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Convergence of a difference method for a system of first
order partial differential equations of hyperbolic type

STEFAN BAL (Rzeszow)

Abstract. The present paper deals with the quasi-linear system of the differential
equations

7z =A,z,2)2,+b(t, =, 2),

where A(t,x,z) is a matrix with the elements ay(¢, 2,2), 4, j =1,2,...,n and
b(t, x, 2), z(t, ) are vector functions and with the corresponding system of difference
cquations with central differences.

This scheme guarantees better convergence than the schemes with the forward
differences and with the backward differcnces. Assuming that the system has a solution
for the given initial conditions and for suitable assumptions, we show the convergence
of the method for a suitable quotient k/k, where k, h are the lengths of the mesh in
the directions of the t-axis and the =z-axis.

The method of the proof consists in taking the difference inequality for the error,
i.e. for the difference % — v, where % (¢, z) is the solution of the system of the differen-
tial equations and v is the solution of the system of the difference equations.

1. We shall deal with the system of quasi-linear partial differential
equations of two independent variables

n
(1) 2 = 2 Aty Ty 21y oeey 2) 25+ 0,8, 2y 2150005 2,), T=1,2,...,m,
i=1
on the domain G: 0<i<a —a<x<a —oo<2 < +oo.

In our earlier paper one of the simplest difference schemes was applied
to this system. Now we shall apply another method, giving better con-
vergence. ‘A similar scheme was applied to a special system by Burton
Wendroff ().

System (1) can be written in the form

(1) z = A(l, x, 2)2,+ b(t, , 2),

where A(t,x,2) is a matrix of the elementes a;(t, z,2), ¢, j =1, 2, ...
ey My 2(t, @) = [2,(t, ), ..., 2,(t, )] is the vector function and 2,2,
are its partial derivatives.

() Burton Wendroff, Theoretical numerical analysis, New York 1966.
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The difference equation will have the form

(2) - = A(t#+i’ml’ ,Dll+i.l) 7 + ﬁ_A(t.u+{r’ .’L‘l, ,vu+i.l) %
,vu,l-i-l _ ,Unl ,vld — ,vnl—l
X [A (t*, w‘“, ,vﬂ.l+i) qh__ — A(t*, wl—}’ ,v/d—i_r) __h_ﬁq-]_l—

k
+ %_A(tll-Fi’ ml, 'v“"'*’l) [b(t", wl+i’ ’0""+*)'—b(t", .’L'l_*, v,u,l—})] +

. —I—b(t"’“, .'L‘l, ,vu+i.l)’

where v = (o}, ..., 05) = (v, (", &), ..., v, (*, &)

is a value-estimating solution at the nodal point of the net (¢, z%),
v =pk, u=0,1,2,...,my, & =1, 1= —my, —my+1,..., -2, —1,
0,1,2,...,m,, where k = a/m,; denotes the length of the mesh in the
direction of the t-axis, and » = a/m, denotes the length of the mesh in
the direction of the z-axis.

We shall denote the vectors in the m-dimensional space by the small
letters ¥ = (vy, ..., ¥,), and the matrices with the eapital letters. A = [a;]
is the matrix of the elements a;, 7,5 =1,2,...,n.

By I we shall denote the identity matrix.

We introduce the definitions of the norm of the matrix and of the
vector in the n-dimensional space [|4| = nmax|a;l, llall = l/m .
The definitions imply the inequalities

la+0ll < llell+li6ll, H4+BI<I4l+1Bl, 4Bl < |4lBI
and |lAz| < [4]il2].

We shall consider the set £ of the vector functions u(z') such that
u(a') = 0 for sufficiently large |2'|.

If v and v are the vector functions, then we denote the scalar product
by uv and we define:

l=—o00
We shall need the theorem on difference inequalities.
THEOREM. If the sequence s, u = 0,1, 2, ..., n satisfies the inequality
8#+1 oM

— < L(s*+1¥?)p?
C

and the initial condition s° = 0, where L is the non-negative constant, then

§* < Lukh¥2|(1 — Luk).
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2. ASSUMPTIONS Z.

1° a;(t, ®, 2y, ..., 2,) and b;(t, x, 2y, ..., 2,) are of class ' on G and
are bounded together with the derivatives of first order on @,

M aaij aaij M aai]- M
la’ij(t7w!zl7’°"zn)|<_n'1 TRk 5z | S 32, <7,
o, | M
|b1I <M, l P) <—.
IR n

2° The function w%(t,z) = [u,(f, ), ..., u,(t, )] of class C* on
a rectangle 0 <t<<a, —a<2< ais a solution of system (1) satisfying
the initial conditions

(3) u(0,2) =¢(z) for —a<z<a.

