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Uniform convergence of a Galerkin-type method
for a non-linear boundary value problem

by SATISH SHIRALI* (Trieste, Italy)

Abstract. A Galerkin-type approximation method for a fixed point problem
x = Fz is considered in the abstract setting of a Banach space with an auxiliary
norm. Such a method consists in seeking an x, in a subset of the n-th finite-dimensional
subspace which minimizes the auxiliary norm of =, — P, Fx, , where P, is a projection
onto the subspace. A partial differential equation of the type Au(P) = f(P, u(P),
Vu(P)) is fitted into this setting and convergence theorems obtained for two Ga-
lerkin-type methods. One resembles the usual Galerkin (moment) method and the
other resembles the least squares method. The latter is shown to give uniform con-
vergence in some cases when the dimension is 3 or less.

Imtroduction. The convergence of Galerkin-type methods for linear
equations has been studied by several authors, Keldysh [3], Kantorovich
[2], Mikhlin [7] and others. In the non-linear case, Krasnosel’skii [6]
proved convergence in an abstract Banach space setting. But, fitting
a concrete differential equation to this setting presents difficulties if
uniform convergence is desired. Vainikko [9] has fitted the case of a non-
linear ODE and obtained uniform convergence for the interpolation
-method under suitable but broad assumptions. One of the crucial theorems
used by him is not available in the case of PDE’s as indicated at the
end of Section 2 below. Therefore, his methods do not readily extend
to PDE’s and a certain modification of the abstract setting becomes
necessary.

In this paper, we obtain, under some rather broad conditions, uniform
convergence for the unknown function itself and mean square conver-
gence for first partial derivatives but for dimension < 3. The 2-dimensional
and simplest case of our PDE is

du 0
Au=f(w,y,u ol u)

" ox’ dy

* On leave of absence from Department of Mathematics, Panjab University,
Chandigarh, India.



222 S. Shirali

on a bounded domain with sufficiently smooth boundary, the boundary
condition being that » must vanish there. It is intended that % should
have Holder continuous second partial derivatives on the closed domain.
The approximate method we consider is of the Galerkin-type in the abstract
setting, but in actual computation it strongly resembles the method of
least squares. Details are discussed in Section 4 below.

First we establish that the problem is equivalent to that of finding
the fixed point of a completely continuous operator. This operator, which
naturally involves the function f, cannot be thought of as operating in
a Hilbert space unless some conditions besides continuous differentia-
bility are imposed on f. Roughly speaking, this is because a Hilbert space
is not a Banach algebra. We are therefore forced to look at a space of
continuous functions, with an inner product providing an auxiliary (in-
complete) norm. Consequently there is no explicit mention of Sobolev
Spaces even when they may be there.

1. Let D be a bounded domain in p-dimensional space and 0.0 its
boundary. We assume that the boundary of D is smooth enough to apply
the Schauder estimate as in (5") on p. 336 of Courant and Hilbert, Vol. II,
[1]. Let C**°(D) be the usual Banach space (op. cit.) of real valued func-
tions on D with continuous partial derivatives up to order k, the k-th
order derivatives being «-Holder continuous (0 < a << 1). Let

0 ou
L = Za_ml(aij a—wj)’ a:ij = a]-i,

be an elliptic partial differential operator in D with €2 coefficients.
We consider the partial differential equation,

0 0
(A)  (Lu) (P) =f(P, W(P), = (P), ooy

viey— (P oD

B, g (), w(0D)

the (classical) solution being sought in C?*°(D) for some a. Here f: Dx

x RP*' >R is assumed to have continuous first partial derivatives. In

particular, f satisfies a Lipschitz condition on every bounded subset of
D x R?*', the constant being dependent on the bounded set.

Let K be the linear operator which maps each ¢ € C*(D) into the
solution in C**%(D) of

Lu =¢, wu(0D)=0.

Then, as an operator from C*(D) to C*(D), K is completely continuous
because of the Schauder estimates. We consider the equation

0
B) o(P) —f (P, (o) <P),(—a~ Kv) (P), (

Ty Ty

0,

Kv) (P)), v € C1(D).

It is clear that if v is a solution of (B), then Kv is a solution of (A).
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Now suppose that « is a solution of (A) and set v = Lu. Then « = Kv
and v is a solution of (B), except that v € C° (D). However, as long as v e C°( D),
the functions occurring “inside” f on the right-hand side in (B) are in
C'*t°(D). Moreover, f has continuous first partial derivatives; therefore
the entire right-hand side in (B) is in C'(D). Therefore, if v € C*(D) and
satisfies the equation in (B), then » actually lies in C'(D). Therefore, for
any solution # of (A), v = Lu is a solution of (B).

