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Differential subordination and meromorphic functions

by K. S. PaApmanaBHAN and R. Mannni (Madras)

Abstract. The notion of Hadamard product is used to define certain classes of meromorphic
functions in the unit disc which reduce in special cases to the classes of starlike meromorphic
functions and of close-to-convex meromorphic functions. As the applications of differential
subordination we prove inclusion theorems for these classes and investigate other properties.

Let E=1z€C: |zl <1] and H(E) be the set of all functions holo-
morphic in E. Let g, GeH(E). We say that g(z) is subordinate to G(z2)
(written ¢g(z) < G(2)) if G(z) is univalent, g(0) = G(0) and g(E) < G(E). Now
onwards we assume everywhere heH(E) is convex univalent in E and
satisfies £(0) =1 and Re(h(z)) > O for z €E.

Let M be the set of all meromorphic functions in E and having in E the
Laurent series expansion

‘l e &)
fz) = ;(1+ Z a,z").

The convolution or Hadamard product (f*g)(z) of two functions

(1+ 3 b,

©

1
f@=_(1+Y a) and g()=

n=1

|-

in M is defined as follows:

1 x
(f*g)(2) = ;(l+ Z a,b,z").
n=1

Let

1
La(") = Z(l —Z)a,

a is any real number. For f € M, we have the following easily verified results:

(1) 2(Lax f)(2) = a(Las 1 * ) (@) =(a+ D)L % ) (2)
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and
2 Z(Lax f)(2) = (L * 2/ )(2)-
In the sequel, we need the [ollowing three lemmas.

Lemma 1 [1]. Let B, ye C, let he H(E) be convex univalent in E with h(0)
=1 and Re(Bh(z)+7) >0, z€E and let peH(z), p(z) = 1+p,z+ ... Then
per+, P ) = o < hiz)

Br)+y ) .

Lemma 2 [3). Let B, yeC, let he H(E) be convex univalent in E witih h(0)
=1 and Re(Bh(z)+7)>0, zeE and let qe H(E) with q(0) =1 and
q(z) <h(z), zeE. If p(z)=14+p,z+ ... is analytic in E, then

zp'(2)
—- < h(z)=p(z) < h(z2).
Ba(z)+7y :

Lemma 3 ([2], p. 12). Suppose that h(z) = ) h,z" is convex univalent
1

n=
aC

and maps |z| <1 onto D. Let o = g(z) = ) g,2z" be regular in |z| < 1 and assume
n=1

there only values o which lie in D. Then |g,| < |hy| and in particular |h,) < |hy]

for n>1.

DeriNniTioN L. Let M (h) denote the class of functions fe M such that

L+ f)Y(2)
— s <l z),
Lo 7
where (L, * f)(z) # 0 for z¢E.

Remark [ If a=1 and h(z)=(1—2)/(1+2z), then since (I, * f)(z)
= f(z), M3 (h) reduces to the class of meromorphic starlike univalent func-
tions. :

THEOREM L. If fe M}, | (h) and Re h is bounded in E, then fe M (h) holds
for a+1 >d = MaxReh(z) provided (L,*[)(z) # 0 for - €E.

zek

Proof. Let

p(z) = z{L, xf_)'(:’)
T (Lex D)

From (1), we get

a(La+l *f)(Z)
z ) = —25
PEHEED = e
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Taking logarithmic derivatives and multiplying by z, we get,

20 (2) 2(Lysy % 1) (2)
3 _ w2 _Lasa xS
Gl ro+as) PO e
If feM:, (h), then
(4) 2(=rl) —plz) < h(2).

—(=p@)+la+1)

From Lemma 1, it follows that —p(z) < h(z) for Re(—h(z)+(a+1)) > 0, = €E
which means fe M} (h) for a+1 > d.

DeriniTION 2. Let

l s )
f(z) = :(1+ Y a,z").
b n=1
Define
E o ly+1Y\
h,(z) = ( .)z’ 2 for Rey> —1
’ j;l Y+
and

j=

(s _v (vl o
F(z)=(f*h)(2) = Z. (Hj)a,-lz

with 4y, = 1. Then

F(z) = m}t’*‘f(l)dt.
0

+
PA

1 x

DeriniTION 3. An infinite sequence |d,| T of complex numbers is said to
xX

preserve property T il whenever f(z2) = ) a,z"”? possesses property T the
1

n=
x

convolution J(z) = f(z)* Z d,z"" % also possesses property T.

