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ALGORITHM 47
S. LEWANOWICZ (Wroclaw)

SOLUTION OF A FIRST-ORDER NON-LINEAR DIFFERENTIAL
EQUATION IN CHEBYSHEV SERIES

1. Procedure declaration. Procedure nldiffegNort calculates the
approximate values of the coefficients of the Chebyshev series expan-
sion (i.e. the series of Chebyshev polynomials T, of the first kind) of the
solution of the differential equation

1) y =flz,y) (—1<2<1)
with the initial condition

(2) yp) =v

or the boundary condition

(3) ay(—1)+By(1) = 7,

i.e. it calculates the coefficients a, (k =0,1,...,n; n << N) such that
(4) y(@) ~ D qTh(a) (—1<z<1).
k=0

The symbol }’ in (4) denotes summation with the first summand
halved:

n
! 1
2 tk=-5-t0+t1+"' +tn-
k=0 -

Data:

n — integer variable, with value not less than 4 and even,
denoting the trial value of the upper summation limit in (4);
a[0:n] — array of trial values of the coefficients in (4) (a[k] = a4
for ¥k =0,1,...,n) determining a polynomial satisfying
either (2) or (3);
nmax — even natural number N >4, the maximum permissible
value of n;
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s — non-negative integer number, the degree of the polynomial
approximating the function f,(x,y(»)) (see Section 2,
formula (13));
init — true if the solution satisfies the initial condition (2), and
false if the solution satisfies the boundary condition (3);
ffy — identifier of the procedure having 4 parameters 2, y (called
by value), f, fy of type real, which for given # and y assigns
to f the value of f(x, y) and to fy the value of the partial
derivative f, (@, ¥);
al, be, ga — numbers a, § and y from (2) and (3); in case (2) the value
of al is arbitrary;
eps — pPositive number e characterizing the permissible absolute
error of a; (see Section 2, inequalities (39) and (40));
maxit — maximum permissible number of iterations R in the aux-
iliary iteration process (see Section 2, relation (17));
Chebval — real procedure identifier with parameters n of type integer,
a of type array, and  of type real, the value of which for
given n, ¢ and & is the sum in (4) (see, e.g., [9]).
Remark. The declaration of the array a should be at least
[0: nmax+1].
Results:
n — upper summation limit of the right-hand side of (4);
a[0:n] — array of the coefficients giving a sufficiently good approx-
imation of the solution of equation (1);
maxrit — number of calculated approximations of the solution of equa-
tion (1) (see Section 2, formula (5)).

Other parameters:
ns — label of the instruction (outside of the procedure body) to which
a jump is made in the case where it is not possible to calculate
the solution;
mark — integer variable whose value is determined only if a jump to
label ns has been made; mark = 1 indicates that nmax was too
small to achieve the desired accuracy, and mark = 2 indicates
that after mawxit iterations the auxiliary iteration process led
to a solution whicl did not have the desired accuracy.

2. Method used. The following variant of Norton’s method [5] has
been used. A sequence of approximations {y;} of the solution of either
problem (1), (2) or problem (1), (3) is determined. The function y, is arbi-
trary (e.g. a polynomial) provided it satisfies (2) or (3), respectively,
and vy, (¢ =1,2,...) is the solution of the linear differential equation

dy;

(5) Az = f(®, Y;_1) + (Y — Y1) [ (@5 Y1)



Algorithm 47

nrocedure nldiffeaiort(n,s, nmax,s, init, ffy,al, be, ga, eps,
mexit, Chebval,re, mark) ;
yeluye nmax,s,al, be,cas
integer n,nmax,s,maxit, mark;
regal al, be,ga, eps;
Sgoleap init;
aIl8Y &;
label ns;
Iegal arpcedure Chebval;
axogedure ffy;
integer 1,it,11,i2,13,14,%,k1,k2,m,nc, nc4;
Ieal ab,ek,akmi,akp1, bk, bkm1, bkpt,c0,c1, epet, g82, gk, hab,
k4, 0%, re0, rc4,™m, 81,82, t, trn, wk,x0, x1,x2, 2k}
Joolean bel,sgtls
arrey v,d,q,x(0:nmex],cl0s8], g, w,2[1tnmax];
necs=n;
¢=nc+1;
af init
Jhen ga2t=-ga-gn
&lss
Regin

