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ON A REPRESENTATION OF SEMIGROUPS
BY PRODUCTS OF ALGEBRAS AND RELATIONS

BY
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We construct a representation of an arbitrary commutative semi-
group (8, +) by products of unary algebras or graphs. This means that
we find a collection {4,; z € 8} of non-isomorphic algebras or graphs such
that 4., , is always isomorphic to the Cartesian product 4,x4,. For
example, graphs 4, can be forests of length 3.

For a special class of C-embeddable semigroups 8 (including, e. g.,
all Abelian groups) a stronger result is obtained: we characterize those
varieties of unary algebras with one operatien for which every C-embeddable
semigroup can be represented by products. In the remaining varieties,
no group can be represented.

In the interesting case of a finite cyclic group one tries to find, for
any natural p, an algebra A with A" isomorphic to A™ iff n = m (mod p).
This was done for groups in [3], for Boolean algebras, rings and semigroups
in [8], etc. The general concept of representations was defined by Trnkovi
in [8], where she proved that a representation in (1, 1) exists for a class
of semigroups and showed in [9] that this class, in fact, contains all commu-
tative semigroups. Our representation method is a modification of hers.

A related problem, initiated by McKenzie, is the Cantor-Bernstein
theorem for a class € of graphs. It states that two graphs 4, B €% are
isomorphic whenever there exist graphs X, Y € ¢ with A isomorphic to
B x X and B isomorphic to A X Y. We give some examples of such a class %.

Some results of this paper have been announced in [2].

It is our pleasant duty to express our gratitude to Véra Trnkovi,
who initiated our work and paid a close attention to it. We are also much
indebted to the referee of this paper for his valuable comments.

I. O-EMBEDDABLE SEMIGROUPS

I.1. Trnkov4 proved an interesting result concerning a universality
-of semigroups exp N¥, where N denotes the additive semigroup of non-
negative integers, M is a set (denoting here a product of “M copies” of N)
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and exp denotes the global. Thus, elements of exp N are non-void sets of
functions f: M —-N with addition defined by

A+RB={f+g;fed, g€ B}.

THEOREM 1 (Trnkova [9]). Every commutative semigroup S can be
embedded into exp NM, where M is a set of power card S - N,.

Notice that the function const 0 (defined by f(m) = 0 for all m) can
be “omitted” in the above embedding. More precisely, for every commu-
tative semigroup § there exists an embedding ¢*: 8 —exp NY(M*.is
a set of power cardS-X,) such that constO ¢ ¢*(s), s € S. Indeed, given
an arbitrary embedding ¢: § —exp N, denote by M* the disjoint union
of M and N and, if ¢(s) = <, put

@*(8) = {f: M*—>N; f/Me o and f(n) # 0 for an infinite number of n € N}.
Then ¢* is clearly an embedding, and card M* = card M.

I.2. Definition 1. We say that a commutative semigroup is C-em-
beddable if it can be embedded into (expNV)X for some set K.

Clearly, C-embeddable semigroups form a quasi-variety, which contains
no subdirectly irreducible semigroup of power greater than card(exp N%V).
On the other hand, all free commutative semigroups are C-embeddable
(a8 will be seen from the next theorem); therefore, C-embeddable semi-
groups do not form a variety.

THEOREM 2. Every subdirect product of countable commutative sema-
groups is C-embeddable. In particular, all Abelian groups, all regular amd
all countable commutative semigroups are C-embeddable.

Proof. By Theorem 1, every countable commutative semigroup can
be embedded into exp NV. Therefore, a subdirect product of countable
commutative semigroups belongs to every quasi-variety containing
exp NV. The C-embeddability of regular commutative semigroups follows
from a result of Schein [7]: every regular commutative semigroup is
a subdirect product of countable semigroups (Schein proves this result
for inverse semigroups, but the present generalization is obvious).

I.3. Definition 2. Let (M, 3) be a well-ordered set. Given
o € expN¥, let o c exp N¥ denote the set of all the functions f: M—N
with the following property: for every increasing w,-sequence {m;}:2,
in (M, 3) there exists g € o/ such that f(m;) = g(m;) for all . We say that
o is closed if of = o. )

THEOREM 3. A commulative semigroup S is C-embeddable iff there
exist a well-ordered set (M, 3) and an embedding ¢: S8 — exp N such that
@(x) s closed for all x € 8. Moreover, ¢ can be chosen so that no ¢(x), x € 8,
contains the function consto.



REPRESENTATION OF SEMIGROUPS 9

Proof. Necessity. Assume, for short, that S is a subsemigroup of

exp N with o = sf for all o € 8. Denote by K the set of all increasing
wy-sequences in (M, 3) and define a mapping

y: §—(expNV)E,
(Recall that elements of (exp NV)X are collections {«f,; x € K} with
o, < NV.) Put
(o) = {,; p e K},
where for u = {m;}2, we have
o, = {feNY; f(i) =g(my), s =0,1,2,... for some g e «}.

