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Solutions of the Schrioder equation

by W. SMAJDOR (Katowice)

1. Let F be a locally convex space over the field of complex numbers C.
We consider the Schrider equation

(1) e[f(2)] = s9(2),

where ¢ of the type ¢: C" — F is the unknown function; the function
f of the type f: C* — C" and the complex constant s # 0 are given. We
shall investigate local analytic solutions of (1).

We assume that:

(a;) f(2) 13 an analytic function in a neighbourhood of 2 = 0 and

£(0) = 0.

(as) 4¢ £ max [4;] <1, where 2; denote the characteristic roots of

i=l,...,n

the matrix f'(0).
It follows by (a,) that there exists a positive number p such that

P
(2) 1—" <1
ls|

We suppose that ¢ is an analytic solution of (1) in a neighbourhood
of z = 0. We put

g(2)

3 : =
( ) nll...iq azil . aziq

] ’01,...,@q=1,...,n;q=1,..-,p,

z=0

and

n(q) = {nil...iq}il,---.fq=1'"--"' »

Differentiating equality (1) ¢ times and then setting z = 0, we obtain

g n

1 O
@ n® = {? Z 2 bi}s::f{;ml...f,,:, -
. k=1 j]...jk=l Hpeentg=Le,n

b

where b{ll;;;i{; are expressed by means of sums and products of derivatives
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of f at 2 = 0. Since the result of the differentiation does not depend on
the order of taking the derivatives, we have

5 Ne b = N 4 biyegtg=1,..0ym; g =1,...
(5) 711’1"'1111 Tiy..ig? 1929 % y ey My g y ey Py

for every permutation ¢, , .. ,z of the sequence 7, ..., 7,.

We say that the system A7 ™ is allowable if it fulfils system
(4) for ¢ = 1, ..., p, and conditions (5).

We shall prove the following

TuEOREM 1. If hypotheses (a;) and (a,) are fulfilled, then for every
allowable system 1V, ..., n'? for equation (1) there exists exactly one solution g
of (1) defined and analytic in a meighbourhood of 2 = 0 and such that

(6) @(0) =0, ‘77((1)(0) ="7(Q)9 qg=1,...,p.

Proof. Let 4, ..., ') be an arbitrary non-trivial allowable system
and let

(7) w( 2 Z ’7@1 'izzl"' 1,'
g=1 1:1 1"'1

We take into consideration only those elements of the set

(8) Niy..igs tyy coyfg =105 ¢=1,...,p
for which ¢, < 4, < ... < 1,. We set those elements into a sequence 7%, ..., 7,
N = (""':p ) —1. Similarly, we take only those equations from system (4)

in which -on the left-hand side Niy...i, has indices in a non-decreasing order.
Thus the Uiyt 1 L1y < ... < 4y, of the allowable system considered
fulfil the linear homogeneous system of N equations (arising from (4))

N
(9) 25;1177'=0, i=1,...,N.
i=1
We can write (7) in the form
N
(10) 0(z) = Dw;(2)7,
i=1

where w;(z) are homogeneous polynomials of the type w;: C* — C. Since
7™, ..., 7® is a non-trivial allowable system, the rank of the matrix

= [b!] equals N —1I, where! > 0. Thus 5'*’, ..., " are linearly dependent
on 5% ..., %" (possibly after a change of the numbering of variables).
Thus (10) may be written in the form

!
o(2) = 3 Wi@),

where W;(z) are polynomials of the type W;: C" — C.
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We shall prove the convergence of the sequence to an

o [f"(2)]
sm

analytic function of the type ¢: C* — F in a neighbourhood of z =0
if we show the convergence of the sequences W,[f™(2)]/s",j =1,...,1,
to analytic functions ;(2) in this neighbourhood.