THEOREM 2. Suppose f € M} (h) and Reh is bounded in E. Then Fe M (h)
holds for Re(y+2) > d provided (L,*F)(z) # 0 for zeE.

Proof. We have from Definition 2
F' (2 +(y+2F () =(+1) /()
and so
(Lo *2F')(2) + (7 + 2D (Lo * F)(2) = (y + D (Lo * /) (2).
By (2), we have
() 2Ly * FY (2)+ (7 +20(Ly = F)(2) = (7 + D) (L, * /) (2).
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Let p(z) = z(L,* F) (2)/(L, * F)(z). Then (5) gives

(La* f)(2)
2)+(+2) =(+1); ——
PE+HG+D = (D)
Taking logarithmic derivatives and multiplying by z, we get
zp'(2) z(Lox fY (2)
(6) —+p(z)= —.
ra+0+2 " T L
Since fe M;(h), it follows from (6) that .
z(—p@)

i T e TN

By Lemma 1, —p(z) <h(z) for Re(—h(z)+7y+2) >0, ze E; that is Fe M;(h)
for Re(y+2) >d.

CoroLrAary 2.1. For each fixed y with Re(y+2)>d, the sequence
y+ D/(y+n)} 2, preserves the property feM;(h).
Proof. Corollary follows from Definition 3 with d, = (y+ 1)/(y + n).

THEOREM 3. Let fe M and let h be continuous in addition on the unit
circle. Then fe M3(h) if and only if (L,*f)#0, z€E and

(1=h(x))(1-z2)—az
*
Z(l _z)a+l

(7) f(2)

#0, |x|=1, zeE.

Proof. Let feM and satisfy (7) and (L,xf)# 0, zeE. Put g(2)
=(L,*f)(z). Then ¢(z) # 0, ze E. We can rewrite (7) as

(Lewi* N atl h(x)

(3) G(z2) = Lo 1)) . ; Ixl =1, zeE.

From (1) we get

9) G(z)=—+1 , zekE.
a agl(z
(8) and (9) imply
W g, =1, zeE. 4O _y
g(Z) g(Z) z=0

is in h(E). Also —zg'(z)/g(z) i1s analytic in E and so maps E onto a region
which contains | and is a subset of h(E). Therefore
_29'(2)
g(2)

< h(z2).
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Hence f e M (h).
Conversely, f e M;(h) implies

z9'(2)
2= z), :zeE
g(z) @)
and so
O . Ix =1, zeE.
g(2)

By retracing the steps we obtain the converse.

THeOREM 4. Let fe M (h) and

. 1 =
f(2) = ;(l+ Z a,z").
n=1
Then

] < [Ay| (L + 1Ry D (24 Ry ... (n— 1+ k)
me a(a+N)(a+2)...(a+n—-1)

) =1,

where h(z)=1+h z+ ..., |z] < 1.
Proof. Let
_Z(La_*f),(z)
Ly f)(2)

We have h(z) =1+h;z+ ..., |z2| <1. Since fe M}(h), p(z) <h(z). Then, by
Lemma 3, we have |p,| < |h{|, n > 1. Let

=pyj=14+pyz+ ... +p, 2"+ ...

! ! 3 +1)...(a+n—1
L) =———5=-(1+ ) b,z"), where h":a(a )...ta+n—1)
z(1—2)* =z e al
Now
lz= 2 (n=Da,b, 2" = (It pyzt . +p,2"+ L )(1/z+ Y a,h,z""").
"l n=1

Comparing the coefficients on either side, we obtain

0=“|h1+P13 [ay byl = |p,]| < |hy],
lay bol < 3IMI(L+ThD), s by < Sy (L + 1Ry ) (145 hy)).

Then

hy] ( 1yl ( Ay
— — b1+
lanbal < (I+lhDy 1+ > L
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Therefore

la,] < LAY +|hl“(2+'hll)-~-(n_i_l__+lhl“
M a(a+1)(a+2)...(a+n—1) ’

> 1.

DeriNiTioN 4. Let M (h) be the class of functions fe M such that
_Z(La *f)’(Z)
(L, *P)(2)

Remark 2. If a =1 and h(z) = (1 —2)/(1 +z), then M{(h) reduces to the
class of meromorphic close-to-convex functions.

< h(z) for some ®eM;(h).

THEOREM 5. If fe M, (h) and Re h is bounded in E, then f € M (h) holds
fJor a+1>d provided (L,*®)(z) # 0 for zeE.