On this rectangle the inequalities |jull, llull, llwglly llagglly ezl gl < ¢
are satisfied.

3° System (1) is-assumed to be strongly hyperbolic in @, that is,
all eigenvalues A, = 4(1,®,2y,...,%,), © =1,2,...,n of the matrix
A(t, 2,y 24y ...,2,) = [a;(t, 2,2, ...,2,)] are real, 4; # 4, for ¢ #k and
A; <0 for 2 =1,2,...,n.

By P we shall denote the matrix the columns of which are the eigen-
vectors p°, corresponding to the values 2; of matrix A. '

We have (A —A4,I)p* = 0.

It follows from the assumptions that p’ are linearly independent,

PAP™' = A, where
A [Al 0 ]
- ‘. )
0 A

Py — the elements of matrix P are the analytic functions of elements ati.
Under these assumptions the elements p;; of the matrix P transforming
the matrix 4 = [a4(t, z, u (2, @), ..., u,(t, 2))] are functions of -class
C' of two variables (¢, z).
From the boundary of the functions a;; on G and from the assumptions
of concerning 2; it follows that there is a positive constant H such that

IPlly 1P, WPl 1Pl IPFH, I1PZ 7, 1440, 1145), |4l < H on @, where P
is matrix of elements P, = [p/ (¢, @)].

We suppose that the vectors v* satisfy the following initial conditions:
(4) o = g().
Further v will be taken from difference equation (2).
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We write:
L=R+R,, R=2H+12H*+112H*, R, =max[a, a,],
where
a, = 2H? +4AnH*M* +4H* M3 + (2nH*M* + 4H*M*)(H +3HM +ncHM)?,
o = H*+13H*M +1TH*M* + H*M +3H>M? + ncH*M* +
4+ 2ncH M + 2nH3 M+ 6nH3M? 4+ 202 cH* M3 + 8ncH>M*® +
+8HM?+24H>M* + 8ncH*M*+ sm*cH* M + 9n*cH*M® +
+ 20’ cH*M* +n* ¢ H* M*? + 2nH* M*? 4 AnH> M? + 2n° cH* M3,
THEOREM 1. We suppose that Assumtions Z are satisfied and the values
u”, v are defined by (1), (2), (3), (4).
We assume h[k constant such that A, +h/k> 0,7 =1,2,...,n, where
A; demote characteristic values of matriz A = [ay(t, =, 2)).
Then |u*' — v < HLukh*?[(1 — Luk).
This inequality implies the convergence of the method:
lu* —v)|—-0, where h, k—0.

Now we shall show three lemmas.
We shall shortend the notation:

1° A, o, wl) = A A ot o) = A, b(t, oF, wth) = b

1)
ull+l.l _ u“’ unl+1 —
b(t*, &, ) =0, Dut=———— D*u'= -,
k h
] ul—1 ul4-1 ul—1
W —u W —u
D—u.ul _ o Dlu#l — o
h ’ 2h ’

uyl+l _ 2uﬂl + ,wul—l
2h? !
90 wtld = A+ Jeul+1]2 _ gut12,0 Aﬂl+ll2] DY u*t —
_'_ [A(u)#+112,lA(u)pl—l,2 _Au—|—1/2,lAul— IIZ]D— uyl’
w;‘l — [A(u)p+1/2,l _A#+1/2,1]Dl,u,pl,

wgl = AW+l pul+12 | Je+12,lpul+1/2 4 (uet12,1 pul-1/2 +

/2,1 pul—
+An-lllﬁ b 112,

Dy =

1
30 B;lcl — ﬁ [Ap+l,‘2,l_ A(u)ul],
Bgl — % [AM+1/2, lAul+l/2 __A(u)ylA(u);d],

B’;l — l [A.u-l-l.'s,lAld—llz _A(u).ul A(u)nl] .
h =
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LEMMA 1. Vectors r = w'—v* satisfy the difference equation
Drpl — A(u)nlDl ,rnl + k(A‘“)"l)zDzr"l + (Bplll + %Blzll) Tﬂ.l+l _

k

k k k
— o5 (BE+ B+ (2—th"—B€') P ol el o ol

+B,’;"‘”2"r"+”2’l+ nn+l/2,l_

Proof. Vectors w(t*, #*) = w*' (u(t,x) — the solution of differential
equation (1)) satisfy the system of equations