This proves that (A) and (B) are equivalent in the sense that, for
any solution « of (A), Lu is a solution of (B) and at the same time, for
any solution » of (B), Kv is a solution of (A).

For any v € C*(D), define Fv as follows:

(Fv)(P)=f (P, (Kv) (P), (EZT Kv) (P), ..., (£: Kv) (P)).
It is a by-product of our argument above that F maps C*(D) into itself.
Note that (B) requires v to be a fixed point of the operator F in C'(D).
Therefore, instead of considering the original boundary value problem,
we may consider the equivalent fixed point problem.

We shall now prove that F is a completely continuous operator from
O1(D) into itself. Let v, be a bounded sequence in C*(D). Then v, is a
bounded sequence in C°(D) for every a between 0 and 1, and by the
Schauder estimates Kwv, is a bounded sequence in (?**°(D) for every a.

Therefore there is a subsequence vy, Such that the corresponding se-

0
quences Kv, and —HKv, ,..., ——
ny axl "y ? ? aw

ticular, all these functions remain zlonunded in C(D). Therefore the Lip-
schitz property of f may be used, and we conclude that Fv, and its first
partial derivatives all converge uniformly; in other words Fv, converges
in C*(D). All this shows that F is compact. The continuity of F is easily

proved. Therefore F is completely continuous.

Kv, all converge in C*(D). In par-

2. In this section the abstract function space set-up is described
and shown to be applicable to equation (B). As far as possible, the notation
will agree with that of [6].

It i3 assumed that “co-ordinate functions” can be found whose
linear span is dense in C!(D). See e.g. Chapter IV of [4].

F 1s a Banach space over the reals, with norm | |. There is also an
auxiliary norm | ||, in ¥, but it need not be complete. F is a non-linear
operator in E. There is an increasing sequence L, « L, c ... of finite-
dimensional linear subspaces of F and corresponding projections P,, P,, ...

of E into these subspaces. Furthermore, the following conditions are
satisfied :

1° For every z € E, |z|| > |lz|,;
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20 F is completely continuous under the complete norm | |;

3¢ F is bound continuous in the sense that if |z, —z|,—0 and |z,
is bounded, then |Fz,— Fz|,—0;

4° For every x € E, |P,x — z||,—0;

50 \JLu is dense in E in the complete norm.

For the application to equation (B), the role of E is played by C1(D)
with its usual complete norm as || ||, and the mean square (i.e., L?) norm
as | [l,. Clearly, condition 1° is satisfied except for a constant factor,
which we may ignore. .

The role of F' is played by the operator which has already been denoted
by “F” in Section 1. It was proved at the end of Section 1 that condition 2°
is satisfied.

Denote the inner product in L?(D) by ( , ) as usual. As a preliminary
to condition 3°, we wish to prove the following. Let y be a constant such
that ( — Lu, u) > y(u, u) for those » € C?(D) which vanish on the boundary
of D. Then we have y(— Kv, v) < (v, v) for every v € L*(D). Here K is
regarded as having been extended to L?(D), where it is a bounded operator.
First we restate the inequality ( — Lu, 4} > y (4, ) as ( — Kv, v) > y(Kv, Kv)
for all v € C*(D). Since K is a bounded operator, this holds for all v € L*(D).
Now we argue as follows:

(v+yKv,v+yKv)>0.
Therefare,

(v, v+ y Kv) —(yKv, v+ y Kv)

=
= —y[(Kv,v)+y(Kv, Kv)]
> 0.
This is precisely the inequality we wished to prove. We shall use this
inequality to prove condition 3°.

Let |z, —2l,—~0. By what we just proved, (K(z,—=z),z,—z)->0.
But it is well known that by the ellipticity of L we have

D
—(Kv,0) > u f _,V(-f»-m) (P)2dP > y f (Kv) (P)?dP  for v e CM(D),
L \ O;
D j=1 D

where y is a suitable constant. The latter inequality here is Friedrich’s
inequality [8], p. 146. Therefore K (r, — x) and its first partial derivatives
converge to 0 in L?(D). From this we would like to conclude that Fx, — Fx
converges to 0 in L?(D) by applying th- Lipschitz property of the numer-
ical function f. But this property can be applied only if Kz, and its
partial derivatives remain bounded. This does happen, however, because
|z, |l is assumed bounded. This proves that condition 3° holds.

