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Scalar differential concomitants of the second order
of the metrical tensor in three-dimensional Riemann spaces

by M. LoreNS (Katowice)

Introduction. Let V" be an n-dimensional Riemann space. The
metrical tensor on V" will be denoted by g;; (the signature of this tensor
is arbitrary).

The problem of the classification of Riemann spaces has been con-
sidered in many papers (cf. [4], [5] and [6]). The solution of this problem
is equivalent to the determination of scalar differential concomitants
of the second order of the tensor g;. It is known (cf. [3], also [8], p. 138)
that such a concomitant is an algebraic concomitant of the tensor g,
and of the curvature tensor. For n = 2 such concomitants have been
found in paper [3].

In Section 1 we shall determine all scalar differential concomitants
of the second order of the tensor g; for n = 3.

In Section 2 we characterize three-dimensional local Euclidean
spaces and three-dimensional Einstein spaces by means of the scalars
found in Section 1.

1. Let us consider a Riemann space V° The problem of finding the
scalar differential concomitants of the second order of the temsor g;;
is brought to the solving of the equation
(1.1) o (gijy Bijm) = o @iy s Bojrr),

":7.7'1 krly":’1j'y k’r U = 1,2,3.

In the space V* the tensor R, satisfies the following relation:

(1.2) By = Bugp+ Biga— Rugn— Rugu+ 3R (9n90— 9590)
= ‘Pijkl(grs ’ Rrs) ’

where R, = ¢"R,;, and R denotes the scalar curvature of the space
Vs (cf. [8], p. 520). '

As follows from relation (1.2) our problem leads to the determination
of the scalar concomitants of the pair of tensors (g;, R;) or (g, R}').
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We put
R = R::,
p|B B BB R R
R EBi| |RB R} "|R) R}
Q@ = Det|Rj|,

8 is the signature of the tensor g;.
We prove the following theorem:

THEOREM 1. If the signature of the tensor g, is 8 =3 or s = —3,
then every scalar differemtial concomitant of the second order of the tensor
gy 8 an arbitrary function of the signature 8 and scalars R, P, Q.

Proof. We shall prove the theorem in the case s = 3. In the case
8 = —3 the proof is analogous.

It is known that we may always find a non-singular matrix ||A%.|
such that

100
(1.3) lgesl = 143, 4%, 9451 =10 1 0.
001

Hence we obtain the relations

(1.4) R;:: = i'f’
i.e. the matrix |]R§f|| is symmetric. Therefore there exists an orthogonal
matrix [A%.|| such that
2, 0 0
(1.5) IRj = 1A% AL Rj) =0 4, 0 |,
0 0 A4
where ,, A,, 43 are eigenvalues of |Ri|. It follows from (1.3) and (1.4)
that the following conditions
100
(1.8) Igisll = 1A% Al.gyll = 1[0 1 O],
001

40 0
(1.7) IR = A} AR = (10 2, 0
] 0 0 A
are fulfilled, where ||AL.| = [ A% AL,
Inserting (1.6) and (1.7) into equation

0(9s» R;) = 0(guy, R;::)
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we get
100 4,0 0
(1.8) elgs By =elllo 1 0,0 4 0]
001] [0 0 2

Values A,, 4,, 4, are determined by R, P,Q. Hence
(1.9) Q(Qifa-R}:) = h(3, k, P, Q).

This completes the proof.

Now we shall determine the scalar differential concomitants of the
second order of the tensor g;; with an arbitrary signature s. Our considera-
tions are based on the results of [9] (p. 10-18, 21-23).

We consider the tensor bundle

(1.10) gyr+ Ry
and the matrix bundle

(1.11) G+ K,
where

G = g4ll, K =|E,l.

We denote by ¢ the partial signatures (Teilsignaturen) of the canonical
form of bundle (1.11) (cf. [9], p. 18).

We shall prove the following theorem:

THEOREM 2. Every scalar differential concomitant of the second order
of the symmetric and regular tensor g; for n = 3, is an arbitrary function
of the partial signatures o of the canonical form of bundle (1.11), of the
scalars R, P,Q and of the Weierstrass characteristic of the matriz IR .