(5) ,ull+1,l _ uul
k
uﬂl+1 _ uftl—l k
— A(t"'“’z, wl, uu+llz,l) + —A(t‘”’l/z, wl, u#+1/2.l) %
2h 2h
unl+1 _ ,wul ,u#l _ uﬂl—l
X [A(t”, wl+112’ uul+1/2) - . A(t'u, ml—llz, uul-l/Z) - ] +

k
+ ﬁ A (til-l-llz , mI’ uﬂ+l/2,l) [b (t”, wl+ll2 , ,uul+ll2) —b (tll , wl— 1I2’ ,uul—llz)] +

+b(t"+l/2, @l’ uﬂ+]/2.l) _I_nu+1/2.l,

7* T2 is of order O(h?).
Let us take a difference ! = w**—v*’. Then we have

.DT”I — Dunl_D,uul — A(u)p+1/2,lDl uul_A,u+1/2,l_Dl ’I)”l-{-

+ 2_’; AHHUBL] 42 Tyt gl g @IR12 D= it}

_ _k_Au+1/2,l[A(u)nl+/llz DTt — Ax-12 - '0”1] +
2h

'_'_ _i A('u),u+ll2,l[b(u),ul+ /2 byl—l/2] - i An+1/2,l [bnl+1/2 _ by1—1l2] +
2h 2h

+ b(u).u+l/2,l . b,u+1/2,l + "Tu+1/2’1'
Hence we obtain
(6) D?‘ul = A#t lllel rpl_l_ [A(‘u)#+l/2,l_Ay+ 1/2,l]D1 u“'+

+ ih { A(u)n+ 1/2,1 A(“).“l+l/2 D+ unl_ A(ul)#+1/2.l A(u)#l—llz D unl _
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— A4V gultl2 D+ ,v#l+
+ ArTURT gui-12 - ”ﬂl} _|_ {A(")"+]/2 a1z

— Ast12, 0y l-12 _ gs+12,lpult/2 + A"“’z'lb""”’} +

+ b(u).u+1/2,l _ b#+l/2.l + ,7#+ll2.l'

In virtue of the equality

2h {A(u.)u+1/2 IA(u).ul+ll2_D uﬂl A(u)p-}-llz,lA(u)ul-llz D- u#l_

_;4#+1/2.1Anl+1/21)+ ,Dnl_l__AuH/z.lAnl—l/zD— '0"1}
— ih {Ay+112,lA#l+1/2D+ ,..ul_!_ [A(u)#+l/2,lA(u)Ml+ll2_A#+1l2,lA#l+1/2] D+ 'u,"' .
2

_An+llz.lAnl—112D— 7‘”’— [A(u)y+llz.lA(u).ul—1/2 _ AM+ll2.1A#l—1I2] D- 'u,“l}

we obtain from (6)

(7) Dr"l — A.u+ll2,lD1 r“l + % [Au+1/2,zAul+1/2 Dt o

k ,
Ap+l/2 lAul—1l2D ,rul] + w#l+w 4+ — o wul+Bz+1,2,lrp+1/2,l +np+l/2,l’

BA+15Y i the matrix of elements bl (t# 12, of y#+12L_ gprtiY) 0 < 6 < 1.
Using the equalities

(8) Ap+1/2,l_D1,rpl — A(u),ulDl r"'-l—B’l"(r"’“ _rul—l)’

(9) i [A#+1/2.lAnl+ll2D+ ral_ Art 1I2_IA#I—112D_ rﬂl]
2h

— Wrl\2 72 ol _’f__‘ul W7 T N
K(A@AR DR . BH, i)

k
2h _B-;l(rl‘l__r/d_l)’

2h

we obtain the equality

.DT"I ; A(u)”lDlT'u!-l—k(A(u)"l)2D21#1+Bi‘l(1J‘l+l 1,,ld—l)_i_ k Bnl(,’..ui’+l r#l)_

2h
k _ k

— 55 B =T+ w’;’+w€’+2—

- - w.lall+Bﬁ+l/2.lrﬂ+112J+ﬂﬂ+112.l.
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After a suitable ordering of terms we have
Dr#t = AWM Dlyst | Q@R D2 gt 4 (B"’ +— B“l) P

k (B#I+Bul),wl+(

k
2h B,ul B/itl) ryl—l 4+ —

%
g n g

2h
+ B"+1/2-lr#+1/2!l + 7]/‘"‘]/2::
u .

The proof of Lemma 1 is ended.