ab:=al+be;
heb:=,5%ab
epd - init;
for k:=n gtep 1 until nmex dg
alkis=blk]:=,0;
epsii=,1xeps;
nmax:=nmnax-1;

s8gt0i1=5>0;
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it1=0;
iter:
ite=1t+1;
&L nfne
Xhen
kezin
nc4s=4xnc;
rn:=1,0/nc;
trni=rm+rn;
t1=3,1415926536xrn;
x0:=x[0]1=1,0;
x1:=x[1]:=cos(t);
ti=x1+x1;
for k:=2 gtep 1 untdl nc do
lealn
x2t=x[k ]:=txx1-x0}
x03=x13;
x1:=x2
&nd k
end n % ne;
Lor k:=nc-1 gtep -1 uniil © dg
kegin
ti=x[k];

ffy(t, Chebval(nc,a,t),blk],d[k])
and k:
ffy(-1.,0,Chebval(nc,a,-1.0),c1,c0);
blnec J:=,5%c1;
dlneJi=,5%c0;
Zfor k=0 giep 1 unidl e do
clk]:=trn<Chebval(nc, d,x/k]);
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cO:=cl0];
beO:=abs(c0)>epsi;
JL bco

EE

rc0:=1,0/c0;
rc4:=4,0xrc0;
t:=ncédxrec0
&end bel;
4 sgto
then c1s=cl1];
akp1:=bkp1t=wks=zk:=,0;
akt=a[ne];

bkt =rn<Chebval(nc, b, -1,0) ;

Lor ki=nc glep -1 unidl 1 do

Regin
k1t=k=1;
akm1:=alk1]1;

bkm13=trnxChebval(nc, b, x[k11) ;
gkt=glk J+=2,0%(bkp 1-bkm1) +cOx{akm1-akp1) ;

akp1:=ak;
akst=akm1;
bkp 12 =bk;
bk t=bkm1;
3£ beo
dhen

legln
wks=wlk Js=1,0/(wk+t);

2kt =2 [k ]3 mawkx( gkxrcO+2zk) ;

ti1=t-rcd

265
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&nd beo

else zlkli=gk
&engd k:
3L beO
then

ql(0]:=1,0;
gk:=ql1]:=wl1];
Lor k:=2 gtep 1 until nc do
gk:=qlk Je=wlk I=qk;
821=-1,0/Chebval(nc,q, be)
&ng init
&lsg
legln
g82:=ab;
Lor ki=nc giep -1 until 1 do
kegln
al:=-al;
82t=w[k ]<s2+al+be
end X
82:=1,0/(s82-hab)
&nd -~ init
&nd bel;

m:=03
agains

4L beO

lben
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begin
1f init

then

Dbegin
ql0])s=ga2;
qks=q(1])s=z[1];
for k:=2 step 1 uptil nc do

gks=qlk Js=wlk J>qk+z[k];

bks=b[0]:=Chebval(nc, q, be)xe2

end init
£lse
Dogin
s81t=ga;
t3=,03
lor k:=1 gtep 1 until nc 4o
Dbegin
als=-al;
timtsewlk]+2(k]s
811=81-tx(al+be)
angd k;
bk:=b[0 Js=g1xa2
end ~ init;
Loxr k:=1 gtep 1 uptil nc 4o
bz =b[k Js=wlik Ixbk+2z[k]
gand bed
elge
begin
k43=<4,0;
Lor k:=1 giep 1 until nc 4o

begin
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blkx Jt=2[k 1/k4;
k4:=k4-4,0
snd ks
L init
dben

