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ON MODULES
PN WHICH IDEMPOTENT REDUCTS FORM A CHAIN

BY

AGNES SZENDREI (SZEGED)

The problem raised in the title is analogous to the one solved by
Plonka in [4]. The main result of this note (Theorem 2) is based on The-
orem 1, describing all those rings with identity in which the family of
subrings forms a chain under set inclusion. Note that Theorem 1 settles
2 special case of Problem 90 in [6] (p. 224).

1. Rings with identity in which subrings form a chain. We need some
well-known results in the theory of finite fields (see, e.g., [5]). For each
Pprime p and any natural number » (n > 1), F(p") will stand for the field
of order p™. Further, suppose that F(p?") < F(p?") if p and q are arbitrary
primes and m, n (m, n > 0) are natural numbers such that n < m. Then,
clearly, (F(p )|0 <7 < w) is also a field which will be denoted by
F(p*°). The ring of integers will be denoted by Z, whereas its factor ring
Z |(n) with n € Z will be denoted by Z,. For any subset H of a ring R, [H]
will stand for the subring of R generated by H.

THEOREM 1. The lattice of subrings of a ring R with zdentzty 28 a chain
if and only if R is isomorphic to one of the rings Z o or B(p?"), where p and q
are primes and 0 <M< w, 0 <N < w.

Proof, The sufficiency is obvious. To prove the necessity suppose
that R is a ring with identity e and that the subrings of R form a chain.
Then R is of characteristic p* for a prime number p and 0 < k < o, else
f{e}] ([{e}] = BR) would contain two incomparable subrings. If k¥ = 0,
then R is the one-element ring, so that R ~ Z,. For the rest of the proof
we assume that 1 <k < w. It is easy to see that pR = [{pe}]. Indeed,
¢ ¢ PR, since, otherwise, ¢ = pr for some 7 in R and thus p*~le = p*r = 0,
contradicting the fact that R is of characteristic p*. Therefore, necessarily,
PR < [{¢}] implying pR < [{pe}], i.e. pR = [{pe}]. Furthermore, the
ring R is commutative, since for any elements r, and r, in R either [{r;}]
< [{r;}] or [{r)}]1 < [{r}]. Let us consider now an arbitrary element r
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in R—pR. We show that [{r}] contains the multiplicative inverse of r-
In fact, since [{r}] ¢ pR = [{pe}], we have [{r}] & [{¢}] which implies
e e[{r}], i.e.

for some integers » (»>1) and ¢,,...,c,. Hence

= Ser e L, o] = (3],

i=1

which was to be proved.

It follows from the properties of R stated so far that the factor ring
T = R/[{pe}] is a field of characteristic p and, moreover, for any non-zero ¢
in T the subring [{f}] is also a field. Next we prove that [{t}] is finite.
In fact, since ¢ e [{t}], there exist integers » (»>1) and ¢,,...,0, such
that

n
6 = Zcit',

i=1
i.e.

n-—1
n .
i =e— Z ct'.

i=1

Without loss of generality we can suppose that 0 < ¢; <p ande, # 0
(1 < i< n). Further, let ¢ e = (c,e)~! (e [{t}]). Then

n—1
" =ce— 2 ¢, ¢t
i=1
which clearly implies that [{t}] is finite.

Obviously, if T is a finite field, then 7 is isomorphic to one of the
fields F(p?") with ¢ prime and 0 < m < w. If, on the contrary, T is infinite,
then every proper subring of T is finite. Indeed, if 7" were an infinite
proper subring of 7', then for any ¢ e T— T’ the finite field [{t}] and the
infinite ring 7" would be two incomparable subrings in 7', contradicting
the fact that the subrings of 7' form a chain. Thus, by [2] or [3], R i8
isomorphic to F(p?”), where q is prime.

We have established so far that R is of characteristic p*, pR = [{pe}]
is an ideal in R and T = R/[{pe}] is isomorphic to one of the fields F(pT)
with p, ¢ prime and 0 < m < w. It remains to prove that either ¥ = 1
implying R =~ F(p?") or m = 0, so that R ~ Zpk. Assume that, contrary
to our claim, k¥ > 2 and m > 1. Since the non-existence of a ring with the
properties described above for m = m, implies the non-existence of such
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a ring for all m greater than m,, we can restrict ourselves to finite m.
Set » = ¢q™ and choose
n
P(z) = Zc,-m"

=0

to be a polynomial of degree n, with integral coefficients satisfying ¢, = 1
and 0<¢;<p (0<% <n), such that P(x) considered as a polynomial
over Z, is irreducible. Further, let f be an element in F(p") with P(f) = 0.
By the isomorphism R/[{pe}] =~ F(p™) there exists an element r in R such
that P(r) € [{pe}], say P(r) = pm, e in R, where m, € Z and 0 < m, < p*~*.
On the other hand, pr e [{pe}] implying the equality pr = pm,e in R
for some m, € Z with 0 < m, < p*~'. It is easy to show by induction on j
that

pri =pmie (0<j< w).
Thus

p*mye = pP(r) = pP(mye) = p ) e;mie

i=0

holds in R yielding the congruence

n
p*my =p D oymf (mod p¥)

=0

in Z. Since k > 2, p divides Zc‘mz, i.e. the element m,¢ in Z, is a zero

of the polynomial P(x), contradmtlng the irreducibility of P(x). This
completes the proof of the theorem.

