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1. Introduction. In this paper the author has established some
relations between integral transformations of two variables and double
infinite series, with the help of the Mellin transform of two variables.
The results give a new technique for finding a closed form expression
for a double infinite series.

The following well-known integral transformations of two variables
will be used.

1. Mellin transform ([5], p. 565)

F(rys) = [ [ o 'y 'f(=, y)dedy;
[ ]

bo

. Laplace transform ([2], p. 657)

oo oo

F(p,q) = [ [ €™ ¥f(a,y)dedy, R(p,q)> 0;

0

3. Hankel transformation of zero orders ([3], p. 47)

o0 00

P(p,q) = [ [ Vpgoy Jo(po)do(qy)f (=, y)dwdy;

0

4. Fourier cosine transform

F(p,q) = [ [ cospacosqyf(z,y)dudy.
0 0

5. Stieltjes transform [4]
Fp,9) = [ [ (a+p) " (y+ 9 "f(2,9)dody.
0 0

2. In this section we have established the main result which gives
the relation between double infinite series and integral transformations
given in section 1.
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TeEOREX. If

F(r,s) = f f oy f(w, y)dady,
then 00

=]

21 Y eubFim+t1,n+1) ff[ Z @b, 5™y ]f(:v,y) dady,
m,n=>0 0 m,n=0
provided the Mellin transform of |f(x,y)| ewists the series involved are
absolutely convergent and the change in the order of inlegration and summa-
tion in (2.1) is permaissible.
Proof. Replacing r and s in (1.1) by m+1 and »n-+1 respectively;
multiplying by a,b, and summing up m and = from 0 to oo, we get

o 00 00

3 anb, Flm+1,n+1) = Z J | [anbay"1f (e, y) dwdy

m,n=0 n=0

ff[ Za’ b, 2™ ?/]f(w,y)dﬁdy,

m,n=0
since the change in the-arder of summation and integration is permissible.

Thus the result (2.1) is proved.

With certain specific choices for a, and b,, we can reduce the in-
“tegral on the right-hand side of (2.1) to standard transformation integ-
rals (sometimes a simple change of variables is also required) given in
section 1.

For example:

(a) When a,, = (—p)"/m!, b, = (—¢)"/n!, we have

(2.2)

2“: (=)™ "pm¢" F(m+1, n+1)

m!n!

= [ | e i@, dwdy.
0 o

m,n=0

(b) Taking a,, = (—p)™/(2m)!, b, = (—q?)"/(2n)!, we get

1 (—L) P F(m 1, 1)

(2.3) (2m)! (2n)!

mn=0
= 4f f cos pucos qv {uvf(u?, v*)}dudv.
0 0

(¢) Putting a,, = (—p?)™/2¥™(m!)?, b, = (—¢?)"/2*"(n!)?, we get

o (_1)m+np2mq2nF(,m+1’ n+])

24) 2T (4 1)2 ()2

m,n=0

=i_f f Vpgstdy(ps)d, (qt){l/_f 2,12)}dsdt.
Va3 3
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(d) a, = (—1)"/m!, b, = (—1)"/n!, we have

O (—1)™ " F(m4-1, n41)
g

(2.5) =24 [ [ @+ 0+ 07 (o, y) dody.

m,n=0
In each case from (2.1) to (2.5), F-function is the double Mellin
transform of the f-function.

3. AppricATION. If the terms of the desired double series can be
expressed as a product of the coefficient of a known double power series
and of the Mellin transform, the series cam be expressed as a definite
integral, which on evaluation will lead to a closed form expression.

We shall use (2.2) for finding the closed form expression for a given
double infinite series. The technique will be illustrated by the following
example.

Consider the sum

. .(_,15m+n2m+np(m+v1+1 ) P(n—v—l—l) P(%-I—v-l-l)pmqn

2 2 2
m,n=0 m! n!p("l_—m_l_l)
2
1 (—1)™tpg®
— Z F(m+1, n41).
m! n!
m,n=0
Therefore
smr(e 7)) (5
F(m, n) = 2 - 22 2
=)

and from ([1], p. 326 (1); p. 331, (26))

A, y) = 2J, (2)K,(y).

Hence from (2.2), using ([1], p. 182, (1); p. 197, (24)) the value of

the sum is given by
mese(my)(rs) (S — 87~ 1eme T ),
where
r=Q1+p), s=(¢—1)' and 8 =g+s,
provided
Re(y;) > —Re(m) > —3, Re(») < Re(n).-

The author is extremely thankful to Dr. R. K. Saxena for his valuable

guidance during the preparation of this note.
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