Let us use the transformation ¢! = P*'#*! and the inverse transforma-
tion 7 = P~ o# where P*'AMHPp-1 — pM,

Let us introduce the following notations:

10 Enl+1 — :_h sz A(u)pl P— 1ul + % Py.l A(u)pl P;lyl + % Péll A(u)yl P; 1ul +

+ LP#I(A(u)ul)z_P— 161 + _Py+1 I(A(u).ul)z P—lul

2h®
k* k
B — %‘E‘P:‘I(A(u)#l)z pw_ EP/.4+1,1(A.(u).ul)2 P;]ul +
_|_Pp+1,l(A(u)pl)2P;1pl+ Pfl.P_“d,
Epl—-l —_ %Péﬂ A(u)ylP—lpl . %Pyl A(u)ylp;lyl _ %Pé‘l A(u)ulP;l,ul +
+ ;;lz Plll(A(u)ﬂl)z P—l#l 21;" P#+I.Z(A(u)yl)2 .P; l.ul—l+ Pu+1,l_A(u)ylP;1,ul’
90 S” lel — Q.ul+ kA.ulDI eyl+ k2(Anl)2D2 le’

G,, Q#l — E#l+1 e#l+1 —I—E"l Q"‘-}-E"Z"l gul—l + Pn+l,le+l/2,1P—lﬂ+1/2.lQn+l/2,l +

k

Zh P""'I'I(BQ‘Z—}—B’:,‘I)P_“" le+

_|_P.u+l I(Bﬂl_|_ iBul) P—1n1+1 pl+1_
2h

+Pn+l,l (i

oh B;d _ Bll:l) P 1pl-1 eﬂl—l + —-]‘;—P""'l’lwfl +

2h
k
+P"+l'l’w‘2‘l + Ei _Pn+1.lw.gl’
3° e,ul — .P"+1’ln“+1/2'l.

For ¢* we shall find the difference equation.
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LENMA 2. Vectors g*' = P*'r* satisfy the difference equation

Q”.H'l — S” Q”z+kG”Q’d+kb‘”l.
Proof.

De,ul —_ D(Pylrpl) — Pp+1 lDQ,ul_'_ (P,u+ll P,ul)rpl =P‘"+1’ZA(M)'"1D17"‘1+

k
——(B§' 4 Byr +

k
+ ka+l'l(A(u)ld)2.D2‘r”l+P"+l’l[(B’ld+ % B;Zd)r/d+l_ o

k k
+ (_ Bnl B;ld) ,’Jl.l—l+ Sh ,w#l_|_,w 2h ,wgl_'_BnH/z lru+l/2.l+n#+llz l]+

1
+ P,  where P}' = - (P“+1-’_P#l)_
Applying the inverse transformation, we have
(10) Dg/‘l = P“+l.1A(‘u)ﬂlD1 (P—llllelll) + kPIl+l,l (A(u)ﬂl)21)'2 (P—lnl enl) +

(BB P

+ Pu+l,l[(Bpl+ Bul) P-lpl+l Qul-}-l 2h

k
+ (_ Bﬂl Bllxl) P"l”z_le“l_l+—]c—w§‘l+w‘2‘z+ 2—I;ngl+

2h 2h
_|_ BJ:‘+1/2,ZP—I;4+1I2,1Qu-l-llz.l_l_ np+1/2,l:| +PidP_1”l Q”
Now we shall transform the first two terms.
Writing
J = Pn+l,lA(u)p2Dl (P—lpl le) + ka+l,l (A(u)nl)ZDz (P—l.ul le)’
we have

J — Pu+l,lA(u)/le (P—l,ul Qul) + kPﬂ+1,l(A(u)pl)2D2 (P—Iﬂlg#l)

= P+l lA(u)plP l/ll+lDl ul+ o7 P lA(u).ul(P 1ul+1 P-—lnl—l) e#l--l +

1 1
+ k_pn+l.l(A(u)ﬂl)2 [P—ln.l—l — D+ g"z-{— 2_h_2 (P—l,ul+1 _P—ml) epl .

2h

— %P—I#ID- in _ %2_ (P—I#l _P——]nl—l) Q,,z_l] )

Since

1
7 (.D+ g“l—Dh Qnt) = I? Qul and P-W_p--1 _ h_p;wl—l,
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we obtain

1
J = - prtl IA(u)ulP—lﬂlH D! "t—f—kP‘"H Z(A(u)nt)z[ h P—1p1D+ an 1

+ %PZ—I#ID+ in_ 2_1hP—l#lD— in+ 2h2 (P—l,ul+1 P—l,ul) Q#l

_ _1_ (P—lﬂl P lul—l) eﬂl—l] + i Pﬂ+l.lA(u)ﬂl(P—lu.l+1 _P—ml—l) Qld—-l

2h* 2h
— u+l,!A(u).ulP—lyl+lD1 Qal+ kPn+1,l(A(u)ul)2 P—l;d_Dz eyl+

k
+ % [P,u+1 Z(A(u)yl)2 lpl( pl+1 gnl) +Py+1,l(A(u)pZ)2 P;lyl Qpl
o P#+l,l(A(u)pl)2 P;lpl—l eul—l] _I_P,u+1,l A(u)plP; 1ul gMl—l ]
Since P**4 — P kP¥, it follows that
J — (P’d—f-kat).A.(u)pl(P_ml—l-hP;l#l) Dl @“l“}‘
+ k(P'ul-l- kPﬂl) (A(u)#l)2P—1,ul D2 ul + [Pu+1 I(A(u)ﬂl)2P— lpl( Q" l+1 ul) +