2egdn
b[0]3=00;

bl0]:=2,0%(ga-Chebval(ne, b, be))
end init
&lse
egin
81:=82:=,0;
Sor k=2 giep 2 until nc 4o
begdy
811=81+b[k=-1];
821=82+b[k]
end k;
b[0 ]:=2,0%(ga-alx(82-81) -bex(a81+62) )
&nd -~ init
&nd ~ be0;
df sstO
then
egin
if m>0
then
Segin .
for k:=0 gtep 1 until nc dgo
L abs(blx]-d[x])zeps
then g2 1o impg;
&9 to next
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end m > 0;
impg:
mi=m+1;
3f m>maxit
then
begin
merk:=2;
£ lo ns
end m > maxit;
zk1=,0
fer ki=nc gtep -1 uptil 1 do
begin
dlxJ:=blk];
11:=k+2;
ji2s=abe(k-2);

ti=glkl+c1x(bl11]-b[12])-al11]+ali2]);

k1t=k+1;
k2:=k-1;
Zor 11=2 step 1 until s do
begin
11:=k2+1;
12:=k1+1;
13:=abs(k2-1) ;
i41=abs(k1-1);

259

teet+e[L I<(b{12]+bl14]-b[11]-b[13])-al12]-al14]+al11]

+al13))

gnd 1i;
4L beO

then zki=z[k]1=-wlk Jx(t>rcO+zk)

alge zlk]:=t
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end k;
alo]:=b[0];
g9 g agein
end sgto;
nexts
ns=nc;
for k:=0 gtep 1 until nc dg
ir abﬁ(a[k]-b[k]53eps
dhen 2o %o degtgz
Zoz k:=0 sigp 1 eatil nc do
alkJ:=blk];
maxiti=it;
go o endp;
degt?
if abs(alo]-b[0])+abs(al1]-b[1])<abs(blnc-31)+abs(binc-21)
then
Leeln
dL ne<mmex
then nci=nc+2
glse
2ezin
mark:=1;
£ g me
end nc 2> nmax
&nd abs;
for k:=0 gtep 1 uptil n do
alk]:=blk];
&2 g iter;
endp:

&nd nldiffeqNort
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with the condition

(6) Y:(B) = vy
or
(7) ay;(—1)+By;(1) = v,

in accordance with the condition posed upon the solution of (1).
Assume that all functions appearing in (5) can be expanded into
Chebyshev series and let

(8) Yi(w) = Z:Z APT (),
(10) fle, yia (@) = Ig'bsz"Tk(w),
(11) fl@, g (@) = kZ‘;'ci>Tk(m).

To facilitate the notation we omit the upper index ¢ in the coeffi-
cients of these series and write a, instead of AY¥~". Thus

(12) Yia Z‘ @, Ty (@
Let s > 0. Instead of the exact formula (11) we use the approximation
(13) Fyl, yia 2 T

The approximate values of the coefficients b, and ¢, of expan-
sions (10) and (13), respectively, for the given function y,_,(#) can be ob-
tained by the method described in [2], Section 4.

Replacing in (5) the functions Yiy dyi/d"‘v7 f(ma ?/i-l)y Yia and fy(a"a yi—l)
by the right-hand sides of (8)-(10), (12) and (13), respectively, and using
the relations (see, e.g., [1])

okd, — A, ,—AL., (k=1,2,..),
2Tp(a’.)Tq(w) p+q( )+T]p q]( ) (P;!I =071"'°)’

we obtain the equation

(14) coAk—1_4kAk—00'Ak+l = gk (k = 1,‘2, ...),

8 — Zastosow. Matem. 15.2
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where

(15)  grx= 2(bgs1—br_1) +Co(as_; — a3 1) +

+ ch(dk+.1'+1 +dp =i —8y_jyy)y dy=4,—a, (p=0).

i=1

By (6) we can obtain the relation
(16) D ndy =y,
k=0

where 7, = T,(8). In case of condition (7) relation (16) holds also for
7, = (—1)fa+8.

In [5] an iterative method of solution of problem (14)-(16) is pro-
posed. If we take 4,, = a,, we can construct sequences {4,,} (r =1, 2, ...)
such that

(17) Codrp1— kA —CA i =9 (rE=1,2,...),
where g, denotes the right-hand side of the first formula of (15) in which
it was assumed d, = 4, , ,—a, (p = 0); in addition, we have

oo

(18) D ndy =y (r=1,2,..).

k=0

For a fixed r the problem lies in solving the dlfference equation
of the second order

(19) Coap_1 —4koy— Gy =y, (F=1,2,...),
where y; = g,, with the condition
“(20) 2 Tl =7 -
k=0