It is easy to see that y(of +B) = ¢ (o) +y(#). Moreover, since each
& € 8 is closed, v is an embedding. Indeed, given distinct elements o/ and
# in 8, we can assume that, e. g., o/ — # # @.Choose g € o — #; then there
exists u € K, u = {m;}, such that for no h e # we have g(m,) = h(m,),
i=0,1,2,... Thus &/,— 2, #9, and 50 y(&) # p(B).

Sufficiency. Assume, for short again, that § is a subsemigroup
of (expN™)X and let (M, 3) be the set M = N xcard K with the lexico-
graphic order (N is ordered in the natural way, and card K is considered,.
as usual, to be the well-ordered set of all ordinals of type less than card K ;
we also have a bijection k — k' of K onto card K). Define ¢: S —exp N¥
as follows:

e({Ai}rex) = {f: N x card K—N; f(—, k') e, for every ke K}.

It is easy to see that ¢ is an embedding. Let us verify that, for every
= {o,} in 8, p(x) is closed. Given f € ¢(x), we choose special increasing
sequences u; in M, k € K, such that x4, = {(¢, ¥')};2,. For each k we thus.
obtain g € ¢(x) with g(¢, k') = f(i, k'), so f(—, k') es#,. Therefore f € p().

In case where const 0 € ¢ (s) for some s € S we proceed as in Section I.1,
denoting by M* the ordinal sum of (M, 3) and N (naturally ordered). It is.
clear that if ¢(s) is closed, then so is ¢*(s).

Note 1. We shall use Theorems 1 and 3 without mentioning: given
a commutative semigroup 8 we shall always consider it as a subsemigroup-
of exp N™, whose elements do not contain const0; if, by hypothesis, 8
is C-embeddable, its elements are considered to be closed with respect.
to a fixed well-ordering of M.

II. REPRESENTATIONS OF AN ARBITRARY SEMIGROUP

II.1. The aim of this section is to prove that every commutative
semigroup can be represented by forests of length 3 and by unary algebras:
with one operation f satisfying the equation f* = f3. We use I.1 and repre-
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sent the semigroup exp N (more precisely, exp(N™ — {const0})), where
M is an arbitrary infinite set.

II.2. Throughout the paper we deal with graphs (binary relations)
(X, R), where R = X x X,and with unary algebras (X, f), where f: X >X.
It is convenient to consider such an algebra as a graph f < X x X because
the basic notions that we use (produet, sum and isomorphism) are the same
for graphs and for these algebras. We recall that, given relations (X;, R,),
i € I, their (Cartesian) product is the relation (i)eg X;, R) with {x;}R{y;}

equivalent to z; Ry, for all <. Their sum (disjoint union) is the relation
(V X;, 8), where \/X, denotes the disjoint union of the set X; and
del
_ B iti=j,
S0 (&> Xy) —{0 i § .
Sums and products of graphs are distributive in the following sense:
for arbitrary collections of graphs {A;;4 eI} and {B;;jeJ} we have
(V Ai)X(V Bj) ~V V (AiXBj)7
iel jeJ iel jeJ
where ~ denotes isomorphism of graphs. This property is basic for the
representation method of Trnkova [8]; in her terminology, the category
of graphs is distributive. The same holds for much more general relational
structures and, in fact, many results presented in this paper can easily
be generalized in this direction.

II.3. Every cardinal a is, as usual, considered as the set of all ordi-
nals ¢ of type less than a (¢ < a).

Recall that a forest is a graph (X, R) which has no cycles and such that
if (y,,x) e R, (y,, ) € R, then y, = y,. The supremum length of its paths
is called the length of the forest. For a vertex x € X we denote by B(x)
the set of all vertices to which a path leads from z (including « itself).
The restricted graph (B(x), RN B(2)’) is called the branch of . We put
stz = card B(x).

Given a graph G, denote by G*, n € N, either the product of n copies
of G (for n = 0) or the single loop G° = ({g}, {(g, 9)}) (for n = 0).

II.4. Representation by forests of lemgth 3. Given a cardinal a,
-denote by R(a) = (X, R) the forest (see Fig. 1), where

X = {a7 b,c, d7 bo}U{c,-, di7 d;'}i<a7
R = {(a, b), (b, ¢), (¢, d), (@, bo)} U{(bo, ¢;), (¢;, d;), (¢;, d‘:')}ita'

Let § be a commutative semigroup. We consider S to be a subsemi-
group of exp N¥, where M is an infinite set and no element o € § (o € N¥)
contains const 0. Choose pairwise diptinet infinite regular cardinals a,,
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me M, and put R,, = R(a,). Then a representation of S is defined by
products of forests of length 3 as follows:

risf) =V (X R"("')) Sel.

hey meM

Here ¥ = card N¥ and G, denotes the sum of X copies of G.

’

wim NN L
N L

\/‘

Note 2. The forests r(s/), used for the representation, have the fol-
lowing property:

Given of, B8, o/ # B, there is a tree of length 3 either isomorphic
to a component of r() but mon- z’somorphic to any component of r(A) or,
conversely, isomorphic to a component of (&) but not to that of r(H).

