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1. Introduction. In many instances ip mathematical modelling, due to
unpredictable variations of the data or even due to our ignorance, we are led to
random differential systems. This is very nicely exemplified by the works of
Bharucha-Reid [5], Soong [18], and Tsokos and Padgett [19].

In the area of partial differential equations, Kampé de Fériet [10], [11]
was the first to study the random heat equation, with the randomness entering
through the initial value of the problem. Later Samuels [17] considered the
same problem with random boundary condition. More recently Becus [3], [4]
combined random initial and boundary conditions with random source
(random forcing term), while Chow [8], in connection with the problem of
wave propagation in random media, had an equation with random operators.

In this paper we unify and extend the above-mentioned results by
examining the following general random, nonlinear multivalued evolution
equation involving convex subdifferentials:

(%) —X(w, t)edp(w, x((b, )+F(o, t, x(w, 1)), x(w, 0) = xq(w).

By a random strong solution of (*) we understand a stochastic process
x: Q x T- X with absolutely continuous realizations such that, for every w e Q,
x(w, -) is a strong solution of (), i.e., for fixed we Q, x(w, *) satisfies (*) a.e.
Deterministic equations of this form and with single valued perturbations were
studied by Brezis [6] and Barbu [2].

In the remaining part of this section we will recall some definitions from
the theory of multifunctions that we will need in the sequel. So let (2, Z, u) be
a complete probability space, and X a separable Banach space. By Py, (X) we
will denote the nonempty closed (convex) subsets of X. A multifunction
F: Q- P.(X) is said to be measurable if, for all ze X,

w—d(z, F(w)) = inf {||z—x||: xe F(w)}
is measurable. By S§, 1 < p < oo, we will denote the I?(X)-selectors of F(-), i.e.,
St = {fe 2(X): flw)e F(w) p-ae.}.



132 D. KRAVVARITIS AND N. S. PAPAGEORGIOU

This set may be empty. It is nonempty if and only if
o —inf {|z|: zeF(w)}el.

Also, let {A4,},>, = 2*\{9}. Then the weak limit superior of the A,’s is defined
to be the set

w-lim 4, = {xeX: x = wlimx,,, x, €4, k> 1}.

If Y, Z are Hausdorff topological spaces, we say that a multifunction
F: Y—2%\{Q} is upper semicontinuous (u.s.c.) if and only if, for all U = Z open,
F*(U)={yeY: F(y) < U} is open in Y. Furthermore, we say that F(-) is
closed if

GrF = {(y,2)e YXZ: zeF(y)}

is closed in YxZ. From [9] we know that upper semicontinuity implies
closedness of F(-). The converse is not true in general.

A function ¢: Qx X - R = R U {+ o} is a normal integrand if and only if
(w, x) = @(w, x) is measurable and, for all we 2, x » ¢(w, x) is L.s.c. and proper.
Using von Neumann’s projection theorem (see [16], Theorem 4), we can see
that the multifunction

w—epip(w, ) = {(x, )e X xR: ¢(w, x) < 1}

is closed valued and measurable. If, in addition, ¢(w, -) is convex, then we say
that ¢ is a convex normal integrand.

Finally, from nonsmooth analysis recall that for a proper function
@: X - R the subdifferential at x is defined by

Op(x) = {x*e X*: (x*, y—x) < ¢(y)—o(x) for all ye X},
while ¢(-) is said to be inf-compact if, for all LeR, {xe X: ¢(x) < A} is compact.

2. The Theorem. The mathematical setting is the following. Let (2, X, u) be
a complete probability space, T= [0, b] a bounded closed interval in R, and
X a separable Hilbert space. We will make the following hypotheses:

H(¢p): ¢: 2x X — R is a convex normal integrand, which is inf-compact in
the x-variable and the multifunction

D(w) = D(9¢p(w, ")) = {xe X: dop(w, x) # O}
has a measurable selector.