The case ¢, = 0 is trivial. Assume now ¢, #* 0. Notice that the homo-
geneous equation

(21) -Gdak,_l—-4kak-—-00ak+1 =0 (k = 1,2, ...)
has a general solution of the form

€]

ol&zk('c°l)+02(—o)kKk( :

) (0 = signe),

where I, and K, are modified Bessel functions of the first and second
kind, respectively, and where C; and C, are arbitrary constants.
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Since for k— oo

thus o*I(|c,/2) is the minimal solution and ( — o)*K(|c,|/2)is the domi-
nating solution of (21) (see [3], Introduction). Applying the results ob-
tained by Oliver [8] we see that the solution of problem (19), (20) is of the
form

ap = Gchk( i ) + i)

where C is an appropriate constant and y, is a particular solution of (19)
such that y,—0 as k—oo.

In [5] the approximate solution o™ (n sufficiently large) is con-
structed with the help of the formulas

(22) o) = 0p+9f? (k=1,2,...,m),
where
(23) ¢, =0, P =1, oM =¢@) +4kgP)c, (kK =mn,n—1,...,1)
and
(24) vl = vl =0, o2, = o+ (kyl v [

(k =n+1,n,...,1),
and the constant C is determined in such a manner that the following

condition holds:

n

Z' 7,00 = y.

n

@) 0 = (= 3 nt)/ S wioh
k=0 k=0

Formulae (23) describe the algorithm of Miller (backward recurrence
algorithm) for equation (21). In view of Theorem 3.1 from [3], for a fixed %
we have

¢"—>g, (a8 n—>o0),

where ¢, is the minimal solution of equation (21) which differs from
o*I,(lc!/2) only by a constant.

The algorithm given by (22)-(25) appears to have a strong non-sta-
bility when with the increasing % the value of |a;| decreases significantly
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slowlier than I,(|c,|/2) (see [6], Section 13). Also, it is known ([7] and [8])
that replacing the initial problem (19), (20) by an appropriate boundary
problem leads to stability.

Assume that the system of linear equations

(26) 00‘1521_4"7“(1?)_00“;?-)%1 =y (k=1,2,...,n),
(27) arl, =0,
n !
(28) D el =y
k=0

has the solution o™, o{™, ..., ™ for all sufficiently large n. One can
prove ([8], Section 9) that, provided additional conditions are satisfied,
the relation

oV —>q, for fixed k and n—>oc0

holds.
We propose the following method of solving (26)-(28). First, using (27)
in the last (¥ = n) equation of system (26), we obtain a relation of the form

(29) o) = Wil + 2,

where W™ = ¢,/4n and Z™ = —y, /4n. Using the last but one (k = n—1)
equation of system (26) and also equation (29) to the elimination of un-
known o{™, we obtain the equation

agﬂl = W%"ll ag’lz ’{“Zgllz’
where

Va1 +00Z(1:1)
WO +4(n—1)

w® %

= and Z®, =
U ey W 4 4(n—1) et

Continuing this elimination leads us to a system being equivalent to
system (26), (27)

(30) agcn) =Wscn)a$:21+zgcn) (k=1,2,...,mn),
where
C
(31) WP = m (k=mn, n—1,...,1; WM, =0),
0" k41
y _[_c Z(n) . n
(32) ZW = —c’fvw)—‘ﬂc (k=mn, n—1,...,1; Z™, =0).
0" k+1

Using (30) it is possible to derive (by induction) the relation
(33) o) = Pﬁ')aﬁ"urﬂ%") (k=1,2,...,n),



Algorithm 47 265

) =1, p=wWpPpP,,
(34) (k=1,2,...,n).
@ =0, =W, +2P

This and (28) lead to the formula.
(35) af?) = (7’ Tka ))/2 T Dk

From (30) (or (33)) one can successwely calculate o{™, of®, ..., o™,
Let us now investigate the accumulation of the rounding errors
during the realization of algorithm (30)-(35). We have by (31) the formula

) _ Co 2
(36) wy T+ C,
4(k+1) +... +

%

4n

Applying the known theorem of Pincherle (see, e.g., [3], Section 1)
for fixed & we have

(37) MW = g /gy

n->00

where ¢, is the minimal solution of (21). Therefore, for sufficiently large n

we obtain
on [Col |
Wi~ I, (70‘)/11‘:_1 (TO)y

from which it follows that W{, whence also the rounding errors arising
during the calculation, cannot increase rapidly.