Proof. The bundle GA+ K is regular. In fact, we have
Det(Gi+K) = DetG(EA+G 'K) = DetGDet(EA+G 1K) # 0,

where E is the unit element of the group G1(3). Every scalar concomitant
of the tensor bundle g;4- E;; is a function of elementary divisors and of
partial signatures of bundle (1.11) (cf. [9], p. 22). The bundles GA+ K
and FA+G 'K are stricly equivalent. Hence these bundles have identical
elementary divisors (cf. [1], p. 332). It is known that the scalars R, P, @
and the Weierstrass characteristic of the matrix ||R:|| determine elementary
divisors of the bundle EA-+G ' K. Thus any scalar differential concomitant
of the second order of the tensor g;; has the form

(1.12) f(o, B, P, @, [ere:65])).
This completes the proof.
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For n = 3 the Weierstrass characteristic [e,e,¢5] can have the follow-

ing values:
1° {1 11)
2° [2 1],
3° [3],
4° 11 113.

In cases 1°-4° we have the following

(1.11) and of the tensor g,;:

10

20

30

40

&1(A+4y)
0
0

0

e1(A+4y)
0

0
0

e1(244,)

At-a,
Br
0

where ()2 =1,¢=1,2,3.

We put

daf
d’- k=

i

canonical

forms of bundle

0 0 €y 0 0
&3(A+ 4s) 0 ’ 0 & 0},
0 ex(A+ 24) 0 0 ¢

81(}'+}'1) 0 0 sl 0
& 0 ’ & 00 9
0 es(A+4,) 00 &
0 81(l+21) 0 0 &y
e (A4 4y) 0 ’ 0 & 0],
0 0 e 0 0
B1 0 1 00
—A—a, 0 0 —1 0|,
0 ey(A+Ay) 0 0 e
— L9+ By, 1=1,2,3.

The signature of the tensor d; will be denoted by s;.
1

From Theorem 1 we obtain (on account of the above forms of bundle
(1.11) and of the tensor g,) the following corollaries:

COROLLARY 1. If [eje.e;] #[2 1] and [ejeqe3] #[1 1 1), then
every scalar differential concomitant of the second order of the tensor g
18 a function of the signature s of the tensor g;;, of the Weierstrass characteristic
[e.e.e3] and of the scalars R, P, Q.

() The dash denotes that the matrix has complex eigenvalues.
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COROLLARY 2. If [e,e0.¢3] = [2 1] or [e(e,63] = [1 1 11, then every
s calar differential concoinitant of the second order of the tensor g; is a function
of the signature s of the tensor g;;, of signatures s;, of the Weierstrass charac-
teristic [e,eze5] and of the scalars R, P, Q.

2. We use the results of Section 1 to obtain a certain classification
of three-dimensional Riemann spaces.

We call the scalars s, [e,¢e,6;] arithmetical invariants. Now we have
the following theorem:

THEOREM 3. Arithmetical invariants give the following types of three-
dimensional Riemann spaces:

=30[111],

—3[11 1],

=1([11 1]’[1 1 1], (31, [2 1],
=—1[11 1]1[I 1 1], (3], [2 1].

$
8§
8
8

Proof. The proof follows from Corollaries 1 and 2.

Now we shall prove two theorems which characterize three-dimensional
local Euclidean spaces and three-dimensional Einstein spaces by means
of the scalars determined above.

THEOREM 4. The space V? is a local EHuclidean space if and only if
2.1) [e.€2¢5] =[1 1 1], R=P =0.

Proof. We assume that the space V? is a local Euclidean space,
i.e. Ry = 0. Thus we obtain R = 0. This implies that R =P =@ =0
and [e;e,es] =1 1 1.

Now assume that (2.1) holds. Hence we get @ = 0. In fact, in the
opposite case the characteristic polynomial of the matrix || R:| has complex
roots which is a contradiction to the assumption [e,e,es] =[1 1 1].
Therefore the matrix |Rf| is the zero-matrix. It follows from (1.2) that

Rifkl = 0.
THEOREM 5. The space V3 is an Einstein space if and only if
R2 Ra
(2.2) [ee;e] =[1 1 1], R =const, P = =7 Q = 57"
Proof. We assume that the space V2 is an Eingtein space, i.e.
(2.3) By =gy, 1,j=1,2,3.
It is known (cf. [2], p. 238) that r = const. We have, by (2.3),
P (T
(2.4) R, =16;, 6 = {1: i =jf

From (2.4) it follows that [e,e,es] = [1 1 1] and R = 3t = const.
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Now assume that (2.2) holds. Then the characteristic polynomial
of the matrix || R}| has the following form:

(2.5) w(l) = (A—1R)s.

The Weierstrass characteristic of the matrix | R satisfies the con-
dition [e;e,e;] = [1 1 1]; so the matrix |R}|| has the following canonical
form:

iR 0 0
(2.6) 0 iR o
0 0 iR
It follows from (2.6) that
R; = $Rg,;

and thus the space V? is an Einstein space.
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