Moreover, for every tree of length 3 in ?‘(.24) & € 8, no leaf has a distance
from the root shorter than 3.

Proof. (I) (o) is a forest of length 3.

Of course, R, are forests of length 3. It is easy to see that the product
and sum of forests of length 3 are again forests of length 3. The only trou:
ble is that Rj, is not a forest, but a single loop. On the other hand, for an
arbitrary graph 7, we have T ~ T x R}, and, since h = const0 whenever
h e, all r(o) are clearly forests of length 3.

(IX) r(A +B) ~r (L) Xr(B).

Due to the distributivity of products and sums we have
r( ) xr( @) =V V(X EMex( X BiW))~ V(X R{B+Om)

hest ke® = MM meM (hk)est x B MM
Now, for every feof + # there exist at most ¥ = card N pairs

(h, k) et x # with f = h+ k. Since we take X copies of every graph, we
have

rA)xr(B) = V(X RI™),.

f5d+.’ meM
(II1) r(of) ~r(#) implies o = A.

Since isomorphisms of graphs preserve branches of points, the follow-
ing lemma completes the proof.

LEMMA 1. Let fe N and o/ € 8. Then feof iff r(of) has a tree T
of length 3 such that for every m e M there are just f(m) points €T,
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distinct from the root, with the following property: B(x) contains exactly a,,
P-points, i.e. points the branch of which has length 1 and power 3.

Proof. Since r(of) is a sum of graphs m)SMR{,(,m), feo, each with N

copies, we can consider the vertices of r(«/) as triples (z, f, ¢) with fe«,
ieN and ze XMR{,{’"’. Recalling that f # const0, we can represent x
me

as a collection from which the points ¢ (corresponding to the graphs
R;, = ({a}, {(g, 9)})) are excluded:

& = {ty, ;3 m EMif(m) #0,j=0,1,2,..., f(m)—-1}, ¢,;€eR,.

To avoid confusion, we often denote by p™ the vertex p in R,,. Con-
sider the graph R

XM RI™  (f s const0)

which has just one component K, of length 3 (the component of {¢,,},
where t,, ; = a/™ for all (m, j) with j < f(m) = 0). Then, clearly, its point
{tn;} is a P-point iff there exists (m,,j,) with t, ;, = o™ (ke a,) and,
for (m,j) # (Mo, Jo)s tm,; = ™.

Necessity. For f € &/, denote by K, the component of mZ(M RI™ of

o-Jo

length 3 and let K be the component of r(«/) consisting of points
({tm.j}s 1 0)y {tm,;} € Ko. It is clear from the above that for x = ({t,, ;}, f, 0)
in K, distinet from the root, there exist infinitely many P-points in B(x)
iff, for some (m,,J,),

tmoJo
Then, obviously, there exist exactly a, P-points in B(z), viz.
({85}, f, 0), where s, ; = cf™ for some k¢ a,, and s, ; = ¢™ whenever
(m, j) # (my, Jjo). For a fixed m, we get just f(m,) such points # by varying
jo from 0 to f(my)—1.
Sufficiency. Assume that, for a given f € N, there exists a compo-
nent K of r(«/) with the above-mentioned properties. Obviously, K is
a component of a copy of m)‘(M RM™ for some h €/, more precisely, there

=b™, t,, =b™ whenever (m,j) # (m,,j,)-

are a component K, of XM RX™ and an element i e X such that
me

E = {({tm,s}s by 9); {tm,5} € Ko};

without loss of generality we may assume that ¢ = 0. By hypothesis,

K, has length 3 and, for every m, it contains exactly f(m) points # with

the property: “there exist just a,, P-points in B(x)”. But XM RMm ¢ontains
me

just one component of length 3, and this is K,; therefore, it must be the
component mentioned in the Necessity of this proof. Thus, for every
m there are exactly h(m) points & with the above-mentioned property.
Therefore h = f, which proves that fes/.
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II.5. Our next investigation concerns unary algebras with one
operation (X, f), where f: X—X is a transformation. We neod a complete
list of subvarieties of the variety (1) of unary algebras (see [6]):

Vim (E=m;k,m =0,1,2,...) — the variety of algebras with f*(x)
= f™(z);

W' (r=0,1,2,...) — the variety of algebras with f"(x) = f"(y)
(i. e. f" is a constant mapping).

We denote by f° the identity of X. Notice that 77, = A(1).

I1.6. Representation in ¥",,. Every commutative semigroup has
a representation by products of algebras in ¥, ;. The proof is quite analo-
gous to that given in Note 2. The basic algebras are shown in Fig. 2.

wime \| I/

ANVIRVANS
N
)

II.7. Representation in %#°,. The representation in #7, is complicated
by the fact that sums of ¥ ,-algebras are very distinct from their disjoint
unions and, therefore, there is no distributivity with respect to sums and
products in #°,. We deal with a general ", so as to be able to apply the
auxiliary construction to # ,-algebras later.