Actually, we have almost proved that condition 3° would hold even

if || l, were taken to be the so-called energy morm V —(Kw,v). In the
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preceding paragraph we started by moving over to this norm in any case.
At the end of that argument, we can apply the inequality y(— Kv, v) <
< (v, v) once more and we have the desired conclusion regarding the
use of the energy norm to replace the mean square norm. Such a re-
placement can also be made in condition 1°, because the energy norm
is essentially smaller than the mean square norm.

Now we choose co-ordinate functions ¢,, ¢,, ... in such a way that
condition 5° holds. (The ¢; need not satisfy the boundary condition.
More about this later.) In particular, the linear combinations of the ¢,
are uniformly dense in C(D). Let L, be the subspace spanned by the
first n of these functions. Let P, be the orthogonal projection of C'(D)
onto L,. We shall get different P, depending upon whether || ||, is chosen

to be the L? norm or the energy norm V(— Kv,v). But in either case,
condition 4° holds.

We have so far described a concrete example of the abstract set-up,
with two possible choices of the auxiliary norm | |,.

The need for the uniform boundedness of Kz, and their partial
derivatives in proving condition 3° prevents us from considering the
entire question directly in Hilbert space as has been done by Vainikko [9].
In his one variable case, |, — z|l,~>0 implies that the derivative of Kz,
converges uniformly to the derivative of Kz. A corresponding result in
the multivariable case is not available. Otherwise F could have been
extended to L2(D).

3. We now return to the abstract situation of a Banach space E
with an auxiliary norm || ||,, 2 non-linear operator ¥ in F and subspaces L,
with projections P,, satisfying the four conditions of Section 2. Let L
be a subset of F, which is bounded with respect to the complete norm
and whose intersection with any finite-dimensional subspace is a poly-
hedron. Consider the vector field @ on L given by @r = o — Fr. We
also suppose that @ has no null vectors in the || ||, closure of L. We shall
show that the rotation of @ on L can be obtained by using the projections P,..

First we prove that there is some o > 0 such that ||@Pz|, > a for
every x € L. If not, then there exists a sequence x, € L such that |z, —
— Fz,|,—~0. Since F is completely continuous (condition 2°) there is
some subsequence, which we shall also denote by z,,, such that |[Fx, —y|—0
for some y € E. By condition 1°, ||Fx, —y|,—0. Now,

||mn—y“z < Hwn_an”z + ”Fwn _y”2’

so that |z, — y|l,—0. By condition 39, |[Fz, — Fy|l,—>0. Therefore y = Fy.
Since @ is assumed to have no null vectors in the || ||, closure of L, this
is a contradiction. This proves that such a positive number a exists.
From condition 4° and the uniform boundedness principle, we con-
clude that there is an upper bound, say A — 1, for the norms of P, regarded
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as mapping the Banach space E into the normed linear space F with
norm | |,. By condition 2° we can choosc an (a/6A4)-net for the totally
bounded image of L under F. Again by condition 4°, choose a positive

integer N so large that for n > N and any « for which Fz is in the (a/6.4)-net,
we have

|P, Fzr— Fx|, < a/6.
It follows that

(3.1) QFx — Fzx|, << af2 for all xe L,

ifQ = P,, where n > N. Now it is known that a projection ¢ into a finite-
dimensional subspace can be used for obtaining the rotation of @ on L if

(3.2) \QFx — Fx| < /2 for all xe L,

where # is any number such that 0 < § < inf|x — Fz||, € L; and that
such @ with arbitrarily small g can be found [6], p. 106. By condition 1°,
we may choose § = a. But then, again by condition 1°, (3.2) will imply
that (3.1) holds for ¢. Now we argue exactly as in the well-known case
that if @ and Q' both satisfy (3.1), then the vector fields x —QFz and
x —@' Fr have no null vectors on the intersection of L with the subspace
into which @ and @’ map, and that they are homotopic there. Then either
field gives the rotation of  — Fx on L. Since ¢ can be chosen to be P,
for sufficiently large », z — P, Fz gives the rotation of x — Fz on L, if »
is large enough.

We are now ready to discuss the approximation of the fixed point
of the non-linear opcrator F. Suppose z, is a fixed point which is strongly
isolated in the sense that there is some closed | |-ball B containing =z,
in its interior such that the | [, closure of this ball contains no other
fixed points of F. All approximate solutions will be required to lie in
this ball. An n-th Galerkin approximate solution of the equation z — Fx
will be understood to be an element z, €e BnL, such that

(3.3) |z, — P, Fz,|l, = min|z—P,Fz|,, «eBnL,.