It follows from (36) that W{ and ¢, are of equal sign, and hence the
denominators of the fractions in (31) and (32) are sums of two positive
summands with the order 4k. Stability can be lost by the multiple loss
of significant places during the calculation of y,+¢,Z{), forn =n,n—1,
..., 1. This has as yet not been observed in practice.

Now, it follows that the calculation of p{" and ¢ is stabile. Loss
of accuracy is, however, possible during the calculation of o{™ after formula

(35) which, in turn, causes a small accuracy of all o{® (k =1, 2, ..., n).
This fact can be observed, e.g., when the expression [}z, o], where
n

(38) o™ — Nz p,

is small with respect to }|z,|. Notice that p{® = WMWM ... W (see
the first formula of (34)). Therefore from (37) we obtain

n n

\’ 1 . (1l
WEOWE ... W ~ Y 5T ,

BT T a2y g 2

o —

k=1
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In view of
=2 ) (signof L) Tylm)  (—1<o <)

(see, e.g., [4], p. 32), for the initial problem (1), (2) we have

e[ 5 ) 2 ()]

and for the boundary problem (1), (3) we obtain

o el -l w2 o) ()

Thus |(} 7,4+ 0™)/37,| is small if
/21 (l;o| )’

ool ) o3 s34

respectively, are small. In practice, however, the value of each of these
expressions is of moderate order.

The above-described method of solving the problem (19), (20) is
a generalization of the so-called first algorithm of Gautschi ([3], Section 3)
of solving a homogeneous difference equation of the order two. In fact,
if in (19) y, =0 holds, then from (32) and from the second line of (34)
it follows that Z{» = ¢ =0 for k =1, 2, ..., n, and formulae (30)-(35)
are reduced to the form

o = WMo (k=1,2,...,n),
e
W = S (k=n,n—1,...,1; W™ =0
k 00W$11+4k ( ’ 9 el ] n+1 )7
= 7

" = Tt o™’

where o™, defined by (38), can be calculated from the formulae
o) = W(n+od) (k=mn,n—1,..,1; of), =0),
o™ = o,

These formulae are to be compared with system (3.9) in [3].
Problem (17), (18) is solved by use of (30)-(35) for » =1, 2, ...,
ro < R, where r, is the smallest natural number such that
(39) max |4, , — A, 14l < ¢,

0<k<n
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where ¢ is a given positive number. Next, let us take AP = A, for
kEk=0,1,...,n.

If the inequality
(40) max [AP - AfV | < ¢

o<k<n

holds, then 4% (k = 0,1, ..., n) are the required coefficients of the sum
in (4). Otherwise,

1° if the inequality
|4 — AFV] + 140 — AFD) < 14D, + 148
holds, then we increase » by 2 (see [2]) and

2° we proceed to the calculation of A{*Y (k =0,1,...,7n), and so
forth.

~ Certification. The procedure has been verified on the Odra 1204
computer for the following problems:

(41) 9" =92 y(—1) =0.4 (solution y = 2/(3 —22));

(42) vy =x—vy% y(0) = —0.729011132947

1~ 1
(solution y = Ai'(z)/Ai(»), where Ai(z) = — f cos (g—t3+wtdt));
K
0

(43) 9y’ =siny, y(—1) = arccos tanh 1
(solution y = arccos ( —tanha)),

(44) 3’ =1—V|y|+cosmz, y(—1)—y(1l) =0 (see [5], Section 7).