_’_P,u+],l(A(u)yl)2Pz— l,ule,ul_ P#+1,Z(A(u),ul)2 Pz—lul—-l e#l—l] +
+ P”+1’1A(M)PI.P;1"ZQM_1.

We know that P*AMp-1 — A#. therefore we obtain

J = AMIDI Q#l+k(A/tl)2D2 9”l+|: k PplA(u)plP—lpl+ PplA(u)ylP—lpl +

i Pp+l,l(A(u)pl)2 P—lﬂleyl-l—l_l_

k?
—5 P AWy pA
¢ ( ) + o

I .
_PnlA(u)yl —1ul
*32 g B o

2
4 (_l;:z_Prl(A(u)ﬂl)ZP—lul_2_];bpy+l,l(A(u)yl)ZPglnl_F.Pp-H,l(A(u)pl)sz—lul] Q"l+

_ k 1 .
+{ - E-P;zl(A(u)#l)z P*lul _ EPMA(M)MP;IM _ EPfIA(u)MP; 141 +

K k
wle f(ul\2 p—1pl 7
YE Py (A™MEY P ah

+ Pﬂ+1,l(A(u)pl)2P;1,ul—1+Pu+1,lA(u),ulP;lpl] 9”1—1-
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Using this equality and (10) and notations 1° we have
(11) Deul — AplDI Q’d'}‘ k(Apl)2D2 Qpl +Eul+1 9#l+1 _I_Eul Q"l‘i‘
+E.al—1 9;‘1_-1 +_Pn+l,le+1/2,lP—l.u+l/2,l9y+l/2,l+ % Pﬂ+l,lw:ltl+
k
+P#+l.lw;2d+ %Pp+l,lwgl+Pu+l,lnu+1/2,l+

+ P.M+l.l(Bplcl+ 2*1;‘ Bizll) P—lﬂl+1 eul+1 _

k
— 2_hP#+l,l(Bl£l+Bgl)P—l#ZQul_I_

k

+ Py-i— 1,1 (E B,:z;l _ B’l‘l)P_lld_l Qul—-l .
Using notations 2° and 3° we have

(12) 9”_+1'l — IS,, Qul+ kG” Q'd-i- ke‘“l.

The proof of Lemma 2 is ended.
We introduce the notations:

0" = (oory @73, 072, 071, 00, o1, oM, Q""",f..),
Se" = (..., 8,0"7%, 8,¢" ", 8,0"° 8,¢", 8,0",...),
Go" = (..., G, 0", G, 0" G, 0", G 0" ...),

e = (..., T gL g0 gl g ),

We shall show the difference inequality which is satisfied by ||}
and the estimations of the norms of the operators: |S¢”|l, IGe”ll, l“l-

LEMMA 3. The vectors o” satisfy the difference equation

Qll+l — SQ“+kGQ”+k£I‘
and

18"l < (1 +RE) ll“,
1
16"l < — B lle"[l* + Bulie”ll + O (k).

el < O (K.

Proof. 1. The operators S,, G, are defined at nodal points of the
not belonging to the trapeze T':

h
T: 0<t< a,

h
ft—a<w< ——k-t+a.
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We assume that the coefficients in the operators G and S outside the
trapeze T are constant with respect to z, i.e.

h h
A(t, x) =/1(t, ——k-t-}—a) for z > —?t—l—a,

h h
A, z) =4 t,-it—a for wgft-—a.

Hence it follows that, outside the trapeze T,, £’ are equal to zero:

h h
T;: 0<t<ae, ——t—a<e<_tta.

Outside the trapeze T, all ¢* are zero. So o belong to the set £.
The vectors in set (2 satisfy the relation

(13) o#t! = So*+kGo" + k.
2. At this point we shall estimate the norm [|Se”|| in £,

ISe“|? = (8¢*, S¢*)

— i [gul+qul(eul+l_enl—1)+2q2ul(9ﬂl+l_2gul_|_Qul—l)}z,

l=—0c0

k
where ¢ = % A4,

(8¢",80") = D {e"'+20"¢" " — 20" ¢ ¢ + 4" g g —

_Sgulquleul+4eplq‘.!yl Q,ul—l + [qul(epl-i-l - QIJT—I)]Z +
I - 20+ )T (@ — D (- 20 o) +
+ [2q2(:l(gnl+l _ 2Qﬂl+ in—l)]2 _ [qul(enl-i-l _ zgld_l_ Q,ul—l)]2} .

