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ON SETS OF COMPLETELY UNIFORM CONVERGENCE
BY

PAOLO MAURIZIO SOARDI axp GIANCARLO TRAVAGLINI (MILAN)

1. In this paper*, T denotes the circle group, Z the group of the inte-
gers, and M (T) the space of all complex regular Borel measures on 7T'. For
E c Z, Cyx(T) denotes the space of all continuous E-spectral functions
on T.

A subset F of Z is called a UC-set if every function in Cg(T) has
uniformly convergent Fourier series. Clearly, every Sidon set is a UC-set,
while the converse is not true as Figa-Talamanca first showed [2]. For
a detailed study and examples of UC-sets we refer to [7] and [9].

We define the UC-constant of a set £ < Z to be

%(B) = Sup {"SNf"oo/"f"oo feCg(T),f #0,N eZ*},

where

N
Syf@) = ) f (n)exp(ina).
n=-—N

Clearly, E is a UC-set if and only if »(E) is finite.

Definition 1. A get E — Z is a set of completely uniform convergence
(a CUC-set) if Sup{»({E+p}): p € Z} < oo, where {B+p} = {g+p: q € E}.

This definition was introduced by Ricei in [8]. CUC-sets turn out to
be related to subsets of T which are not Helson sets and do not carry
unbounded pseudomeasures ([8], Chapter 4).

It is easy to see that a UC-set contained in the set of positive integers
is a CUC-set (see [8], Proposition 4.4, and [9]). A question implicitly
raised by F. Riceci is whether there exist (non-Sidon) CUC-sets which are
essentially different from this example. In this paper we give an affirmative
answer by constructing a symmetric non-Sidon CUC-set. Moreover, we
show that if there exists a UC-set which is not a CUC-set, then the union
problem for UC-sets has a negative answer. As a corollary to the proof,

* This work was partially supported by the C.N.R.
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there exist non-UC-sets which do not contain arbitrarily long arithmetic
progressions.

2. Arguing as in [7], Theorem 1, it is easy to prove the following
proposition (see [8], Proposition 4.4, and [9], p. 283).

PROPOSITION 1. A UC-set E i3 a CUC-set if and only if there exists
a measure u € M(T) such that 4|(EnZ*) =1 and u|(EnZ~) = 0.

The proposition relates CUC-sets with the notion of harmonic sepa-
ration introduced in [3] and further discussed in [6] and [4].

Definition 2. Two distinct subsets A and B of Z are harmonically
separated if there exists a measure u € M(T) such that u|A =1 and
4|B = 0.

We remark that, by Drury’s theorem [1], any two disjoint Sidon
sets are harmonically separated, while this is not true for UC-sets ([9],
Lemma 4).

3. We have the following result:
THEOREM. There exists a symmetric CUC-set which i8 not a Sidon set.
Proof. We begin with the observation that for any interval (u, v)
< [0, 2=) there exists a (Hadamard) set {n,};>,= Z* such that
1) Inf {n;,. /m: keZt}>2,

(2) {exp (iny)} = (u, v)
(since the closure of {exp(in)} coincides with the unit circle).
We choose two intervals A, B < [0, 2x) such that

3
A+B C[%’ Zﬂ],

where A+ B = {p+q:pe A, qeB}.

Let @ and R be Hadamard sets which satisfy (1) and (2) with (u, v)
= A and (u, v) = B, respectively.

Let E = @+ R. The set F i3 not Sidon (see, e.g., [6], Theorem 1.4).
However, by [9], Theorem 7, H is a UC-set and, by [9], Theorem 2, EU( —E)
is a UC-set.

Now we show that £ and —F are harmonically separated. Indeed,
let ¢(n) = exp(in); then

® 3 b 7
q:lEc[—I,z-n] and qal—Ec[Zn,z-ﬂ:].

Let A and — A be the closures of E and — E, respectively, in the Bohr
compactification bZ of Z. We can extend ¢ to a continuous function ¢
on bZ, and by continuity we have

- T 3 . 5 7
¢|Ec[—z,zn] and q)l—Ec[z'tr,Zn].
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Hence An(—A4) =9.
Let V < bZ be a symmetric neighborhood of 0 such that

A+V)n(—A4+7V) =0.
Let U = A+ V and let y be a continuous function on bZ such that

p|U =1 and ¢y|—U = 0. Let y, and m(V) denote the characteristic
function and the measure of V, respectively.

Then
1
= A(bZ).
& m(v) y*yy € A(bZ)
Hence £|Z is the Fourier-Stieltjes transform of a discrete measure
peM(T).
We have

1

Hence u|F =1 and 4|—E = 0. Then, by Proposition 1, Eu(— E)
is a CUC-set.

We remark that by the same technique it is possible to construct
“large” symmetric sets (of positive density) whose positive and negative
parts are harmonically separated.

4. We consider the following open questions (*):

(a) Does there exist a U(C-set which is not a CUC-set?

(b) Is the union of two UC-sets again a UC-set?

We can prove the following result:

PROPOSITION 2. A positive answer to (a) implies & megative answer
to (b).

Proof. Let E be a UC-set which is not a CUC-set.

We write

E} =Bn(0,n], E; =En[—n,0),

FI = {EI +22n}7 F; = {E; +22n}9

H* =\JF}, H =\JF;.
n=1 n=1
By [9], Theorem 3, H* and H~ are UQ-sets. H* UH™ is not a UC-set.
Otherwise, by [7], Theorem 1, there exists a sequence {u,} in M(T) such
that
1 if je(H*VH")N(0,n],

S :meZt )
0 if j € (H+ UH—)\(O’ ’n], up {"l“n"l € }< [o o]

i) =

(*) (a) has been solved in the positive (hence (b) in the negative) by J.J. F. Four-
nier (Note of the Editors).
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If
Vi = by XD ( —1-2°%7),
then

i ,)_{1 if je En[—k,0),
%) =\o it je B, k).

By Alaoglu’s theorem we have a measure v e M(T) such that
v(ENZ~) =1 and » |(ENnZ*) = 0. Then F is a CUC-set, which contra-
dicts our assumption.

There are many non-trivial examples of subsets of Z whose positive
and negative parts are mot harmonically separated (see, e.g., [4]): for
instance the set {+n?}. This fact and the technique of the above proof
allow us to construct examples of non-UC-sets which do not contain
arbitrarily long arithmetic progressions.
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