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SOME REMARES ON SOLVING SYSTEMS OF LINEAR
EQUATIONS BY A RELAXATION METHOD COMBINED
WITH A GENERALIZED HOTELLING METHOD FOR

’ INVERTING MATRICES

Let 4, B, C, D,, and H, be square matrices of degree », let I denotes
the unit matrix, and |4| the determinant of a matrix 4. Let P, @, X,,
and 'Y be column vectors of degree r. Let ||A| and ||P| denote a metric
for the matrix A and for the vector P respectively, such that: for any real
number « we have [|Aa| = |a|-[|A; IIP]|>0 for P % 0; |I|| =1; and
for any A4, B, C and P, @ the inequalities

l4B+Cll < [I41- 1Bl O]l

and
, AP +QI| < [l41]- [P+ i@l
are fulfilled.

A generalized Hotelling method for inverting matrices ([1], [3])
allows for fixed m = 2, 3, 4, ...; for any matrix A satistying the con-
dition
(1) 4] + 0;
and for any given D,, the determination of
(2) D, =(I—H)A™

using the algorithm

m—1 ,
Dy, = (1+2 H:,,) D,, n=0,1,2,...,

8=1

where
H,=I1I—-D,A.
Moreover, if
(3) . | Holl <0<1,
then the following inequality holds:
™" \D
(@) 1D, — a1 < 2120
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For m = 2 the procedure (2) reduces to the well-known Hotelling
method [2].

If u, is the time necessary to perform the multiplication of two square
matrices of degree r, and o the addition or subtraction time of two ele-
ments, then the necessary time for the calculation of D, is equal to

() z(m, n) = nm(u,+r0).

Having given the required precision of the result, which according
to (4) means a fixed m", the time (5) reaches its minimum for m = 3.
For this value of m the generalized Hotelling method is faster than the
original one. But its disadvantage lies in the necessity (for m > 2) of
storeing one matrix more in the course of calculation.

Consider now a system of linear equations
(6) AX =7.

This system may be solved by a combination of the generalized
Hotelling method with the relaxation method

(7) - Xp =DY+4+({I—-DA)X;,,, k=1,2,3,...
The following theorem gives an estimate for the precision of the

proposed combination of methods:

THEOREM 1. If, for fized m > 2, the relations (1) and (3) are fulfilled,
and if D = D, s given by (2), then the procedure (7) leads to an approximate
solution of (6) and
(8) 1Xe—X| < 61| X, — X,
where X, is the initial solution.

Proof. Putting (6) into (7) we have

Xp—X = (I—-DA)(X;_,—X).
Expressing X;_,—X by X;_,—X and so on, in % steps we come to
X,—X = (I—-DAY*(X,—X).
For D = D, we have from (2)
X—X = H"™"(X,—X).
Inequality (3) allows then the formulation of the theorem.

Optimal proportions for the combination of the two methods are
stated in the following
THEOREM 2. If the assumptions of theorem 1 are fulfilled, then for
a given sufficiently large ewponent o >mr-+1 in the estimate
| X —X||

9 el L
® X=X <
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the minimum calculation time of X, ts reached approximately for

__ mr(pp+70)

k
(10) . | pr 1%

and
(11) n ~ In(g/k)/lnm,

where y, and o have the same meaning as in (5).

Proof. According to (5) and (7) the necessary time for the cal-
culation of X, is given by

‘ 1

(12) 7(my ny k) = nm (up+-r0) +k(p+r%) +p, (1 —{—;) +7ro.
Using (3) and (9) we have for .o >k
(13) n = (lng—Ink)/Inm.

If n was a real variable, the minimum calculation time would be obtained
for the equality sign holding in (13). For integral n we get only the approxi-
mate equation (11). Let us put (11) into (12). Differentiation with regard
to k (treated also as a real variable) gives

0 1 fir

a7 (M 1 ) —'——%M(ﬂﬁm)%—; +70.
This derivative is positive for

. mr ( g+ 10)
B>y= prt+1’e

and negative for ¥ < y; we have thus (10).

.REMARK. The time z(m,n) of calculating D, reaches its minimum
for m = 3, but for m = 2 it is only about 5°/, greater. Thus searching
for an optimal set of integers (m, n, k), the exponent ¢ given, it is necessary
to consider at least two cases m = 2 and m = 3.

’
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UWAGI O ROZWIAZYWANIU ROWNAN LINIOWYCH ZA POMOCA
ZEOZENIA METODY RELAKSACJI I UOGOLNIONEJ METODY
HOTELLINGA ODWRAOANIA MACIERZY

STRESZCZENIE

Rozwaza sie rozwiazywanie réwnania (5) za pomoca metody relaksacji (6),
gdzie D = D, oblicza si¢ wedlug nogdlnionej metody Hotellinga (2). Wzér (7) w tezie
twierdzenia 1 podaje oszacowanie dokladnofei zloZonej metody. Wzory (9) i (10)
w tezie twierdzenia 2 podaja przyblizone wartodci parametréw k i n, ktére minimizuja
czas osiagniecia rozwigzania Xy z dang dokladnoéeia (8). We wzorze (9) ur oznacza
czas mnozenia macierzy kwadratowych stopnia 7, a o czas dodawania dwu elementéw
macierzy.

H. ®JIBOPEK (Bponuas)

3AMEYAHHA O PENEHHH JIHHERHBIX VPABHEHHH C IIOMOHBIO
KOMBHHHUPOBAHHUA PEJAKCAIIHOHHOIO METOHA H OBOBH[EHHOIO
METOHA XOTEJHAJIHHIA OBPAIMIEHHA MATPHI]

PESIOME

PaccmarpuBaeTcA pelleHAe ypaBHeHHA (B) MeTomoM pemaxcamud {6), rme D = Dy
BRUUCIAeTCA 0606mBéHEHEM MeromoMm Xorennwmara (2). ®opmymra (7) B saxiaoueHmn
TeopeMs 1 pmadr ONGHKY TOYHOCTH KOoMOMHEpOBAaHHOTO Meroma. Popmyns (9) m (10)
B BAKJIOYeHUM TeopeMu 2 naor npulImHEénHHe SHATCHWA NAPAMETPOB k ¥ %, KOTOPHIe
MHHAMHMBHDPYIOT BpeMs NOXydYeHuA pemeHnAa Xp ¢ AaHHOW TovyHOCTBI. B dopmyne
(9) ur oGosHAvYAET BpeMA YMHOMEHMHA KBAJPATHHX MATpHI 7-r0 DOPANKA, & ¢ — Bpe-
MA CIOKEHHA NBYX 3JEeMEHTOB MATPHIH. .