H(F). F: QxTx X - P, (X) is a multifunction such that

(i) (o, t, x)> F(w, t, x) is measurable;

(i) for every (w, t)e 2 x T, the multifunction x - F(w, t, x) is sequentially
closed in X x X ;

(iii) |F(w, t, x)| =sup{|z|: ze F(w, t, x)} < a(w, t)+b(w, t)|x|| ae. for
every weQ, with a(-, -) and b(-, -) measurable and a(w, ‘), b(w, *)eI?;
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Hy x,: Q- X is measurable.
We have the following existence result concerning problem (#):

THEOREM. If hypotheses H(¢), H(F) and H hold, then (x) admits a random
strong solution.

Proof. Let z(-) be 'a measurable selector of D() and let v(-) be
a measurable selector of w—d¢(w, z(w)). The latter is possible since the
subdifferential multifunction is measurable. Set

(@, X) = p(, )~ o(o, 2(@)—(v(@), x—z(@)).
Then it is easy to check that (*) is equivalent to

—X(w, t)edp(w, x(w, 1)+ F(w, t, x(w, ))+v(®), x(@,0)= x,(w).

So there is no loss of generality in assuming that

min {¢(w, x): xe X} = ¢(w, z(w)) = 0.
Therefore

(z(w), 0)eGrop(w, ) for all wel.

Next let us determine an a priori bound for the solutions of (). Thus, if
x(-,') is a random strong solution, it is automatically an integral solution too,
and so it satisfies (see [6], p. 64)

Ix(e, )—x|I* < leo(w)—xllz+2Ef:(h(w)(S)—y, x(@, s)—x)ds

for every weQ, (x, y)eGrdp(w, ') and for some h(w)€ S}, xw.) Let
(x, y) = (z(w), 0). Then

Ix(w, ) —z(@)I? < IIxo(w)—Z(w)||2+2£ (h(@)(s), x(w, 8)—z(w))ds,
s0
Ix(w, ) —z()|* < leo(w)—Z(w)ﬂ2+2i Ih(@)s)l - Ix(, 5)—z(w)ll ds.
Invoking Lemma A.5, p. 157, of [6],0we get
Ix(w, ) —z(w)| < leo(w)—Z(w)II+illh(w)(S)IldS for all we, teT.

Recalling that h(w)() € Skw...x(.)» @€ 2, and using the growth hypothesis
H(F) (iii), we have

Ix(, )—z(@)]l < IIxo(w)—z(@)] + [ [2(w, 5)+bw, S)ix(w, 5)I]1ds,
4 _
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and by Gronwall’s inequality we get
Ix(w, )] < K(w)exp [|b(w, *)Il; = M(w) for all weQ, teT,
where
K(o) = || xo(@)—z(w)ll + ||l z()]| + [la(e, ).
Then consider the multifunction F: Q x Tx X — P, (X) defined by

F(w, t, x) if x| < M(w),

Flw,t, x)=
F(a), t’M(w)x
flx|l

) if |x|| > M(w).

From this definition we see that
F(w, t, x) = F(o, t, p(w, X)),

where, for every we Q, p(w, -) is the M (w)-radial retraction. Note that p(w, x) is
measurable in w and Lipschitz in x. Hence (w, ¢, x) = F(w, t, x) is measurable,
while for x,®»x we have

p(w, x,)* p(w, x),

and since, by H(F) (ii), F(w, t, *) is closed and B(0, M(w)) = {xe X: ||x| < M(w)}
is metrizable in the w-topology, we have

w-lim F(w, t, p(o, x,)) € F(, t, p(w, x))=>w-limF(o, t, x,) = F(o, t, x).

