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0. Introduction. For r, N positive integers, we define 7' (N) as
the number of integers ¥ with 1 < & < N such that (k, N), the greatest
common divisor of k¥ and N, has no factor which is the -th power of any
prime. Some results for these functions have been obtained in [1]. In this
note we show properties of these functions analogous to the ones enjoyed
by Euler’s totient function ¢(= T,). We show also that the T.’s, for
r > 2, do not admit a restricted Busche-Ramanujan identity [2]. We
recall from [1] that the T,’s are multiplicative.

VN) = 2 T, (;—V) —N.

dr|N

1. THEOREM A.

Proof. Let N = [[pc, where p’s are distinct primes. Suffixes are
omitted and the notation followed here is as in [3, p. 54]. Hence, for
each d such that d'|N, N/d" is of the form []p® where a =¢,c—r,c—2r,
..., c—kr; here k is the nnique positive integer satisfying 0 < c¢—kr <.

VAN) = N T[22
= ,,” {T'p®) + To(p=") + ... + Te(p°=7)}
_ h{pc_kr +pe=krEr(l—p=T) + ...+ p(1—p~7)}
_ ﬁ{pc-m+ PR(pr— 1)+ oo b T — 1)}
»

THEOREM B. Let
W) = M -1tr ()

@)
N
then
WAN {N, if N =2"M, where M is odd and 0 <n -Zr—1,
ANy =\N@—2-¢-v), if N —2°M, where M is odd and n > 7
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Proof. If N is odd, all the divisors d are odd and then
WAN)=V.(N)=N by Theorem A.

Now let N be even, = 2" M where M is odd. Let n = kr 4 m where k, m
are integers such that 0 <m <r—1, 0 <k and at least one of them is
not equal to zero. Denote by D, the collection of all the odd divisors
of N; by D, the even ones. Write

de Dy
a'lN ar|N
Hence
Wr(N ) = an bN
Now

N M
ay = T, (—) = T,(2")Tf (———) =T,/2") M, by Theorem A,

b r £(3)- (Gl S n (5]

7
a'IM
= M {2»—Tx(2")}, again by Theorem A4 .
Therefore W, N)=2MT,(2")—N. If n <r—1, this equals 2(2"M)—
— N =N. If n>r, then this equals 2M2*(1—2-7)— N = N(1—2-(—-D),
CoROLLARY (cf. [4], p. 214, exercise 31). If N is even, then

Z (—1)y-1p (%J‘) =0.
aIN

2. We are using in this paragraph the terminology of [2]. The gene-
rating function of T, for base p is (1—a")/(1—px). Thus for r > 2, T, is
not an integral quadratic funetion, a totient function, the second con-
volute of a totient function or crosses between these types. Hence, by
theorem XXXVIII of [2] we clonclude that 7,, when r > 2, does not
admit a restricted Busche-Ramanujan identity.
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