We use a different notion of branches here (# ,-algebras are, roughly
speaking, dual trees with a loop adjoint to the root): given (X, f) in #,,
the branch of a point  is the algebra (B(x), f,), where

B(@) ={yeX;f*y) =2,k =0,1,2,...,n}

and f, = f on B(z) — {«}, while f,(z) = . Denote by B(x) the tree (B(z), R)
with aRb iff f(b) =a and b # a.

Definition 3. Given an infinite cardinal g and & natural number n,
we say that a forest R is (B, n)-standard provided that

(i) R has length n;

(ii) in every tree T of R the distances of any two leaves from the
root are equal; moreover, cardT < §;

(iii) if a tree has property (ii) and has a length smaller than n, then
it is isomorphic to some tree of R.

Notation. For a cardinal § we write

exp*f = exp(exppf), exp’p = exp(exp?p),



14 J. ADAMEK AND V. KOUBEK

LEMMA 2. For every (f,m)-standard forest R and for every cardinal
a > exp"p there exists an algebra R* = (X, f) in #,,, with the following
properties:

(@) for every z,y e X with f~'(x) =f"'(y) =0 the following impli-
cation holds: if f*(x) = f'(y), then f*(z) = f*(y);

(b) for every x € X: either cardf~'(x) = a and then for each y e f~'(z),
y #x, there exist a distinct points y,ef'(x) with B(y) ~ B(y,); or
cardf~!(z) < a and then B(x) is isomorphic to a tree of R;

(e) for every algebra A in W ,— W ,_, with properties (a) and (b) there
exist a points x € X, whose branches are isomorphic to A, such that f*(x)
= f(=).

Moreover, the algebra R* is unique in %, ., up to isomorphism.

Proof. Let A;,7 €1, be all representants of isomorphism types of
algebras in #°, — #°,_, with properties (a) and (b). There is just one way
of constructing R*,

R* = (X,V{a},f),

where (X,, R,) is the disjoint union of all A;, each with a disjoint copies,
i. e.,

(X1, By) = t_\/I (44)ay
and f(z) = a if (v,2)eRy; f(@)=y if (z,9) €R, and o #y; f(a) = a.
Therefore, the uniqueness is clear. To prove the existence, we must show
that, in the above-described algebra R*, cardf '(a) < . Then R* has
properties (a), (b), and (c).

Thus, we want to verify that cardI < exp”p. Let us proceed by induc-
tion on n. For n» = 1 the inequality is obvious. Given an algebra in #°, with
properties (a) and (b), say B =(Y,g) with be Y and g(b) = b, either
cardg~!(b) < a (but then cardY < g and the numher of such non-isomor-
phic algebras cannot exceed 2°) or cardg'(b) = a. Then the isomorphism
type of B is determined by isomorphism types of branches of the points
y € g~ (b), since each branch occurs with exactly a copies. If the number
of isomorphism types of the branches is less than or equal to exp"'g,
then the number of types of algebras B is less than or equal to exp”pg.

LemmA 3. Let R, and R, be (B, n)-standard forests, and let a > exp”f.
Then R, X R, is a (B, n)-standard forest and

(R; X R,)* ~ R} X Rj.

Moreover, if R, and R, are mon-isomorphic graphs, then R} and R;
are non-isomorphic algebras.
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Proof. (1) R, xR, is a (B, n)-standard forest.

Properties (i) and (ii) of Definition 3 are easy to verify. For (iii),
consider a tree T with property (ii) — we can assume that T is a tree in R,.
It is clear that R, contains a tree § which is a chain of length n —1.
Then a component of T' x § is isomorphiec to 7, so is a component of B, X R,.

(2) (R, X R,)* ~R! XR;.

It suffices to verify that the algebra R} x R; has properties (a), (b),
and (c) of Lemma 2 with respect to the forest R, x R,. Put

Rl =(X,fi), R;=(X,f) and (X,xX,,¢q)=R]xE;.

Property (a) is clear.

For (b), let (x,,x,) € X, x X, be given.

I. cardg™'(xz,, #,) = a. Then either cardf,; !(z,) = a or cardf; ! (x,) = a.
Assume the former. Let (y,,y,) € ¢ '(2,,2,) be arbitrary with (y,, y,)
# (@,, ®,). If y, # »,, then there exist a points ¥} e f;!(x,) with B(y%).
~ B(y,). Then we have o points (yi,y.) with B(yi,¥s) ~ B(yy, 9,)-
Now assume that x, = y,; then #, = vy, is the root of R} (i. e., f,(v,) = ¥,)..
We know that y, =w, (since (y,,y,) # (z,, x,)); therefore, y, is not the.
root of Rj.