Furthermore, |F(o, t, x)| < a(w, )+ M(w)b(w, t) = y(w, t). Clearly, y(-,) is
jointly measurable and, for all weQ, y(w, -)eI2. Consider the set

B(y)(@) = {the Z(X): [h@)l < y(, 1) ae.}.
We claim that w — B(y)(w) is a measurable multifunction. To see this let
C, 1) = {xeX: || <@, B}

Since y(-,-) is jointly measurable, so is the multifunction (w, t) - C(w, t) and, for
all we Q, C(w, *) is >-bounded. Now note that B(y)(w) = S, .. Then for every
keI?(X) we have

d(k, B(y)(w)) = d(k, S¢,,) = inf {llk—gll,: g€ St(,}

b b
= inf{[ |k(s)—g(s)llds: g€S%q.} = [inf{|[k(s)—z|ds: ze C(w, s)}ds
0 0

= Fd(k(s), C(w, s))ds.
0

Thus from Fubini’s theorem we see that w—d(k, B(y)(w)) is measurable, and
hence w — B(y)(w) is measurable.
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Let r: 2 xI?(X)— C(T, X) be the map that to each (w, h)e Q x I?(X)
assigns the unique strong solution of
—X(t)edp(w, x(t))+h(t) ae, x(0)= xy(w).
Fix heI?(X). From Lemma 2.1 of [2] we know that

r(w, h) = limr,(w, h),
A=0

where r,(w, h) is the unique solution of

X)) = V‘Pa(‘”’ xa(t))+h(t), x,(0) = xo(w)
with

¢,(w, x) = inf[% lx—z|I? + ¢(w, 2): zeX].

But r,(-, h) is measurable, since V¢, (w, x) is measurable in w (see Theorem
2.3 of [1]). Next fix w € Q and consider the map h— r(w, h). We claim that it is
continuous from (I?(X), w) into C(T; X). So let h,* h in I*(X). Set x,, = r(w, h,).
Let t, 'eT, t<t. We have, for all n>1,

t

130 () = X, (O = || Xa(s)ds]| < § l1X,(5)ll ds

t
b

' b 1/2[b 1/2
<J |pr.,'1(S)i..(S)IIdS<[£ le(..r;(S)IIZdS] [£ IIX,.(S)IIZdSJ :

0

From the estimates in Theorem 3.6 of [6] we know that

b
J 1%,(s)l1%ds < sup [I, ]l +[¢ (@, xo(@))]'/* = M, ()
0

n21
= [lx,(t) —x, (Ol < M, (@)(t'—1)'2,

which implies that V= {x,},>, is equicontinuous.
Also again from Theorem 3.6 of [6] we know that

I%,017+ 200, %,(0) = (1,0, %,(0) ac.
s0
00, %(0) < 0(0, 5@)+ {10, HO)s
< ¢(@, Xo(@))+[M,(@)]"*sup ||h,|, = My(w) for all n> 1.

nz1

Recalling that ¢(w, ) is inf-compact, we deduce that Wt) = cl{x,(t)}.> is
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compact. Invoking the Arzela—Ascoli theorem we conclude that V is relatively
compact in C(7, X). Hence by passing to a subsequence if necessary, we may
assume that x,—x in C(T, X). By definition we have

—%, ()€ 3p(@, X, (D) +h,(t) ae,  h €Sk runs
)
— X (t)—h,(2) € dp(w, x,(2)) ae.,
and hence

( - -x.n - hn)( ) € Sgo(m.x.-(-))‘
But if

b
Io,@)x) = | oo, x(0)ds

from [15] (Theorem 22) we know that

Sg«p(a)p.xn(')) =01 ((p(w))(xn)‘
Thus we have

(=%, —h)( A (@(@)(x,)-

By hypothesis, h,® h in I?(X), while since I?(X) is a Hilbert space and
{%,}n>1 is bounded, by passing to a subsequence if necessary we may assume
that x,* x in I?>(X). So we have

(xn!_x.n_hn)s::” (x’—x'-h)'

Since 0I(¢(w))(-) is maximal monotone, its graph is demiclosed. Therefore
we see that