Proof Let
_z2Lax f)(2)

PO =)

By (1) we have

(Lo @) (2) p(2) +(a+ D(Ly* f)(2) = alLg+ * f)(2).
This gives
(10) (Lo ®)(2)zp' (2)+2zp(2)(Ly* D) (2) +(a+ 1) 2 (Lo x f) (2)

=az(Lyyy * f) (2).

Let
z(L,*tD)'(zl
(Ly* ®)(2)

L~
—
)
—
I

Then (1) implies

L ot
(1 g@)+a+l)=a—————.

(10) can be written as

y _ P a1 *JY()
(12 W@ +pE @) +Hat D) =a= g

Dividing (12) by (11),

2 (2) 2(Lass 1) C)
13 @ V@)
() EEETES AT Y=
If fe M, (h), then
z(—p2))
—(—q@)+(a+1)

—p(2) <h(2).
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By Lemma 2, we have —p(z) <h(z) for Re(—h(z)+a+1) >0, ze E. Since
bec M, (h), @ belongs to M)(h) for a+1 >d by Theorem 1. Hence
feMy( for a+1 > d.

ThroreM 6. Suppose f e MS(h) with respect to the function ®e M:(h).
Define ¥ by ¥W(z) = (P xh,)(z). Then Fe M (h) with respect to the function ¥
fJor Re(y+2) >d provided (L,* ¥)(z) # 0 for -¢E.

Prool. Since ¥(z) = (®*h)(z), we have

".!+1 -, .
P(z) = ;ﬁ—z [ Y d(nydr.
0
By Theorem 2, ¥e M;(h) for Re(;y+2) >d provided (L,* ¥)(z) # 0, € E,
since ®e M (h). Also

(14) (L x VY (@ +0+ 2Ly« )(2) = 7+ DL+ D) (2)
and
(15) (L« FY (@) +(y+2)(Lax F)(2) = (7 + D(Lg * f)(2).
Let
(L, *xF')(z
ey = S Le F))

T LY
Then from (135)
P (L *x W) (@) + (7 + 2Ly x F)(2) = G+ D(Lg * f)(2).

Differentiating with respect to z, multiplying by z and dividing by (L, *x ¥)(z),
we get
2(Lg* f)'(2)

P (D+p@g(+7+2) =(+1 L

where
(L, * YY) (2)
)= —"+ e < —h(z).
1= @ ~ "
Hence
zp'(2) . S(L,* f)(2) S(L,x ) (2)
————— 4 p(2) = (7 + 1 - = — ,
g(z)+(y+2) Pa) =1 )z(L,,*‘l’) )+ + 2L, *P)(2) (L,*x®)(2)

by (14). Since f e M, (h),

Z(—=p@)
SRR o) < ().
(CqEN+Gay PO =R
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By Lemma 2, —p(z) <h(z) for Re(y+2) >d; that is, F e M,(h) for
Re(y+2) > d.

CoroLLARY 6.1. For each fixed y with Re(y+2)>d, the sequence
'+ D)/(v+n))*®  preserves the property feM:(h).

In=1

Proof. Corollary follows from Definition 3 with d, = (7 + 1)/(y +n).

DerniTION 5. Let
l an
f@)=—(1+ 2 a,2")
n=1

be in M. Define

F, (2) = i (1+y1.l+~,'2 1+7, 4 o2
P s ity omty, nky, ) T 0

Fooie) = i (1+}11'1+y2_ '1+y,,)(l+y,,+1)a a2
ah n=1 n+'})1 n+}"2 n+yp n+7'p+1 " ,

where p=1,2,..., Rey, > —1 and Fy(z) = f(z). Let
1 d .
g(z)=:(l+ Y. b,z"),
< n=1

G,(2), G,4+1(2) be similarly defined, with identical y as in F,(z) and F,,,(2)
but with b, replacing a,. (The y, may or may not be distinct.)

TheoreM 7. Let f(2), g(z), F, (2), Fp+1(2), G,(2), G,4,(2) be defined as in
Definition 5. Then, for p=1,2, ..., we have F,e My(h) for Re(y,+2)>d
provided (L,+xF,)(z) #0, p=1,2, ..., whenever feM;(h). Also if fe M;(h)
with respect to ge M;(h), then F,(z)e M (h) with respect to G,(z)e M;(h) for
Re(y,+2) >d provided (L,+G,)(2) #0, p=1,2, ...

