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§ 1. Let us consider the equation
*1.1) 2z2=[f(®,¥,2,2),
where f(x, ¥, 2, ¢) is defined for (z, y) belonging to the set
(2.1) 0<2<a, ¢y arbitrary

and for arbitrary z, q.
Suppose that f(z,w,#,q) 18 continnous and has first derivatives
fvy fzy fo which satisfy the Lipschitz condition

(8.1)  1fd@y Y1y %y @) —fil@, Yay 22y @) < K (Jy,— Yao| + [21— 22|+ |1 — @a])y
1=1,2,3; fi=1y, fo="ley fa="1a,

and the inequalities

(4.1) Ifol <L, |fdl <L, |fdl<L,

where K, L are constants. Let w(y) be of class C® in (— co, 4 00) and
satisfy the inequalities

dw o
(6.1) d_ylgN’ WQM;
where N, M are constants. Suppose finally that
(6.1) KEQ+M+N+24°<4, L(M+a)<i, L<i.

Under these assumptions E. Baiada ([1]) has shown that the sequence
S""(m, y) defined in § 2 satisfies all the assumptions of Arzela’s lemma
and therefore contains a subsequence which converges almost uniformly
to 8(z, y). Furthermore S(z,y) satisfies equation (1.1) in the set (2.1)
and the initial condition

(7.1) 8(0,y) = w(y).
21%*
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The above-mentioned assumptions guarantees the uniqueness of the
Cauchy problem for equation (1.1) ([2]). It easily follows that the se-
quence 8™(z, y) converges almost uniformly to S(z,y).

In the present paper we shall deal with the error estimations for

approximate solution 8™z, y) of equation (1.1) (Theorem) (%).

§ 2. Now we shall define functions S(")(m, y). Let 6 = a/n. Let the
set (2.1) be divided into a finite number n of such subsets that

o1: (1—1)0 < <44, y arbitrary, ¢ =1,2,...,n.

We define functions

, ! — 16\ — 16
1) posrila,g) = 3oty 2524 oo (y— 250+
y+{z—18)/2
+ [ flis, &, wmag), amaE)dE, i=0,1,..,n—1,
v—(z—18)/2
where
o w () for i=0,
(2.2) 0t A(E) = { g™h(id, £) for i=1,2,..,n—1;
2 . () { d’(fj for =0,
(8.2) Ul g5, &) for i=1,2,..,n—1.

Function 8™(z, y) is defined in (2.1) as follows

(42)  8"@,y)=¢™Na,y) for (2,9)e0i, i=1,2,..,n.
§3. LE’]mu Let 'U(:b, y) be continuous in the set

(1.3) I<z<a, y<b—Mz, a<bM.

Assume that U(w, y) has a left derivative of the first order D3 U (, y)
and a continuous derivative Uy(z,y) on (1.3) for « > 0. Suppose finally
that U(w,y) satisfies the initial inequality |

(2.3) |T(0,9) <D
and the differential inequality
(3.3) \Dz Uz, 9)| < A|U (2, y)|+M| Uy, y)|+0

in (1.3), where M, O, D are non-negative constants and A > 0.
Under these assumptions the inequality
(43) U2, y) < Det® 42

18 satisfied in  (1.3).

(e*°—1)

(*) The application of differential inequalities to these estimations was suggested
by professor A. Plié. '
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The proof of the lemma is very similar to a proof in [3] (where U
is supposed to be more regular) and hence is omitted.
From the lemma it is easy to prove the following

COROLLARY. The lemma holds true if we replace the set (1.3) by the
set (2.1).

§ 4. TEEOREM. Suppose all the hypotheses from § 1. Suppose further-
more that |f(@, ¥y, 2, )| < T and that f(®,y, 2, q) has continuous derivalive
fz and |fz| < L in the set (0 <o < a, y,2,q arbitrary), where T, L are
constamts, then the inequality

14) 18(@, 5)—8™(@, )| <3 (6% —1)

holds true in (2.1), where

b

C = {L(ZL+T+3)+L(L+ ) (N +a)+(L(L+§)+ H( M+ a)} s
Proof. Put
(2.4) U(,y) = 8(z,y)—8"(@,y)
for (z, ) in (2.1). It is obvious that U(x, ¥) has the following properties

P,. U(w,y) is continuous and has a left derivative of the first order
D;U(x,y) (x> 0) and a continuous derivative Uy(z,y) in (2.1);

P,. 10(0,y)=0.
If U(z,y) satisfies the inequality

(3.4) \Dz U@, y)| LU (z, y)|+LI Uy(®, y)|+C

in (2.1), then U(w,y) satisfies all the hypotheses of the corollary in § 3
and (1.4) holds in (2.1).