(x,—%—h) e Gral (p(w))(*)=>(—X—h)(-)€ A (¢ (@))(X) = S3p(@,x(
= —x(t)edp(w, x(1))+h(t) ae. =x=r(w, h),

which implies that h—r(w, h) is continuous.
Now consider the multifunction R: Qx I?(X)—2L**)\{@} defined by

R(w, h) = S%(m,-,r(w,h)(-))'

Let u(w, t, h) = ¢,(r(w, h)), where ¢,(-) is the evaluation map at te T It is
well known that (¢, h) > u(w, t, h) is continuous, while clearly w —u(w, t, h) is
measurable. Thus (w, t, h) > u(w, t, h) is measurable. Let .

¥, (o, t, )= (o, t, u(, t, h).
This is measurable. Also let ye X and let
Vs (@, t, h—>d(y, Fo, t, x)).
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Because of hypothesis H(F) (i) we deduce that ¥ ,(-,",) is measurable. So finally
we infer that

(@, t, )= Y0¥ (@, t, h) = d(x, F(w, t, r(w, b))
is measurable, while clearly
x—d(x, F(a), t, r(w, h)(t)))
is continuous. Therefore we can say that
(@,t, h, x)>d(x, F(o, t, r(w, (1)
is measurable, and so
(@, t, h)—>d(g®), Fo, t, r(w, b))

is measurable and, consequently,

b
(@, h)—> g d(g(2), F(o, t, r(@, h)(®))dt = d(g, Sk, mwmy)

is measurable, while is continuous in g. Hence
k: (@, h, 9)=d(G, Sho. newmn)
is measurable, and so
GIR = {(w,-h, g)e 2 x I2(X) x (X): k(w, h, g) = 0}
€ X x B(I?(X) x I*(X)) = Z x B(I2(X)) x B(L*(X)).

Next we claim that, for fixed we Q, R(w, ‘) is u.s.c. on B(y)(w) with the
weak I?(X)-topology. Note that

R(w, ): BO)(@)~ Pr(B(y) ().

Since B(y)(w) is w-compact in I?(X) (being bounded), it suffices to show that
GrR(w, ) is closed in B(y)(w) x B(y)(w) with the product weak topology. Since
the latter is metrizable, it suffices to consider sequences. So let

(hy, g)€GIR(®@, ),  (h,, g)"3" (h, g) in I(X)x I}(X).
Then we have
r(w, h)—r(w, h) in C(T, X),
while from Theorem 3.1 of [14] we get
g(t)econv w-lim{g(0)}.>, ae.
c cmw-li_mf(a), t, r(@, h)(@)

< conv F (w,t,7(@, () = F(o, t, r,h)?)a.e. ageSﬁm,.,,(,,.x:,,»ge R(w,h),
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and so GrR(w, *) is closed, which implies that R(w, ‘) is u.s.c. from B(y)(w) into

itself.
Let L(w) = {fe B(y)(w): fe R(w, f)}. From the Kakutani-Ky Fan fixed
point theorem we know that, for all we Q, L(w) # 9F. Aiso

GrL= {(w, /) e R x I}(X): fe R(w, f)} n Gr(B(y)(*))

= Projo x L2¢x)[(2 x D) n GrR] n Gr(B(y)(")),

where
D = {(f;, L) e LX) x B(X): f; = f,}-
We saw earlier in the proof that GrRe X x B(I*(X)) x B(I*(X)). Thus
(2 x D) n GrR e X x B(I?(X)) x B(I*(X)).

Using Theorem 39.IV.1 of [12] we get

Projo x L2 [(2 x D) n GrR] € X x B(IZ(X)).
Recalling that GrB(y)()e X x B(I*(X)), we conclude that

GrLe Z x B(I2(X)).