Proof. From the definition of F,(z) we have the [ollowing recursive

relations

Fpord) = (47,02 270 {2 E (ndr.
o]

We also have similar relation for G,(z). The results follow respectively from
Theorem 2 and Theorem 6 with the above recursive relations.

DeriniTION 6. Let Mg, (h), a any real number, denote the class of
functions f e M such that
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)<h(z)

JAaJH¢)=a(_”L”“*ﬁ%ﬂ)+a—w(:iﬁiiﬂiﬂ

(Lav1 D) (2) (La* D) (2)
for some @ e M;(h) satisfying (L, *®)(2) # 0, z€E.

Tweorem 8. Let feM;, (h). () If a >0, then feM;(h) = Mg (h) for
a+1>d. (i) If « <0, then f e M o(h)y = M5(h) for a+1 <m = MinReh(2).
zeE

Proof. Let

_2(L*f) @)

p(2) = LD’ where @ e M;(h).

Then, using (13), we find that

—azp'(2)

TR

p(2).

If feM,,(h) and a >0, then, by Lemma 2, we have —p(z) <h(z) for
a+1>d. That is, feM;,(h) = My(h) for a+1>4d. (u) If feM;,(h) and
a <0, then, by Lemma 2, we have —p(z) <h(z) for Re(—h(z)+a+1) <0,
zeE. That is, feMS o(h) = M(h) for a+1 <m.

THEOREM 9. (i) For a > >0, Mg ,(h) < M_ z(h) ifa+l >d.
() For a < <0, M (h) = M_4(h) if a+1 <m.
Proof. (i) If f =0, then this result reduces to part (i) of Theorem 8.

Hence we assume that B # 0. Suppose fe M, (h). Then J,(a:f; @) <h(z).
Let z; be any arbitrary point in E. Then

(16) Jalo; f2 P)(z1)€ h(E).
By part (i) of Theorem 8,
—z(L,* f) (2) ‘
(—La*f)T_<h(Z) for (a+1)>d;
SO
—zy (L * f)'(zy)
(17) L~®) () eh(E) for a+1>d.
Now

. _ —z(Lyv 1+ f) (2) _ (M)
Ja(a‘f)(Z)—a( ertd) )+(1 o (“2t D) <

Since fi/x <1 and h(E) convex, J,(f;f; ®)(z,)e h(E) for a+1 > d by virtue
of (16) and (17). It implies that J,(B;f; ®)(z) < h(z) for a+1 > d. That iIs,
feMg,(h) for a+1 >d.
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(1) This part follows from part (1) of Theorem 8 as part (1) follows from
part (1) of Theorem 8.

DerinitioN 7. Let M, (h), « being any real number, denote the class of
functions f'e M such that

i =2l % f) (2 —z(Lx Y@\
J"‘“’-f”"'“( (Lo~ 1 # N)() ,)Hl_i)(_(La*f)(:f'")“(“’

with (L,, ;% /)(z) # 0 and (L, = f)(z) #0 for z<cE.

Turorem 10, Let feM (. (1) If x>0, then feM ,(h) = M}l for
a+1 >d.

(i) If 2 <0, then fe M, (h) = M,(h) for a+1 <m.

Proof. Let
p(?) = :_(I:"_ﬂ?,_(i)
o (Lax N
Then, by (3), we have
i@ = =P,

p(z)+(a+1)

Since e M}, (h), Lemma 1 implies that —p(z) <h(z) for a+1>d if a >0
and that —p(z) <h(z) for a+1 <m il « <0. That is, if a > 0, then f'e M3 (h)
for a+1>d and if a <O, then fe M5(h) for a+1 <m.

Tueorem 11, (i) If x> B >0, then M, (h) = M; 4(h) for a+1 > d.
() If a <B <O, then M; ,(h) = M 4(h) for a+1 <m.

Proof. Proof of this theorem is similar to that of Theorem 9.

References

[1] P Eenigenberg, S. S. Miller, P. T. Mocanu and M. O. Reade, On a Briot Bouquet
Differential Subordination, General Inequalities 3 (Birkhauser Verlag-Bascl), 339 -348.

[2] W. K. Hayman, Multivalent Functions, Cambridge University Press. 1958.

[3] K.S. Padmanabhan and R. Parvatham, Some Applications of Differential Subordina-
tion, Bull. Austral. Math. Soc. 32 (1985). 321-330.

THE RAMANUJAN INSTITUTE, UNIVERSITY OF MADRAS. MADRAS, INDIA

Requ par la Rédaction le 15.04.1986