The term composed of the last two components is negative as soon
as 4¢*'— ¢ < 0 (a matrix of negative components).

This can always be done by taking a sufficiently small proportion
k/h. So after multiplying and reducing, we have

(14)  (8¢", 8¢ < D) {o™+2¢"¢ ¢ — 20" ¢ " — 4 M T+

l=—o0
+ 29yl+1q2ul in+1 + 29#1—1q2ul Qﬂl—l + 4Q#l+1 q3.ul Qul+1 _ 89”1 qs.ul olll-l—l +
+ Sepl—lqayl Qpl _ 4in—lq3pl 9;41—1} .
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From the regularity of values A; follow the equalities

Anl — A"Hl—/l:lh, A;Al — A"l—l-{—h/l;l_l.

Ald’ S0 qpl — qul+~l_qglh’ qnl — q“l_l+hq'f_l.

Since ¢ = ——
ince q oh

After substitution in (14) multiplying and using the equalities

2 2Qﬂlqﬂl 9lll+l_ 2 2equul—l Qﬂl—l — 0’

l=—00 I=—00
o0 o0 o0
Al - - -
2 QM ML g1 2 M1 g2t -1 Z 1M g oM = 0,
{=—o l=—oo I=—o0
Z 49yl+1 3ul+1 uu: 2 49,;1 1,3ul—1 ,ul 1 =O,
l=—o0 l=—00
2 geul aﬂl ul+l 2 Seul—lqaul—lgyl : 0,
l=—o00 l=—o0

we obtain

(SQ’“, SQ”) 2 {92#1 2heplqul 1 ul— 4gﬂl+lqﬂl+lqglgﬂl+lh+

l=—

_|_2h2 nl+1q2nleul+l+4h9ul—1qnl—l ul—1 ul—1+2h29n’—lqi.ul 1 nl l+
+ @ — 120" @R 4 12 2R — 4R G ¢

+ T 127 T T R —12¢M T TR — 4 T R ) T
+Qul—1[24q2ﬂl lqyl lh+24qnl lq2ﬂl 1h2+8q;#l—1h3]enl}.

Since
2 |+ = 2”9"'[1 = 2 I~ and 1@, @7 < NI+ e P
l=—o0 l=-00 l=—o0

and in virtue of the boundedness of the functions in assumption Z we
have

(S¢*y 8¢") < llg“I” + (2H + 8H* + 48H®) k llg”|* +
+ (4H? 4+ 48H?) K’ lio"|* + 16 H I |||
From the inequalities ¥ <k <1 we have
(8¢*, S¢*) < lle"IF + (2H +12H* 4 112H°) k [|¢"|°.
Writing R = 2H +12H*+112H?, we have (Sg*, S¢") < (1 + RE) le"I,
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i.e. I80“* < (1+ RFK)|l¢"l’, and hence
(15) I8l < (L + EE) lle”ll.
3. We know that o"™' = So*+ kGo" -+ ke*; hence
o™+ < IS + & lIG o™l + K lle“Il,
eI < (1 + RE) [lg"ll + % IG "1 4 K lle“]l.
It is known that the operator G, o is a sum of operators:
G—,, Q#l — nl+19nl+1+Epl 9“5+E"l'lg’d_l +P”+1’IB£fl/2'leI"+1/2’l eu+1/2,l+

+ P.u+l,l (B'f’ + 2_’;,’_ B’zd) P—lul+1 eMl+1 . %P#+I,I(Bgl 4 B/;l)P—l,ul eﬂl+

k v w1 k k
+Pn+l,l(2_h Bgl_B;Ill)P 1pl lelll 1+ﬁpﬂ+l,lwfltl+P#+l,lwgl+ﬁ_Pﬂ+l.lw§l.