Apply Theorem 3 of [16] to get v: Q— I?(X) measurable such that v(w)e L(w)
for all we Q. Then let

x(w, t) = r(w', v(w))(2).
Clearly, this is a random solution of (*) with perturbation F(w, t, x). Since
IF(w, t, )| < a(w, )+ x| bw, t)

(recall its definition), with a similar argument as in the beginning of the proof,
we see that ||x(w, t)| < M(w), and so

F(o, t, x(w, ) = F(o, t, x(o, t)),
which implies that x(-,") is the desired random solution of (x).

3. Examples.

1. Let G be a bounded domain in R" with smooth boundary G =T.
Consider the following random, nonlinear, multivalued diffusion equation
defined on T= [0, b] x G:

_6v(w, t, 2)

ot
(**),
v(, 0, z) = vy(w, 2) on 2x{0}xG, v(w,t,z)=0on 2xTxTr.

Here F: Q@x TxR"x R— P; (R) is a multifunction such that

+ 4v(w, t, z)—0k(w, v(w, t, 2))eF(o, t, z, v(w, t, 2)),
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() (w, ¢, z, 9> F(w, t, z, q) is measurable, w—»d(g(-),F(w, t,-,w(-))) is
continuous on I?(G) for all geI?(G).
(i) for all (w,t,2)eQxTxR" g—F(w,t, z, q) is closed;
(lll) IF((D, Lz, q)l < a(ws L, Z)+b(w, L z)lqla where a('9'9') and b(a,) are
measurable, and a(w, -, *), b(w,",")€ [2(Tx R").
Also, let k: 2xR—R be a convex normal integrand such that
ok(w, 0) # 9.

Define ¢: QxI?(G)—»R by
{ 1[IPx)?dz+ [ k(w, x(z))dz  for xe H§(G),k(w, x(-))e L'(G),
o, x)=+4 ¢ a

+ 00 otherwise.

Clearly, (w, x)— ¢(w, x) is measurable, and from [2] (see the remark in
page 88) we know that, for all we®, ¢(w, -) is Ls.c. on I*(G). So (-} is
a convex normal integrand. We also have

0p(w, x) = —Ax+ 0k(w, x)
and
D(0¢(w, -)) = {xe H5(G) n H*(G) n D: there exists ye I?(G)

such that y(z)e dk(w, x(z))—4x(z) a.e.},
where

D= {xe Z(G): Shwxcn # D}

Recalling that w—dk(w,v) is measurable, we can easily check that
D(w) = D(0¢(w, -)) has a graph in Z x B(I?(G)), and so applying Theorem 3 of
[16] we deduce that D(-) admits a measurable selector. Note also that for fixed
we 2 we have

{(xeI2(G): o(w, x) < A} = {xeI*(G): }[|Vx|*dz+ [ k(e, x(2))dz < A}
G G
c {xe2(G): }{IVx|*dz < 4},

and by Poincaré’s inequality we deduce that this last set is bounded in H}(G).
But the imbedding of H(G) into I2(G) is compact (Rellich’s theorem). So
¢(w, *) is inf-compact in X = I?(G).

Also, let F: Qx Tx I?(G)— P, (I2(G)) be defined by

Flw,t,w)= SFw.t. -
For ge I?(G) we have

d(g, Flw, t, w) = jd(g(z), Flw,t, z, w(z)))dz.
G

Because of hypothesis (i) about F, we conclude that
(@, t, w)—d(g, F(o, t, w)
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is measurable, so (w, ¢, w)—»F (w, t, w) is measurable. Also, if
w,, v,)eGrF(w,t,") and (w,, v)*%"(w,v) in I}(G)x I*(G),
then using Theorems 3.1 and 4.2 of [14] we get
v(z)eaw-ﬁ{v,(z)},,;l a.e. < conv lim F (@, t, z, w,(2))
€ F(w, t, z, w(z)) a.e. on G,
which implies that F(w, t, ) is sequentially closed in X x X, X = I?(G).
Finally, observe that
IF(w, t, w)l < d(w, )+ |wl,Ho, 1),
where
4w, 7) = e, t, ),AG)"* and  b(w, 1) = b, ¢, ).
Now rewrite (x#), as the following abstract evolution inclusion:
(x*); —X(w, )edo(w, x(w, )+ F(w, t, x(@, 1), x(@,0) = x4(w),

where x,: Q- I?(G) is defined by x,(w)(*) = vy(w, -). From the above we see
that hypotheses H(p), H(F) and H, are all satisfied. So we can apply the
Theorem and get a random solution x: Q x T— I2(G). Set v(w, t, z) = x(w, t)(2).
This is the desired random generalized solution of (x*).