Now, we are going to prove inequality (3.4) in (2.1). First we shall
show that inequality (3.4) is satisfied in ¢,. In virtue of (1.2), (4.2), (2.4)
we have '

Uz, y) = 8(z, y)— ™Y@, y)
and hence
(44)  |DzU(@,y) =|f®,9, 8 8y)~}o(y+ ta)— & (y— a) —
— {10, 94+ 1w, 0(y+ 10), d{y+12) +1(0, y— tw, w(y— 1a), d(y— 1))
Stlo(y+i2)—o(y— i) — ,
—3|F(@,9, 8, 8,)— 1(0, y+ 1o, 0 (y+$0), (y+ 10|+
+3|F (@, 9, 8, 8)—1(0,y— 1w, 0(y—10), d(y— 1))
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By the mean value theorem we get

(5.4) \DZU(w,y)| < 1Mo+ Lo+ to+18(2, y)— o v+ o)+
+18y(z, y) ~@(y+14o)|) +
+ 1L+ +18 (@, y)— o(y— 12)| +184(z, ¥)— b(y— i)
< Mo+ 3Lo+L| U (=, y)| + L Uy(z, y)|+
+ 3L{p (3, y)— o (y+ o) +|p (3, y)— @ (y— $2)]) +
+ 1Ll (@, y)— o (y + 1) |+l (@, y)— b (y— 10))) -

By (1.2) we have

(6.4)  [2¢™9(2, )~ 0 (y+ $0)— o (y— $0)

v+o/2

=2 [ £(0,8 (&), 0(&)a <2To.
y—z/2

But
o(y+32) = o (y— §z)+o(y+ 46,2),

where 0 < |6,] <1 and hence

(14)  12¢"(®, y)— 0 (y+ 40)— o (y— 1o)|
= 12609(@, y)— 20 (y— $0)— & (y + 46,2)a|
> 2[p™ (@, y)— o (y— 1a)|~No.

By (6.4) and (7.4) we obtain

(8.4) g™z, y)— o (y— ta)| < %(2T+N )@
By the same argument we get
(9.4) g™z, y)— o (y+d2) <} (2T+N)s.

Similarly by (1.2) we have

(10.4)  [2¢5" (2, y)— b (y+ $2)— b (y— 3o)|

=2|f(0, ¥+ 12, 0 (y+ ), by + 4a))— £(0, y— 12, 0 (y— 42), d(y— 1))
<2L(+N+M)».

But

o(y+ 32) = o (y— o) +6(y+ $6,0) 2,
where 0 < |6,] <1 and hence
(11.4) 265" (@, y)— o (y+ 30)— 6 (y— )]

== |2y @, y)— 200 (y — 4)— & (¥ + 46,2) 3|
> 2|y (@, y)— & (y— do)|— M .
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By (10.4) and (11.4) we obtain

(12.4) o (@, y)—a(y—10)| < LA +N+M)+ M) a.
By the same argument we get
(13.4) - loi @, y)—o(y+ 1) < 3RLA+N+ M)+ M)z,

By (5.4), (8.4), (12.4), (9.4) and (13.4) we have
| Dz U (@, y)| < L|\U(z, y)|+L| Uy(w, y)|+.
HI(ELAT+§)+L(L+ }) N+ (L(L+ 1)+ M) 8,

which means that inequality (3.4) holds true in ¢;. Now, in the case
of oy (t=2,3,...,n) by (1.2) and (4.2) we have

Ux,y)= S(w! ?{)—V’(n'i)(mi Y) -

But since (see [1])

e 068, y)| = loy (48, y)| < N +i8,

o048, y)| = oty (18, y)| < M+i8,
by a similar calculation we get

\D; U (%, y)| = [8a(z; y)— g5z, )]
< LU (2, )| +LI Uy, y)|+{LEL+T+3)+
+L(L4+ 3) (N +i8)+(L(L+ 1) +1) (M +i8)} 8,

which means that inequality (3.4) holds true in o4 (1 = 2, 3, ..., n) and
hence completes the proof.
Remark 1. If we replace [fz| <L by the inequality

1f(@1, ¥, 2y Q)— (@2 ¥y 2, Q)] < p(|B—a1])

where y(2) is a continuous function in 0, a) and (0) = 0, ou‘r theorem
also holds in (2.1), but in this case

O=|{L(L+T+ %) +L(L+ 3) (N + )+ (L(L+ 3)+3) (M + o)) 6+ sup ().

Remark 2. By inequality (1.4) we obtain also
lim 8™z, y) = S(z, ¥).

n—oo
Remark 3. As E. Baiada ([1]) has shown, if f(», ¥y, 2, ¢) and (y)
satisfy the inequalities (3.1), (4.1) and (5.1) (without (6.1)) in (2.1), then
equation (1.1) can be transformed (by z = o%) to satisfy also (6.1).
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