Consequently the operator Gg¢” is a sum of operators. We shall estimate
successively each term of the operator Ge”:

0o

1B "I = (Bae®, Brg") = D) (B, B g4 = DB gt

l=—o0 l=—o0

< D IBHHP I < @MPE AP M) Y] 0P

l=—o0 I=—»
— (2 M+ 4 MY,
(16) B, ¢"l| < (2H® M*+4H* M)\ o"|,

A7) 1B =( D) IB¥ o) < (H?+2H M*+ 3H® M) lig*

=—0

(18) IE_yo*) =( > 1B ") < (SH® MP+4H® M) |ig”].

l=—o0

We estimate the following term. From the above scheme we obtain

k k k k _
7.#+l/‘2,l — 7J‘l+ _2_ [(A(u)pl_Apl)u:l+?le,ryl_l_?n#l_l_ﬁ_ A#l(,rltl+l_,rftl 1)’

ok k k
ppt12 EAplrle_{_ (I—|—?Bﬁl) "J‘I‘I‘E[A(u)”l—A”l] uf—

k k
Y pwlpul—1 . ul
I < M (1430 Il 4 M+ me M ) 4 O (B,
2 < (143 M + ne M) |ir#|| + O (),

(19) [#412)| < (H +3HM +neH M) ||g"l| + O (K°2).
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Hence
(20) ”‘Kl Qu+llzll

o0
=( Z‘ (P‘"“*’Bﬁ“’“P‘“‘“/2"9"“/2", P““"B‘;“/“P‘“‘“/“g“*'”’-’))m

l=—o00

< (HM +3H* M+ ncH) M) || oIl + O (7).

" Now we estimate the operator K,o" = {P*t1 B p-lult!gul+ly,

Myl = [ 3 (Prt ByIp 1 it purii gt pristet gt 12

= P B

-2l

+A(u)u+1/2.l_ A(u)ul]P—lan Qn, 1+1

—_ putl l[ ABTUZL_ f@etlizl +

2)1/2

< (H*M +neH? M) |0 +

o0

+ 25

I=—o0

Let us take the second component:

(2

l=—oo

Pll+l I(Ay+llz R} A(u)y+l/2.l)P—lpl+l epl+1

2)ll2

2h

1
_Pu+!.l(An+ll2,l_A(u)u+1/2.l) Poisitl Qul+1

2h

2)1/2
o0
H* . 172
< ( 2 W ”Q#l+1”2nA#+ll2,l _A(u).u+1/2,l“2)

H2 031 : . 1/2
= E ( Z (||Q”l+1”4 + “A."-i-l/l,l_A(u); +1/2,l”4))

<5 (2|I9"'+'II’+ ZIIA"“/“ — Al )

l=—o0

2

H " -«
— 02 All+ll2,l _A(u)/H-l/Z,l 2.
oh oI -+ o _Ew I I
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Since
H? \ u+1/2,1 Wp+1/2,1)2 1 +1/22
S D) IAFHIRT — AR T B
using (19) we have

L m we (H+3HM +neHM) ||+

m
AP far1zle
5’ ! P<s

—nH’Mz(H+3HM+ncHM) le“ll 0 (k") + 1 nH® M20(k?).
Finally we have
(21) |K,¢"l<[H*+nH*M? (H+3HM+%0H.M)’] ||g"||2

+ [H"M+mH’M+nH"M’(H+3HM+ neH M)] 0" + O (k).

We estimate the operator K,o* = {P++1iBup-lul+lgul+ly

K, 9”" = ( Z ||PA+I.IB.;1P—M1+1 Q/a+1”2‘,1/2

< (2 % PErLY (A1l @1 A @Kl 4 @el) p-tul+] pul+] 2)”2 +
S 1 s+1,10 go+1/2,0 gu,l+1/2 @e+1/2,1 4 (W)e,l+1/2y p—18l+1 pld-1 A
+ IR T SR G 24 (s 14112) p-141

—00

< (2H*M? + 2ncH> M?) ||o®| +

(3

— oo

_:;‘L_Pn+l.l(_An+ll2.lAul+1/2 ___A(u)ﬂ'l'1/2,1A(1l)l‘l+1/2)P—lld+1 eﬁl1+l

2)1,’2

We shall estimate the last term:

[-

(2

— o0

1
— pst 1,1 ( Aﬂ+ll2.l Aﬂ1+l/2 _ A(u)ﬂ+llz.l A(u)#l+l/2) P—lnl+l e;ul+1

h

2) 1/2

< “ pAtL I(An+1/2 lA/:l+llz A(u).u+llz lArt.l+112)P—1#l+lenl+l

1/2
N
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{2

—o0

1
_Pp+l,l(A(u)u+1/2,lAyl+l/2 _A(u),u+1/2,1A(u)pl+1/2)P—1pl+l epl+l

2)1/2

[~ -]

1 y
< % nH3M? "eu"2+ 7 H:M (Z’ "An+llz.l _A_(u)#+112,1"2“epl+1"2) 2

=]

1 I
<o nB M+ — H M 3 preegre)

(=<}

1 1 12
< 372\ o812 2 373 +1/2,44 ml+104 )
\hnHM"e”-!—hHM(_E | Camiitaid |l ol | "

’.4

— nH*M? | o*|? + H’M*(||r"+”’||2+||e"n2)

>

<3 [RHM 4 HM 4 HEM (H o+ 3 M + neH MY+

+2H* M*(H +3HM +ncHM)|g"|+ O (K.