2. Let G be as in the previous example. Consider the following bound-
ary-initial value problem on Qx Tx G:

o (@ ) o )
ot < ," az,‘ 0z,

v(w,t,2z)=0 on QxTxF, v(w, 0, 2) = vy(w, z) on 2xG.

)eF(w t, z, v(w, t, 2)),
(x%),

Here F(w, t, z, q) is as in Example 1, while ¢,;: Q- R, ke{l,...,n}, are
measurable functions.

Let A(w): W§P(G)»W ™ 4(G), 1 < p, q < o, 1/p+1/q = 1, be defined by
the following Dirichlet form:

"2 dw dv
dzkd

dw

dz,

a(w, w, v) = (A(@)w, v) = Z c(w)j' —dz, v, weW}P(R).

Note that if . Qx W}?(G)-R is

o(w, v) =-

then A(w)v = Vo(w, v). Also, let
D(w) = {ve Wg'?(G): A(w)ve?(G)}.
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Then A(w)|pw) is equal to oy (w, *), where

N otherwise.

Rewrite (»+), as
(++); —X(w, )edY (0, x(v, )+ F(o, t, x(@, 1)), x(®, 0) = x,(w).

Taking X = I?(G), we can check as before that all hypotheses of the
Theorem are satisfied. So there exists a random solution for (x*);, which gives
us the random generalized solution of (x*),.

3. Let G be as before and let r > (n—2)/n. Consider the following
initial-boundary value problem defined on Q x G:

_6v(w, t, 2)

ot
(*#);
v(,t,2)=0o0n QxTxI', v(w,0,z)=r1v4(w,z) on Qx{0}xG.

Take X = I?(G) and Ax = —Ax|x|""! on
D(A) = {xe 2(G): x, x""'eH{(G) and Ax|x|""'e *(G)}.

Then it is well known (see [2], p. 67) that Ax = d¢(x), where ¢: H™*(G)—> R is
given by

+ dv(w, t, 2)p(w, t, 2)|" " 'eF(w, t, z, v(o, t, 2)),

G

j'lx(z)l'dz if x(-)e L(G),
o(x ={ :
+ o0 otherwise.

So (**), takes the form
(##)3 —%(w, ) edo(x(@, )+ F(w, t, x(@, 1)), x(@,0) = xo(w).

On (*#)3 we apply the Theorem to conclude the existence of a random
solution. Such problems appear in mathematical physics and random free
boundary problems. Also, when

F,t,z,q) = [limf(,t,z,q), imf(o,t,z,q)]
q9~q q'~q
and the two limits are both measurable and l.s.c. and u.s.c., respectively, we get
random evolution equations that describe obstacle problems (see [7]).

4. For this example let K: Q@ — P, (X), where P, (X) stands for a family of
nonempty, compact, convex subsets of the separable Hilbert space X, and set

(P(w, x) = a‘sx(w)(x)’

where dx,)(x) =0 if xeK(w), and dk(,)(x) = + oo otherwise (the indicator
function of the set K(-)). Then, recalling that 0d,)(x) = Ng)(x) is a normal
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cone to K(w) at x, equation (x) takes the form
(**)4 —x.(w’ t)eNK(w)(x(wa t))+F((D, t, X((D, t))’ X((D, 0) = xo(w)'

This way we obtain a random version of the “sweeping process” problem
of Moreau [13] that has applications in mechanics.
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