Denote by A the subalgebra of R} over all z € X, with f*(z) = =,
(i. e., X — A are the leaves of R7). Then 4 is a # ,-algebra with properties.
(a) and (b), and so there exist a points #' € X, with B(f') ~ A4 and f2(¢f)
= f,(¥'); the last means that ¢’ € f;'*(z,). Since R, is a standard forest and
sinee y, is not a root in R}, it is very easy to check that the branches of
(#1,9,) and (#,y,) in R} x R} are isomorphic. Therefore, we have again
a points (&, y,) e g~'(x,, ¥,) with branches isomorphic to the branch

of (#1,Y2) = (Y1, ¥2)-
II. cardg '(#,, ;) < a. Then either

9 (2, x;) = O
and, therefore, B(x,, x,) is a tree of R, X R, or
cardf;'(z,) <a and cardf,'(z,) < a.

Then B (x,) is a tree of R, and B(x,) is a tree of R,, and thus B(z,, @)
18 a tree of R, X R,.

To verify (¢), let A be an algebra in ¥, with properties (a) and (b).
Since R, and R, X R, have the same trees of lengths smaller than =, it is
clear that

either card A < a and the length of A is n

or A fulfils (a) and (b) also with respect to R,.
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In the former case, since R} x R; fulfils (b), A is isomorphic to the
branch of some (z,, z,) € X, x X, with

92 (21y 22) = g(21, @a) # (@1, 22);

then there exist a such points.

In the latter case we have a point z, € X, with f}(z,) = f,(x,) such that
B(w,) ~ A. Clearly, there exists a point z; € X,, with f3(x,) = fa(2s) # @,
whose branch consists of a chains of length n —1 (see Fig. 3).

n—1e . .

SN
SR Fig. 3
1° l (o times)

e X9

C

It is evident that B(z,, #,) ~ B(z,) ~ A4, and then there are a such
points.

(3) R, + R, implies R 4 Rj.

This follows immediately from the uniqueness of the algebras R}
and Rj.

THEOREM 4. Every commutative semigroup can be represented by prod-
ucts of algebras in #,.

Proof. By Lemma 3 it suffices to represent a given semigroup 8
by products of (B, 3)-standard forests (for some cardinal B). We have
a representation {R,; s € S} of § by products of forests of length 3 having
the property in Note 2. Choose a cardinal g > card R, for all s. Let R,
denote the forest which has the following trees: Its trees of length 3 are
exactly those of R,, and its trees of smaller lengths are just all the trees
T such that

(*) any two leaves have the same distance from the root and cardT < g,

and such a tree is contained, with exactly g copies, in R,.

It is clear that R,, 8 € S, are pairwise non-isomorphic (8, 3)-stand-
ard forests. Let us verify that B, ., ~ R, xR,.. It is clear that B, xR,
containg B copies of every tree T of length less than 3 and with property (*).
As far as trees of R, xR, of length 3 are concerned, recall that R, X R,
~ R, , . Given trees T, and T, such that the forest T, x T; has length 3,
the length of T, and T, must clearly be 3. Therefore, the trees of length 3
in B, x R, are the same as in R, X R,.. Since R, x R,, ~R,,,., and R,
has the same trees of length 3 as R, ., the proof is completed.
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II1. REPRESENTATIONS OF A O-EMBEDDABLE SEMIGROUP

HI.1. In this section we show a representation of a C-embeddable
semigroup by products of forests of length 2 and of unary algebras. We
assume that a well-ordered set (M, -3) is given and that 8 is a subsemi-
group of exp N the elements of which are closed subsets of N, not con-
taining const 0.

III.2. Representation by forests of lemgth 2. Given infinite cardinals
a and B, denote by R(a, f) = (X, R) the forest (see Fig. 4), where

X = {&}eaV {WYi}icps
B = {(zy, 1) (1, @a)y (Toy 23)} Y {(Yos Y1)y (Y15 Ya)s (Yo, ¥s)} U
U{(@sy 2)}ica VY {(Ys) Yi)}ics-
x5 %5 X4 X y5 y5 y4 y2

(a’rxmes)\\/‘ T (8 times) T/ T Fig. 4
%\/ 3\7

Choose infinite regular cardinals a, and B, for m € M so that, if
m-3n in M, then a, < a, < B,, < f,. Put R, = R(a,, f,). Then a repre-
sentation of S is defined by products of forests of length 2 analogously
to the case of forests of length 3 (see II.4). Also, replacing in Note 2 the
words “length 3” by “length 2” we have the property valid for the forests
r (&) with trees of length 2, used for the representation.

Indeed, the proof that all » (<) are trees of length 2 and that

r(f + B) ~r(H)Xr(B)
18 quite analogous to the proof in II.4. To verify that r(«f) ~7r(#) im-
plies o = # it suffices to prove the following lemma:

LEMMA 4. Let fe NM and o € 8. Then f e iff for every increasing
wqo-sequence p = {m;};_, in (M, 3) there exists a vertex im r() whose
branch

. (1) has length 2;

(2) contains exactly

27") —1 points with st = a,, ,

(272 —1)-27™) points with st = By s

(27 —1) - 27m) .-+ mk—1) points with st = LI
(8) does mot contain any point with st = a,,, m ¢ u, or st = g,,, m € u.

