisfy the assumptions of Theorem 1. From formulas (2.3), (3.1), (3.14)
and (3.15) we obtain

go = hy = (L—a)cosfB, hy = a,,,(1—a)cosp,
g = hp+ké?a,,, k=1,2,...
Thus by (2.6)-(2.11) and (3.3) we find the relationships
(3.16) ae? = Aq,,

n—2

(3.17) (n—l)aneiﬁ = Ag, 1+ Z (A + kbeiﬁ)akHQn—k— 1 n=3,4,...,
k=1

(3.18) o, < 4,
n—2
(3.19) (n—1)2a,>< 4>~ D [0,,)*B,, n =3,4,...,
k=1
(3.20) D) Bilag,|* < 42,
k=1
where
(3.21) B, = k®—|A+kbe?|2 = (1 —b2)k2—2Abkcosf— A2,

E=1,2,...

If n = 2, estimations (3.7) and (3.8) result immediately from inequality
(3.18). Because of (3.16) equality can be the case only if |q| =1, i.e.
if function (2.1) is of the form ¢(z) = ez, |¢] = 1. Thus relationships (2.5),
(3.14) and (3.15) imply formulas (3.10)-(3.12).

Let n>3. The polynomial (1 —52)22—2Abrcosf— A% has two
roots, x, and * = k, (comp. (3.4)) and z, < 0, z, > 0.

If M < B, then by (3.4) and (3.6) we have k,<<1; thus it follows
rom (3.21) that B; > 0 and B, >0, k == 2,3, ... Thus estimation (3.7)
for n > 3 is immediately obtained from inequalities (3.19) (comp. Corol-
lary 1). The extremal functions are here of form (3.10) or (3.11) according
as b =0 or b #0. ’

If M > B, then k,>1; thus B,,...,By_,<0 and By_,,... >0,
where N is defined by formula (3.5). Thus from (3.19) we get the following
inequality (comp. Corollary 2):

n—2

(n—1)%|a,[* < 42— D' |ay,,|*B,  for n =3,..., N
. k=1
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and
N—-2

(n—1)%a,2< A2— )’ |@,,|2B, for n = N+1,...
k=1

Employing the estimation |a,| < A and notation (3.21) from the first
of these inequalities we get estimation (3.8), while the second implies
inequality (3.9).

Since functions (3.10)-(3.12) belong to the class of functions under
consideration, estimations (3.7) and (3.8) are sharp.

The last part of the assertion, inequality (3.13), results immediately
from relations (3.20) and (3.21).

4. Some results obtained earlier by other authors can be obtained
immediately from Theorem 2. So, assuming in this theorem in succession
m=M>=21,a=0=0and m=M=>1, ae0,1), fe(—3m, }n), we
have the results published in papers [5] and [10].

In particular, we also have the following corollaries.

COROLLARY 3 [7]. If fe Sy, (a, B) (B-spiral starlike functions of order a),
then

n—2

1 :
(4.1) |a,,|<——n 2(1—a)cosf+ke?|, n=2,3,...
(n—1)t 1 |
In particular, assuming ¢ = 0, we find the estimation of the modulus
of the coefficients [15] in the class of spiral starlike functions [13].

COROLLARY 4 [12]. If fe 8, o (a, 0) (starlike functions of order a)
then '

n—2
1

(4.2) ]an|<mﬂ(2(1—a)+k), n=2,3,..

Assuming a = 0, we obtain the estimation of the coefficients [9]
in the family 8* of all starlike functions [1]. Estimations (4.1) and (4.2)
are sharp, the extremal functions being of the form

f(2) = a(L—eg) 2= Feos e =1
and
@) =21 =)0, |¢] =1

respectively. '

Assuming, in Theorem 2, m =1 (0 < M < 1), we obtain

COROLLARY 5. If fe 8} 1 (a, B), then

la,| < (m—1)"' M(1—a)cosB, n =2,3,...,
the extremal function being of the form
n—1

f(z) = zexp(eM(1—a) z—l"e“'ﬁcosﬁ), le] =1.
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In particular, we get the well-known estimation |a,| < (n—1)7",
n=2,3,..., [10] in the class S7,(0, 0).