It was assumed that y(2) = y in probleins (41)-(43) and that y,(2) =1
in problem (44). The results for ¢ = 5,i—9, nmaz = 100 and maxit = 50
were as follows:

. Iteration n 10
Problem | n given s number caleulated 10194

(41) 20 0 14 24 13
2 9 22 12

(42) 14 0 10 16 5
2 5 16 10

(43) 16 0 10 16 7
1 7 18 11

(44) 22 0 6 22 16
2 6 22 6

3 5 22 19

The last column contains the maximum absolute error of the cal-
culated coefficient values, multiplied by 10%.
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ALGORYTM
S. LEWANOWICZ (Wroclaw)

ROZWIAZANIE NIELINIOWEGO ROWNANIA ROZNICZKOWEGO
ZWYCZAJNEGO PIERWSZEGO RZEDU ZA POMOCA SZEREGOW CZEBYSZEW

STRESZCZENIE

Procedura nldiffeqNort oblicza przyblizone wartodci wspotezynnikéw rozw
nigcia w szereg Czebyszewa (szereg wzgledem wielomianéw Czebyszewa T I rodzaj
rozwigzania réwnania rézniczkowego (1) z warunkiem poczatkowym (2) lub z waru
kiem brzegowym (3), tj. qblicza wspélezynniki a3 (kK =0,1,...,n; n< N), tak
ze zachodzi r6wnodé przybljzona (4), w ktérej symbol 3" oznacza sume z pierwszy)
skladnikiem podzielonym przez 2.

Dane:

n — zmienna, ktérej wartoScig jest liczba naturalna parzysta nie mniejsz
od 4, prébna wartosé granicy sumowania w (4); -
a[0:n] — tablica prébnych wartosci wspélezynnikéw w (4) (a[k] = ap dl
kE=0,1,...,n), okredlajacych wielomian, ktéry spelnia odpowiedni
warunek (2) lub (3);
nmax — liezba naturalna parzysta N > 4, najwieksza dopuszczalna wartosé 7
s — liczba calkowita nieujemua, stopieri wielomianu aproksymujaceg
tunkej@ fy(w, y (x)) (zobacz rozdz. 2, wzér (13));
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init — true, gdy rozwiazanie ma spelnia¢ warunek poczatkowy (2), false,
gdy ma spelniaé warunek brzegowy (3);
ffy — nazwa procedury z czterema parametrami x, y (umieszezonymi

w zbiorze wartoéci), f, fy typu real, podstawiajacej dla danych =,y
wartosé f(z, y) pod fi wartoéé pochodnej czastkowej fy (x, y) pod fy;
al, be, ga — liczby a, f, y wystepujace w (2) i (3), w wypadku (2) al jest dowolne;
eps — liczba dodatnia &, charakteryzujaca dopuszezalny biad bezwzgledny
wsp6lezynnikéw ap (zobacz rozdz. 2, nieréwnodei (39) i (40));
maxit — zmienna, ktorej wartoécig jest najwieksza dopuszczalna liczba iteracji
w metodzie przyblizonego rozwigzywania ukladu liniowego spelnia-
nego przez wspélezynniki a; (zobacz rozdz. 2, relacja (17));
Chebval — nazwa funkeji rzeczywistej z trzema parametrami: n typu integer, a
typu array i & typu real, przyjmujgcej dla danych =, a, z wartodé rowna
wartosci sumy wystepujacej w (4) (zobacz np. [9]).
Uwaga. Tablica ¢ musi mieé rozmiar co najmniej [0:nmax + 1].

Wyniki:
n — goérna granica sumowania po prawej stronie (4);
a[0:n] — tablica wspélezynnikéw dajacych dostatecznie dobre przyblizenie roz-

wigzania réwnania (1);
maxit — liczba obliczonych kolejno przyblizen rozwiazania réwnania (1) (zo-
bacz rozdz. 2, ré6wnanie (5)).
Inne parametry:
ns — etykieta instrukeji (poza ftrescia procedury nldiffeqNort), do ktérej
nastepuje skok, gdy nie mozna otrzymaé rozwigzania;
mark — zmienna, ktére] wartosé okresla przyczyne skoku do instrukcji z ety-
kieta ms: mark = 1, gdy mmaxr jest za male do osiggniecia zZadanej
dokladnofci, mark = 2, gdy dane mawit jest zbyt mate.

W procedurze nldiffegNort zastosowano algorytm Nortona [5] z pewnymi mody-
fikacjami. Uzytg metode szczegblowo opisano w rozdz. 2. Wyniki obliczen, wykonanych
na maszynie cyfrowej Odra 1204, zamieszczone w rozdz. 3, wykazaly poprawnosé
algorytmu.



