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A CHARACTERIZATION OF SEMIGROUPS
WHICH ARE SEMILATTICES OF GROUPS

BY

S. LAJOS (BUDAPEST)

Let S be a semigroup(}). Following the terminology of Clifford [1],
[2] we shall say that § is a.semilattice of groups if S is a class sum of a set
{@., ael} of mutually disjoint groups G, such that, for every a and f
in I, the products @,G; and G;@G, are both contained in the same @, (yeI).

The following characterization of semigroups which are semilattices
of groups is well-known (see [1]and [3]):

THEOREM 1. A semigroup S is a semilattice of groups if and only if
it satisfies the following two conditions:

(1) aeSa? N a8 for every aeS;

(2) if e and f are idempotent elements of 8, then ef = fe.

It is also well-known (see [2]) that the condition that a semigroup
S be a semilattice of groups is equivalent to the conjunction of any two
of the following conditions:

(I) 8 is a union of groups.

(II) 8 is an inverse semigroup.

(III) Every one-sided ideal of § is a two-sided ideal.

‘We shall also use the following result (see [2]):

THEOREM 2. A semigroup 8 s regular if and only if RN L = RL
for every left ideal L and every right ideal R of S.

In this note we give another characterization of semigroups which
are semilattices of groups. Our characterization reads as follows:

THEOREM 3. A semigroup S is a semilattice of groups if and only if it
satisfies the following two conditions:

(i) S is regular;

(ii) RL = LR for every left ideal L and for every right ideal R of 8.

() We adopt the terminology of Clifford and Preston [2].
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Proof. Necessity. Let S be a semigroup which is a semilattice
of groups. Then, by conditions (II) and (III), S is an inverse semigroup
and every one-sided ideal of 8 is a two-sided ideal. This and Theorem 2
imply that S is regular and the relation AB = BA holds for every two
ideals 4, B of S.

Sufficiency. Let § be a semigroup which satisfies conditions (i)
and (ii). Then, by Theorem 2, for any element a in S we have

(a) = Sa = Sal
and
(a)g = aS = SaSs.

Therefore aS = Sa for each element a of S, i.e. § is a centric semigroup.
Since aeaSa by (i), it follows that

aecSa®>nN a%s,

that is condition (1) of Theorem 1 is valid. On the other hand, the idem-
potent elements of a centric semigroup lie in the center (see [2]), and thus
it follows that condition (2) of Theorem 1 is also valid.

We have some easy consequences of Theorem 3.

COROLLARY 1. Any commutative regular semigroup is a semilattice
of groups.

COROLLARY 2. Let 8 be a semigroup which is a semilattice of groups.
Then, for every ideal I of 8,

I8 =1 =8I,

that is, the semigroup S reproduces its ideals (in the sense of G. Szdsz [5]).

COROLLARY 3. Let S be a semigroup which is a semilattice of groups.
Then the set of all ideals of S is a semilattice under the multiplication of
subsets.

For other characterizations of semigroups which are semilattices
of groups see the author’s paper [4].
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