2 — Colloquium Mathematicum XXXVIII.1
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Proof. As in the proof of Lemma 1, the vertices of (<) are of the
form (z, f, i) with feo/,7e® and e X R[™. Further,
meM
&= {l,;;meM, f(m)>0,j = 0_’ 1,2,...,f(m)—-1}, t,;eR,.

Again, we denote by p™ the vertex p in R,,.

Necessity. Let fes/. Given an increasing sequence u = {m,}
in M, define a vertex v(f, ) = ({tns}, £, 0) i r(af), bY by, = 2{™
if m e u,and t, ; = y™ if m ¢ . Let us verify that v(f, ) has the required
properties. The length of its branch is clearly 2; let w = ({z,,;}, f,0)
belong to this branch. We want to show that if stw =g, , then
mo ¢ p, and if stw = a,, , then m, € u, and that there are just

(2f(mk) _1) . 2f(m1)+... +f(my_1)

such points (if m, = m,;). It is clear that if w is in the braunch of v(f, u)
and stw is infinite, then either

w = v(f, )
(and, clearly, stw = sup{B,; m € M —u}) or

™ or ™ if m e u,
2 =
™ g™ or g if m¢ g
If stw = B,,, then, obviously, z,; = y{™ for all me M —pu with
m > my, (else, stw = B, > By, ). If mg € u, then

690 < SUD (B M ¢ 1y M < Mo} UG}

Since f,,, is a regular cardinal, stw < B, — a contradiction. Therefore
mo ¢ p.

If stw = ay,, then, obviously, z,; = g™ for all me M —pu, and
2y = 2™ for all m € u, m > m,. Thus m, € u, since, otherwise,

m’?
stw < sup{a,; m € u, m < my},

and so stw < ay,.

If my = m,, then all 2, ;, m # m,, are determined (as z{™ or y{™).
We can choose 2, ; =™ or «{™ for j =0,1,2,..., f(m,)—1, but
at least once we must choose 2{™). There exist just 2™) —1 such points w.

If m, = my, then all 2z, ;, m * m,, m,, are determiried, and we can
choose z,,,; = @™ or a{"?, choosing at least once #{"?. And, moreover,
we choose arbitrarily z,, ; = #{™) or a{™. There exist just (272 —1).2/m)
such points. Etc.

Sufficiency. Let f € N be such that for every increasing sequence u
there is a vertex ¢(f, u) in r(«/) with the described properties. To prove
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that f e o it suffices to find an element h €./ with A = f on u (since <&/
is closed). We have i(f, u) = ({t,;}, h,¢) for some hesf and i eN —
without loss of generality, ¢+ = 0. We prove that in this case b = f on u.
It suffices, clearly, to shew that ¢(f, u) = v(h, u). Indeed, then

ohmy) _1 — gftm) _1
(2h0m2) 7). ghm1) — (2f(my) _71).0fm) e
thus h(m,) = f(m,).

Since t(f, #) has the branch of length 2, each %, ; has, clearly, the
branch of length 2 in R, i. e., t,,; = a{™ or y{™. We want to show that
b = o™ iff mep.

(a) Let i, ; = a{™. Then put w = ({25}, b, 0), Where z,, ; = a{™
and, for (m, j) #* (my, jo), put

{mgm it 1, = o™,
Zm.i = .
’ y(lm) if tm,j = ygm).

Clearly, w is in the branch of ¢(f, x) and stw = a, . Thus m, € u.

(b) Analogously, if t,,, = yi", then we find w in the branch of
t(f, u) with stw = f,, (here 2z, ; = yi™). Thus m, ¢ u.

This completes the proof.

HI1.3. Representation in #,.

Buvery C-embeddable semigroup has a represeniation by products of
algebras in W .

The proof is quite analogous to that of Theorem 4.

IIL.4. Representation in 77 ,.

Every C-embeddable semigroup has a representation by products of
algebras in ¥, ,.

The proof is quite analogous to the above one, concerning forests.
The basic algebras are shown in Fig. 5.

(e times) \V l (/3 times) \V l
\. /‘ \ . / Fig. 5
O O

IIL.5. Representation by bipartite graphs. Recall that a symmetric
graph (X, R) is bipartite if there exists a partition X = AU B such that

Rc(AxB)u(BxA).
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By a diameter of a graph G we understand the least number n such
that any two points in a component of G can be connected by a path
of length at most n.

Every C-embeddable semigroup can be represented by products of bipartite
graphs of diameter 3.

The construction is quite analogous to that for forests in II1.2. The
basic graphs are shown in Fig. 6.

( times) \, / (3 times) \I /
| |

Fig. 8

IV. CANTOR-BERNSTEIN THEOREM

IV.1. Following McKenzie [6] we say that a class € of graphs fulfils
the Cantor-Bernstein theorem if, for ¢,,@,, X, Y in €,

G, XX ~@;and G, x Y ~@, implies G, ~@Q,.