Remark. It is worth comparing this result with the one found
independently by Kovécs and Laffey in [2] and [3], respectively. We
see that among infinite rings with identity those having no infinite
proper subrings are just those in which subrings form a chain under set
inclusion, and these rings are exactly the infinite fields F(p?") with p
and ¢ prime. An analogous result is well known for Abelian groups, namely,
among infinite Abelian groups Priifer’s quasicyclic groups C(p®) with p
prime are exactly those having no infinite proper subgroups (see [7]) and,
on the other hand, those in which subgroups form a chain under set
inclusion.

I am indebted to Professor B. Csakény and to the referee of the orig-
inal version of this paper for calling my attention to papers [2] and [3],
respectively. Reconsidering the original version of Theorem 1 in the
light of these results made it possible to obtain the stronger statement
presented above.
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2. Modules in which idempotent reducts form a chain. In this section
we use the terminology and notation of [1] with the only exception that
we adopt the notion of a heterogeneous clone due to Taylor [10].

Let A = (A4; F) be an algebra. Then an algebra of the form (4 ; F')
with ' = P(¥) is called a reduct of A. The reduct (4; F’> of U is called
idempotent if every operation in F’ is idempotent. We shall not distinguish
equivalent algebras, so that there is a one-to-one correspondence between
the reducts of an algebra % and the subclones of the clone P (%) of «A.

Let R be a ring with identity e. For brevity, by the term R-module
we always mean a unitary left R-module. Let I be an R-module. It is
clear that any n-ary polynomial of I is of the form

{Myyoeeym>— rym+ ... +r,m, for some r,,...,7, eR,

which will be denoted by

n
e+ ... +7r,2,lm Or Zr‘a}‘-lm.

=1

This polynomial is idempotent if and only if e — Zr belongs to the
i=1
anmhﬂator ideal of M. Hence every n-ary idempotent polynomial of IN
is of the form

Lid n
Zr,-m,-lfm for some 7,,...,7, € R with Zr‘ = e.

=1 f=1

For any subring 8§ of R the subclone Clg (8) of the clone of IR (sce [8])
is defined to be the collection of polynomials of the form

818+ oo +8 18+ (e+8) T+ 8%+ ... +8,8,]m,
‘where

n
n>1 and s$,e8 (1<4<n) with 28,- = 0.

The following two lemmas will be useful in the proof of Theorem 2.

LEMMA 1. Let R be a ring of finite characteristic with identity and let M
be an R-module. Then the clone of any idempotent reduct of M can be repre-
sented in the form

N (Clx(8,) |y < a),

where a i3 a suitable ordinal and, for y < a, 8, is a subring of E.

LEMMA 2. Let R be a ring with identity and let M be an R-module with
rivial annihilator ideal. Then, for any chain {S;|1 e A} of subrings of R,
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We note that Lemma 1 is implied by Theorem 1 in [8] and Lemma 1
in [9]. Finally, by taking into consideration Lemma 1 in [8], Lemma 2
is just a restatement of Lemma 11 in [8].

THEOREM 2. Let R be a ring with tdentity and let M be an R-module
with annthilator ¢deal I. Then the tdempotent reducts of M form a chain

if and only if R|I i3 isomorphic to one of the rings Z on OF FP(p™™) with p, q
prime and 0 < n< w, 0 <M< .

Proof. Set R’ = R/I. It suffices to show, by Theorem 1, that the
idempotent reducts of M form a chain if and only if the lattice of all sub-
rings of R’ is a chain. In fact, if the idempotent reducts of It form a chain,
then the family {Cly(8)|I < 8 < R} is ordered under set inclusion, and
thus the set {8|I = 8 = R} of subrings of R is also ordered. Hence the
subrings of R’ = R/I form a chain, as desired.

Conversely, suppose that the subrings of R’ form a chain and denote
by MM’ the module M considered as an R’-module. Obviously, M and P’
are equivalent algebras, so that it suffices to prove that the idempotent
reducts of P’ form a chain. By hypothesis, the subrings of R’ form a chain,
hence the same does its subring [{e}]. Therefore, [{e}] == Z ; for a prime
number p and 0 < k < w, i.e. R’ is of characteristic p*. Consuler now the
clone C of any idempotent reduct of IM’'. Lemma 1 implies that

C =N (Clg(8,) |7 < q)

for a suitable ordinal a and suitable subrings 8, (y < a) of E. By assump-
tion, {§,|y < e} i8 a chain, whence by Lemma 2 we obtain

C =Olg(8), where 8 =(\(8,ly<a).

This immediately implies that the idempotent reducts of M’ form
a chain, as required.
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