Condition 5° of Section 2 guarantees that BnL, is non-empty for suffi-
ciently large n. Moreover, the compactness of BnL, guarantees the occur-
rence of the minimum in (3.3). Therefore, an n-th Galerkin approximate
solution exists if » is large enough. The usual notion of a Galerkin approx-
imate solution requires that the minimum in (3.3) should be zero. This
possibility is covered by our definition. The only reason for this departure
from usual practice is to guarantee existence.
We shall now prove that

(3.4) lim !Iwn-Pnanll.? = 0.
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Ii this doés not hold, then there is some subsequence z,, and some § > 0
such that

(3'5) ”Pnkank —wnkl]Z > ﬁ'
As in (3.1), we can assert that for sufficiently large %
(3.6) 1Py, P2 — Flly < /2 for all z € B.

Now z,— Fz, = 0 and F is continuous. Therefore, there is some || |l:ba.ll
B’ =« B about x, such that

{3.7) le—Fz|,< /2 for all x € B'.

B’ « B and, therefore, for any =z € B'nL, we have |x—P, Fxi, > |lr, —

—P,Fz,|,. Now consider any z € B'nL, , which is non-empty if & is
sufficiently large. For such an x we have

lz — Fally > |l —P,, Fuliy— P, Fr— Fzl,

> p—B/2 = pl2,

where the last inequality follows from (3.5) and (3.6) and the fact B’ = B.
But the inequality just proved contradiets (3.7). This shows that (3.4)
must hold.

Now we use (3.4) to prove that the Galerkin approximate solutions x,,
converge to the exact solution z, in the auxiliary norm:

ng

lim ||z, — 2/l = 0.

Consider any subsequence z,, of approximate solutions, and an arbitrary

¢ > 0. Then one can ensure as in (3.1) that for sufficiently large k& we
have

\P,, Fx—Fz|,<< e/2 for all x € B.

ng

In particular, this holds for # = w,, . This fact combined with (3.4) shows
that ||z, — F2, |; < ¢ior sufficiently large k. But this means that lim ||z, —
— Fz, ||, = 0. One can now proceed as in the second paragraph of this
section to show that 2, has a sub-subsequence which approaches z, in
the auxiliary norm. It is now an elementary argument that if every sub-
sequence of a sequence has a sub-subsequence approaching a given element,
then the sequence itself approaches that element. Thus our contention
that |z, —,|,—~0 stands proved.

Special mention should be made of one case when the minimum
occurring in (3.3) is 0. Suppose the rotation of the vector field @ on the
boundary L of B is non-zero, i.e., the index of the fixed point x; is not
zero. We have already shown that this rotation is the same as that of
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z—P,Fr on LnL,. Therefore, it follows exactly as in the well-known
case [6] that the minimum occurring in (3.3) is 0 for sufficiently large n.

4. So far we have shown that in the abstract situation of Section 2
the Galerkin approximations to a strongly isolated fixed point of F con-
verge to that fixed with respect to the auxiliary norm. We shall now
apply this to the concrete example described in Section 2. First we consider
the case when the auxiliary norm is the mean square norm. Then the
Galerkin approximate solutions », of equation (B) must converge to the
exact solution v in mean square. Suppose that the inverse operator K
can be represented as an integral operator whose kernel G(P, @), the
Green’s function, has the property that [G(P, @)2dQ is bounded indepen-

b

dently of P. Then, by Theorem 1 (2.X) on p. 356 of [3], we can conclude
that K maps a mean square convergent sequence into an L™ convergent
sequence. Such a G cannot be found if p > 3. Now the Kv, are in C.
Therefore Hwv, converges uniformly to Kv, which is the exact solution
of (A). Since y(— Kvgy, vy) < (vgy ), the partial derivatives of the Ko,
converge to those of the exact solution Kv in mean square.

"The Kv,, however, are Galerkin approximate solutions for (A) in
the sense of the following:

DEFINITION. Let ¢, @,,... be a sequence of linearly independent
functions in C'(D) whose linear span is dense. Let P, be the orthogonal
projection (in the sense of L2(D)) onto the linear span of the first » of
these co-ordinate functions ¢,, and let K be the inverse of the operator L.
Then an n-th Galerkin approximate solution of equation (A) relative to

n

a given subset of C*(D) is a linear combination » = >’ ¢; Ko, which achieves

the minimum value of i=1
ou ou 2
[z (P)—Pn[f(P,u(P),—a—(P),...,6 )]/ ar
D Ly Zp )

n

among all such linear combinations for which Lu = )’ ¢;p; belongs to
the given subset of C'(D). i=1
If the ¢, are orthopormal, then without explicitly referring to the

projections P,, this may be described as a linear combination which
achieves the minimum value of

n a a 2
Do~ [emrr(p,uer, o=@ )) ar]
i=1 D 1 P

among all such linear combinations for which Lu belongs to the giver
subset of C'(D).
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Two comments on this definition are in order here. The first is that
a subset of C*(D) is supposed to be given. This is because in the abstract
situation we seck approximate solutions only within the ball which has
been denoted by B above. Without this, existence of approximate solutions
could have been proved only when the index of the solution was assumed
non-zero, and convergence could not have been proved at all, because
more than one solution would become relevant.