We get all the allowable systems ¢, ..., ¢® for the equation

(11) p[f(2)] = sp(2), p: C"—>C,

solving the system of equations
' N
(12) Dbid =0, i=1,..,N,

where ¢ =¢; . if 7' =9 . (i1< <...<1i,). We can take ¢,..., ¢
arbitrarily and then ca,lcula,te ¢*l, ..., ¢" from system (12). Then function

14
ﬂ(z dtz 2 ’l 1 "‘ziq=ZWj(z)cj
i=1

=1 ‘il ‘l =1

fulfils the following conditions:

7(0) =0, a90)=c¢9, g¢g=1,...,p.
The equalities

(13) =1, =0, j#i,i,j=1,...,1

define exactly one allowable system c¢,...,¢®, and for this system

we have n(2) = W;(2). It is known (see [3]) that the functional sequence

m[f™(2)]  W;I[f"(2)]
g™ - g™

a neighbourhood of # = 0. This function fulfils equation (11) and the

‘conditions

converges to an analytic function ¢;(2) in

0%9;(2)

(14) A
02;"1 e az"q 2=0

=d (¢ =ci1...iq)7 t=1,..,1
where ¢ for 1 < j <1 fulfil (13). The function

4
(15) p(2) = Y pi(a)n'

=1

is an analytic solution of (1) in a neighbourhood of z = 0.
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We shall prove that ¢ fulfils conditions (6).
We differentiate both sides of the equality ¢[f(2)] = s¢(2), ¢ times,

g =1,...,p, with respect to the variables z,, ..., Zi B <t < oul < g
Ltar‘“—am— if 9 =u; .. Then
02y, -+ 02, |2= 1t
H
(16) bt =0, i=1,...,N.
j=1

p(2)
02; ... 025

z2=0
Moreover, we have by (9) and (16)

6 = forj=1+1,...,N.

Thus ¢ fulfils (6).
Now, we prove that there exists at most one solution of (1) fulfilling (6).
We suppose that ¢, and ¢, are analytic functions in a neighbourhood U
of ¢z = 0 fulfilling equation (1) and conditions (6). Let we F', where F
denotes the vector space of all continuous linear forms u: F — C. The
functions uo ¢, and o ¢, are analytic functions in U (cf. [1], Theorem 3.2)

such that
w0 gr[f(2)] = suo gu(),

q

o {0)=0, —— —
?x(0)= 0, 02;, ... 02;

%0 pg(2) = “(nil...iq)y k=1,2;

=0
Gy ey tg=1,..0m5  ¢=1,...,p.

It follows by the form of system (4) and conditions (5) that the system
", ..., o®, @ ¥ {u(nsy.. 1)}, 80=1,..m, 4= 1, .., P, is an allowable system
for (11) In virtue of [3] Theorem 1 We have uo @1(2) = uogpy(2) for ze U.
Since uwe F' was arbitrary, we have ¢, = ¢,.

If 4™, ..., 7™ is a trivial system, then ¢ = 0 is the unique solution
of (1) fulfilling (6). Thus the proof is completed.

2. Let F be a locally convex space over the field of real numbers E.
We consider the Schroder equation

(17) p[f(z)] = sp(2),

where f and ¢ are of the types f: R™ — R" and ¢: R"™ — F, respectively,
and the real constant s is different from zero.
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We assume that

(b)) f(x) is defined and of class C? (p > 0) in a neighbourhood of

z =0 and f(0) = 0.
»
(by) ITOI < 1 for a certain positive integer p, where 1, = max |4,
i=1,...,n

and 1; denote the characteristic roots of the matrix f'(0).

We apply Theorem 6.2 from paper [2] and by an argument quite
similar to that used in Theorem 1 we may prove the following

THEOREM 2. If hypotheses (b,) and (b,) are fulfilled, then for every
allowable system 3", ..., ™ for equation (17) there ewists exactly one so-

lution ¢(z) of (17) defined and of weak class C* (1) in a meighbourhood of
x =0 and such that
q

7]
(18) wuoe(0) =0, muoqa(w) = Uy 4 =1y Py
1 .

Vig =0
for every we F'. This solution is of class C*.
Let f(z) be defined in a domain @ < B and let I, £ @ {w: |o| =1},

RE {r>0: I, 0}, h(r) 2% sup f(z)| for re B (%). We assume also
Iy

that ’

(bg) h(r) is continuous in B and 0 < k(r) < 1 for re R.

Theorem 2 of this paper and Theorem 6.3 of [2] imply the following
theorem of a global character:

THEOREM 3. Let f(x) be a CP-morphism of G into G and let hypotheses
(b,) and (by) be fulfilled. Then for every allowable system 3", ..., n® for

equation (17) there exists exactly one solution ¢(x) of (17) defined and of
weak class C? in G fulfilling conditions (18). This solution is of class CP.

(1) The function ¢: BR"* — F is of weak class OP in an open set U if for every
linear and continuous form u%: F — B the function wogp is of class O in U.
() Here |z = (234 ... +22)12,
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