5. Denote by 8 the well-known family of convex functions [14] of
the form

(5.1) F(z) =z+2bkz", ze K.
k=2

It is known ([3], p. 204) that Fe 8 if and only if the function
(b.2) f(z) = 2F"(2)
belongs to the class S*.

Consider the family 8, 5 (a, ) of functions of form (5.1) which satisfy
in the circle K the condition

[[(zF"” (2) + F' (2)) F'~* (2) € —isinf — acos f] (1 —a) 'cos ' f—m| < M.

.Then function (5.2) belongs to the family 8;, ,(a, f). Since a, = kb,
k=2,3,..., from Theorem 2 we obtain

COROLLARY 6. Let F be an arbitrary function of the family S'm. ula, B).
If (my M)e D and M < B, then

n=2,3,...

5.3 bl < ——
(5.3) ool < o
If, on the other hand, (m, M)e D and M > B, then
n—2
1 i
(5.4) |b,,|<FH|A+kbew|, n=2,...,N,
" k=0
and
1 N-2
b, < [ [ 1a+e? ~N 2,...
I nl n(n—l)(N—2)' 1] | + ¢ I? 4 +1’ N+ ’

Estimations (5.3) and (5.4) are sharp, the extremal functions being

z
of the form F(z) = [f(2)2~'dz with f(z) defined by formulas (3.10)-(3.12)
respectively. o
Moreover,

D) [k — |4 + kbe?|2](k + 1)2|b,.,, |2 < A2
k=1

CoroLLARY 7. If Fel = Sm_m(o, 0), then the sharp estimation [8]
6.l <1, »n =2,3,..., holds.

6. Let F denote the family of all regular and univalent functions
(6.1) F(z) = z“—i—Zakzk
k=1

defined in the ring Q@ = {z: 0 < [2| < 1}.
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We know the subclasses of the family F: 1° the subeclass F*(a),
0 < a < 1 of starlike functions of order a, 2° the subclass F*(a, ),0 < e < 1,
—3n < f< }n of B-spiral starlike functions of order a and others.

Denote by F, (e, B), (m, M)e D the family of regular functions
of form (6.1) defined in the ring @ and such that

[ —2F' (2) F~(2)e?? —isinf—acosf](L—a) lcos™'f—m| < M  for z¢ Q.
Applying Theorem 1 (and, in particular, Corollary 1) to the function
g(z) = —2z[2F'(2) €’ + (isinB -+ acosB) F(2)]

= (1—a)cosf— Z [k +isin B + acos Bla,2" !,
k=1

h(z) = 2(1—a)cosf-F(z) = (1 —a)cosf+(1—a)cosp Zakz"“,
k=1

by a similar argument as in the proof of Theorem 2 we obtain
THEOREM 3. If Fe F,, 4 (a, B), then

(6.2) @, < A(n+1)7Y, n=1,2,...,
and
D[k — | A —bke|2]|a, |t <A,

k

Il
N

where A = (a+b) (1 —a)cosB, a and b are defined by formulas (1.2).
Estimations (6.2) are sharp. The extremal functions are of the form
P(2) = 27 (1 — sbem iy 0 b0 ® 000 9 ohen b £ 0

or
41

F(z) = 27! — Aec™ ¥
(2) =2 exp( e 1

), lef =1  when b = 0.
In particular, the known estimations in the classes F3; (a, B) and

Firu(a, 0), M>1, [6] can be obtained from Theorem 3. In the family
F; (e, 0) we obtain the sharp estimations [6]

(6.3) Ianlgz(l_a)(n+1)_ly n=1,2,...,
and the inequality [11]

2(k—1+a)|ak_l|2< 1—a.
k=2

Result (6.3) for a = 0 has been obtained earlier by Clunie [2].
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