Using this inequality, we finally have

1
(22)  WEse!ll << [nEPM* -+ H*M* + H*M*(H + 3HM + neHM )] le"IF +
+[2H*M? + 2ncH*M? + 2H* M? + 6 H* M* 4 2ncH> M*] || 0" 4 O (¥?).

The norm of the operator K,o* = {P**'BS¥ P~ g¥} i3 estimated
in the same way as the norm of the operator K,¢" and an identical result
is obtained S

1
(23) 1K, ¢l < [nH°M*+ H*M*+ H*M*(H +3HM +ncH M)'] 51 o“I* +
+ [2H*M* + 2neH*M* + 2H  M® + 6 H* M* + 2ncH* M*] |jo*|| + O (K*).

The norm of the operator Kjo* = {P**'BYP o} i5 estimated
by the same term as ||K,o"[l and ||K,¢"|.
Analogically we estimate the norm of the operator

KG ey — {Pp+l 1(2’;’/ Bnl B;ld) P—lpl—l Qﬂl—l}.
(24) [IKse"I< % [(H2+aHM*+H*M? + (H*M* 4+ nH*M*)(H+3HM +

+ncHM?] o”1?+ [H2M +2H M 4+ neH* M 4+ 2ncH* M* + 2H2 M3 +
+ 6HM* + 2ncH M* + nH3 M? +3nH3 M® + n*cH> M*] 0" + O (k).
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4. There are three vectors to estimate:
wp = (P, wh = (P, wh = (P,

- ]
(26) [l < H'( 2 [ AGIEFURLA @I I+NZ _ gR+U2Y ARL+Y2)2 ”u:lllz)”” +
—o
o0
+ H ( 2 "A(u)n+l!2,lA(u)pl—llz _Au+l/2,1Aul—llzn2 "u:luz‘)llz
—eo
(s <] . .
< neH ( 2 (A (12T 4 Ca)ut+1/2 _AM+1/2.IAN+1/2"2)”2 +
—oo0

Qo
+neH ( 2 AW+ -1/2 _ gut1iz] Auz-uz”z)m
—oo

< W eH [M [+ + M |14 n® cH [ M 2| + 3 |1r|]]
< (4nPcH® M+ 6n’cH? M? +2n°c® H? M?)|jo"| + 2n*cH M O (K*2),

(26) |}l < (n*cH* M+ 3n*cH® M* +n’c* H* M?)||¢"|| +n’ cH M O ("),
will <

(27)  lloos]l

(2nH? M?+ 4nH? M®+ 2n*cH? M+ 2H? M?)||o"||+
+2nH M0 (),

28) llel < (X 1) < ( X o) " < (0 ) = 0(k").
Considering all these inequality, we obtain an estimate for |[@G¢”|l,

(29) G < 3 B lIF + B e+ OB,
where
R, = max[a,, a,],
a, = 2H? 4-4nH® M* 4-4H? M® + (2nH® M* 4-4H> M°)(H +-3HM +ncHM)?,
a, = H*4+13H*M +17TH*M* + H*M +3H* M* +ncH*M* + 2ncH* M +
+ 2nH> M? 4 6nH M® + 20° cH® M? + 8ncH*M? + 8H* M* +
+24 HX M* - 8ncH?* M*+ 5n2cH> M* + 9n*cH>M® + 2n* cH> M* +
+ 7 EH*M* + 2nH>M® + AnH> M® 4 2n* cH* M>.

The proof of Lemma 3 is ended.
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4. Proof of Theorem 1. Considering (13), (15), (28), (29) we have

e+ — IIQ“H
k

O(k**) = O(L**) because h/k is constant.
Let us denote R, + R = L; then we have

Rx lg”I + (B, + B) lie“ll + O (¥").

L+l 5%
WL < hmr i + L1+ 0 (%),
S 2
1100 < hm gt 4 2 1)+,
el — llg”| -3f2 3/212
(30) ——k < LA™ [l + AT

From the theorem on difference inequalities we have
"Il < Lpkh®* (1 — Luk),

cf. the initial conditions |o° = 0.
Since 1 —Luk > 0, we have uk <1/L.
We have

HLukh"

) = 1P ! < NP 1M = H 1"l < Hlle" K ———-
1—Luk

The proof of the theorem is ended.

Regu par la Rédaction le 2. 7. 1971