In this section we show that this is true for the class € of all forests
of length 1, all algebras in #°, and ¥, , (see IL.5), and all bipartite graphs
of diameter 2.

These are very special classes, of course, but notice that the results
cannot be improved: if a class ¥ fulfils the Cantor-Bernstein theorem,
then no non-trivial group (in fact, no semigroup in which there exist
a,b,z,y with @ % b, ax = b, by = a) can be represented by products of
graphs in ¥. Therefore, forests of length 2, algebras in #3 and 7, ,,
and bipartite graphs of diameter 3 do not fulfil the Cantor-Bernstein
theorem.

IV.2, We show a general method for proving the Cantor-Bernstein
theorem for classes of graphs. Notice that this method can be generalized
to arbitrary relational structures, more generally, to categories ¢ with
the following properties:

(1) sums commute with finite products;

(2) each object is a sum of indecomposable objects (i. e., objects A
such that if A ~A,vA, then A ~ A, or A ~4,, and the injections
agree).

Let o be a class of graphs, closed under sums and components (i. e.
a graph belongs to o iff each of its components does). Denote by &, the
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subelass of all connected graphs in &/. By an order < on isomorphism
types of o/, we mean a quasi-order on the class &, with @, ~ @, equiva-
lent to ¢, < G, and G, < G, . Recall that the ACC (ascending chain condition)
on an order means that every set.contains a minimal element. We use
the ACC for quasi-orders in the obvious sense: the corresponding quotient-
order has the ACC.

Definition 4. Let & be as above. An order < on isomorphism types
of o/, is said to be productive if it fulfils the ACC and, for @,, G,, G, in«/,,

(1) every component of G, xG, is greater than or equal to both @,
and G,;

(2) if @G, xG, has a component isomorphic to @,, and if @ >@,,
then also G, X@, has a component isomorphic to @,.

THEOREM 5. Let o be a class of graphs, closed under sums and compo-
nents. If there exists a productive order on isomorphism types of o, then
& fulfils the Cantor-Bernstein theorem.

Proof. Let G,,G,, X and Y in o be given with
G, xX ~@, and G,xY ~@,.

For every K €/, isomorphic to a components of ¢, (a > 0), we find
a components of G, also isomorphic to K. Then, by symmetry,we see that
G; ~@,, since the two graphs have the same components with the same
number of copies.

By the ACC there exists a minimal element K, in the set of all those
components of G, which are less than or equal to K. Since ¢; ~G,x Y,
there must exist components K,, of @,, and K,, of ¥ such that K, is iso-
morphic to a component of K, x K,.. By condition (1) of Definition 4
we have K,, > K, and K,, > K,,.. Analogously, since K,, is a component
of @, ~@G, x X, there exist components L of G, and L' of X such that
K,, is isomorphic to a component of L x L'. By condition (1) we have
K, > L. But since L is a component of ¢,, and L< K, < K,<K,
we have L ~ K,, ~ K,, (by the minimality of K,,). Since K,, is isomorphic
to a component of Lx L’ and L ~K, ~K,, K, is also isomorphig
to a component of K,, X L’. Now, by condition (2) of Definition 4, for each
of the a components K, of G, with K; ~ K, K is isomorphic to a component
of K;x L'. Since, moreover, for ¢ # j the subgraphs K;x L’ and K; x L'
are disjoint, we get a distinet components of G, isomorphic to K. This
completes the proof.

IvV.3. v, ,-algebras. A connected algebra A = (X,f) in ¥, has
a cycle {xy,x,,...,®,_,} (not necessarily of pairwise distinet points)
such that

X = Uf ().

=0
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Put a; = cardf~'(;); then the sequence {a;};~; is called the type
of A, and the least ¥ > 0 with z,, = z, is called the order of A (it divides n
and fulfils x, ;, = @, 2., = 2,3, ...). We also write A[x,, x,,...,2,_,] to
stress the cycle.
Denote by &, the class of all connected algebras in the class ¥, ;.
If Ay, %4y ..., @,_,] and B[Yg, Y15 ...y Yp_1] are in ¥, ,, then A XB has
components

AXB[(Zoy Yp)s (X1y Yps1)y oooy (@ps Ypya)] Tor p =0,1,...,m—1

(p+¢ is modulo n). The type of such a component is {a;'b, ;}, where
{a;} and {b;} are the types of A and B, respectively. Furthermore, the
order of any component in A x B is the least common multiple of the
orders of A and B. Therefore, it is clear that the following ordering on the
isomorphism types of &, is productive: given A and B with orders % and
k and types {a;} and {b;}, respectively, put

A < B iff k is divided by h and there exists p = 0,1, ..., n —1 such
that a,, ,<b;, 1 =0,1,...,n—1.

CorROLLARY 1. The class ¥, , fulfils the Canior-Bernsiein theorem.