The second comment is that there is an explicit reference to K. The
approximate solution is sought as a linear combination of the K¢,, but
the expression to be minimized involves the ¢;. This is where the above
notion of a Galerkin approximate solution differs from the usual one in
an essential way. To put this difference in a more familiar perspective,
let us suppose, as one usually docs, that the minimum is equal to 0. Then
the ¢; are given by the equations

0 ou
(P)

oz, 7 0w,

(@i Lut) = ¢, = f%‘(P)f(P’ (P}, (P))dP-
D

This is so even if the ¢, are not orthonormalized. Let us denote the right-
hand side by (¢;, f) for short. Then we are seeking solutions in the form

n

w = > ¢y;, where y; = Kg;, ¢; = Ly; and the ¢; are given by the equa-

i=1
tions (¢;, Lu) = (¢;, f). In the more wusual Galerkin method. we set
(y;y Lu) = (vw;,f), where the p, rather than ¢; are called co-ordinate
functions. This is why we need not require the ¢; to satisfy the boundary
condition.

Before proceeding further, let us state the result which has been
proved regarding equation (A).

THEOREM 1. Let D be a bounded domain in RP, with a boundary which
is sufficiently smooth for the Schauder estimates to hold, and let f: D x R**' R
have continuous first partial derivatives. Let L be an elliptic operator in D,
0 ou
of the form Lu = Z%— (aij %), a; = a;; the coefficients being in C*(D).
i g
Suppose that u, is an (exact) solution of equation (A), and B, is a closed
ball in CY(D) containing Lu, in its interior and having mo other solution
of (A) in its mean square closure. Suppose also that ¢,, @,, ... is a linearly
independent sequence of co-ordinale fumctions in C*(D) whose linear span
s dense.
Then, for sufficiently large n, the n-th Galerkin approximate solution
0
u, of equation (A) relative to B, exists. Moreover, L“’*’a—m“" and u,
6 [
approach Lu,, T% and u, in mean square. If the inverse K of L can
2.

1
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be represented as an integral operator with kernel G(P,Q) for which [ G(P,Q)*dQ
D

i8 bounded independently of P, then w, converges to w, uniformly (p < 3).

If the index of the solution Lw, of equation (B) is non-zero, then the
minimum achieved by the m-th Galerkin approximation is zero for suffi-
ciently large n.

Having stated the theorem, let us resume the discussion about the g,
and y,. We already pointed out that the more usual Galerkin method
.consists in setting (y;, Lu) = (y;, f). This may be written as ( — Kg,, Lu)
= (— Kg;, f) or [¢;, Lu] = [¢;, f], where [ , ] denotes the inner product
associated with the energy norm. These equations are the same as those
of the modified Galerkin method above, except that the energy norm
replaces the mean square norm. Therefore, our function space set-up
-covers this case when we choose the auxiliary norm to be the energy norm.
The definition of an n-th Galerkin approximate solution of (A) must
now be modified by replacing the mean square integral by the energy
integral; in case the ¢, are orthonormal in energy, then the finite sum
to be minimized must be replaced by a similar sum, where the y; appear
in place of ¢;. In case the minimum is expected to be zero, then the equa-
tions for the ¢; reduce to the standard ones.

THEOREM 2. Suppose the hypotheses of Theorem 1 hold, B, has no
other solution of (A) in its energy norm closure, and the approximate solutions
u, are obtained (as is usual) by minimizing an energy integral instead of
a mean square integral. Then the same conclusions hold as in Theorem 1,
except for the convergence of Lu, and the uniform convergence of u,.

It was noted earlier that in the standard Galerkin method it is the v,
‘which are called co-ordinate functions. Theorem 2 requires that the Ly,
span a dense subspace of C!'(D).

The above theorems are a little awkward because of the elaborate
assumption that the solution is strongly isolated and because the minimum
given by the approximate solution may not be 0. All this can be avoided
if we assume that the solution is unique and that the approximate so-
lutions u, obtained by taking the minimum to be 0 have the property
‘that Lu, are bounded in C*(D).

The energy norm is equivalent to the norm of Sobolev space H!.
So, Theorem 2 also tells us about H!-convergence. Similarly, Theorem 1
tells us about H2-convergence because | Lul| 2 is equivalent to ||u||H2.
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