IV.4. Forests of length 1. Denote by o the class of forests of length 0
or 1. Assume that A and B are trees with length 1. Then A X B is a forest,
all trees of which but one have length 0 and, if T is a tree of A XB of
length 1, then

cardT = card A-cardB.

Thus, the following order on isomorphism types of </, is prod.uctive:

A < B iff either B has length 0 or 4 and B have length 1 and card A
< card B.

COROLLARY 2. Forests of length 1 fulfil the Cantor-Bernstein theorem.

IV.5. Bipartite graphs of diameter 2. Consider the class & of bipartite
graphs of diameter 2. Then «,, clearly, consists just of graphs (X, R)
with R = (A x B)U(B x A) for a decomposition X = AU B. Denote the
last graph by [4, B] and put

[4,B]<[4', B]
iff
max (card 4, card B) < max(card A’, card B’)

and
min (card A, card B) < min(card A’, card B’).

" This is clearly an ACC order. Further notice that
[A,B]x[A’yB'] ~[AxA',BxB']v[4xB', A’'xB],
8o that conditions (1) and (2) of Definition 4 are satisfied.
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COROLLARY 3. Bipartite graphs of diameter 2 fulfil the Cantor-Bern-
stein theorem.

IV.6. # ,-algebras. The class of # ,-algebras also fulfils the Cantor-
Bernstein theorem. But since this class is not closed under disjoint unions,
‘we cannot use the above method and we shall proceed in a different way.

PROPOSITION. # ,-algebras form a class of graphs fulfilling the Cantor-
Bernstein theorem.

Proof.Let A, B, X,and Y be #°,-algebras with A x X ~ Band BxY
~A, say A =(Z,,f,) with f% = const 2, (analogously (Zg, f5), #5;
(Zx, fx), 2x; and (Zy, fy), 2y). Denote by L, the set of all x e Z,—{z,}
with f,(z) = 2z, and f;'(«) # @ (analogously Ly, Ly, and Ly). If L, = G,
i. e., A i8 a # ,-algebra, then clearly A ~ B. Assume that L, #* 0 and put

B = min{cardf;'(x); # € L,}.
We have d € L, with cardf;'(d) = B. Since
A~BxY~Xx(4AxY),
there exists d’e Ly with cardf3'(d')-f = B: given an isomorphism
p: A>XXxAXY,

congider the point ¢(d) = (d', —, —) in ZxXZ, X Zy.
Now, for every «z € L,, we have

cardfy'(x) = card(f X fx)~' (2, d).
Since A x X ~ B, we obtain a one-one mapping o: L,—Ly such that
cardf;'(x) = cardfz'(o(#)) for all xeL,.

By symmetry of A and B we see (by the classical Cantor-Bernstein
theorem) that ¢ can be chosen to be bijective. Finally, A x X ~ B and
BxY ~ A imply that the number of points xeZ, with f;'(z) =
and f,(z) = 2, equals the number of points y € Zz with fz'(y) = @ and
JB(y) = 25. Hence 4 ~ B since we can extend ¢ to an isomorphism.

V. SUMMARIZATION

V.1. Algebras. '

THEOREM 6. Let X" be a variety of unary algebras with one operation.
Then one of the following cases 1° and 2° holds:

1° A contains V3, or W, in which case every C-embeddable sema-
group can be represenied by products in A ;
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2° X does not contain ¥ 3, and #;, in which case no non-trivial group
can be 8o represented.

If X containg ¥, or W,, then every commutative semigroup can be
represented by products in X .

Proof. Case 1° holds by II1.3-4 and II.6-7. Case 2° follows from
the simple observation that every variety ., containing neither 77,
nor % ;, must be contained in #°, or in ¥, , for some n. Then, by IV.3
and IV.6, x fulfils the Cantor-Bernstein theorem and, therefore, no
non-trivial group has a representation by products in 7.

COROLLARY 4. Given any type of universal algebras, every commutative
semigroup has a representation by products of algebras of this type.

Proof. We define an embedding &, of #°, into the class A(4) of
algebras of type A. Given 4 = (X, f), where f* = consta, define an arbi-
trary n-ary operation w: X"—>X as follows: if n = 0, then v = a;if n # 0,
then w (g, 1y ...y Z,_q1) = f(x,). It i8 easy to see that we obtain an algebra
@, A in A(4) and that

qu (A X.B) = ¢AAX¢AB.

Therefore, if {A4,; s € S} is a representation of a semigroup 8 by prod-
ucts in #7,, then {®,A4,; s € 8} is its representation in A(4).

V.2. Forests. A commutative semigroup S can be represented by
products of forests of length 3 — always (IL.4), and of length 2 — if S is
C-embeddable (IIIL.2).

No non-trivial group can be represented by products of forests of
length 1 (IV.4).

V.3. Bipartite graphs. Every C-embeddable semigroup can be rep-
resented by products of bipartite graphs of diameter 3 (IIL.5). But no
non-trivial group has a representation by bipartite graphs of diam-
eter 2 (IV.5).

.
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