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Some properties of solutions of elliptic partial
differential equations of the second order

by JAN BoCHENEK (Krakow)

Let D be a domain in the space of m variables X(z,, ..., &m). As-
sume that the boundary F (D) of D or at least a closed part X of F(D)
is of class (%, i.e. F(D) or X is given by the cquation G(x,, ..., xn) = 0,
where the function G is of class C? in an m-dimensional domain con-
taining F(D) (X2) and, moreover, grad?G > 0. Let

m

1 8w = au(X) s DIh(X) 2 4 o(X)u = f(X),
k=1

ox10x4

ii=1
where the coefficients a4 (X) = a;(X), (X) (4,7,k=1,...,m), ¢(X)
and the function f(X) are defined and bounded in the closure D of

a bounded domain D. Let the characteristic form Y a¢(X)2:4; of

1,7=1
equation (1) be uniformly positive definite in D. We shall prove
LEMMA 1. If in the domain D 1° f(X) >0 (or f(X) <0), 2° a part
of F(D) contained in a neighbourhood of a poimnt X, of Z belongs to ZX,
3° u(X) is a regular solution of (1) (for the definition of the regular
solution of (1), see [3], p. 118) in the closure D of D such that u(X,) = 0
and u(X) <0 (or u(X) > 0), then

. u(X)—u(X,) . (X)) —u(X,)
lims <0 or liminf
RGN ¢ (or Bt ¥ —x,]

>0),

where X belongs to an open rectilinear segment contained tn D such that
the segment ends at the point X, and is not tangent to F(D) at X, (X >X,
along a half-straightline ‘“penetrating” into the interior of D).

Proof. Take the transformation
(2) u(X) = (X)W (X),

where

m
W(X) = [[cosp@i— 1), Xoldy, vy &m) -
i=1
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Then (1) takes the form (for W(X) # 0)

m

B B = D au(X) g+ B0 o+ E(X)e = (),
k=1

1 1

We shall show that there exist a number g and a neighbourhood
0(X,) of X, such that ¢(X) < 0 and W(X)> 0 in O(X,) ~ D. Indeed,
obvious computations show that

where ¢(X) =

1

(1) T 8N = =40 X, w) =i (X, 1) +0(X),

where

9(X, u) = Zau (X)— Z aif( X) g p (@ — 1) tg (w5 — &) ,
(1#7)

m
WX, p) = ) bl X) tgp(@e— &) -
k=1
By our assumptions sup |¢(X)| = M < oo. Observe that if the inequality
XeD

(5) — (X, p)—ph(X, p)+ M <0
holds, then also §(W) < 0 holds. For x4 # 0 (5) is equivalent to

ME

(6) —9(X, u) — 7

Take wx such that

m

é_‘n{<in£ [Zaﬂ(X)] =4 (4>0),

and a neighbourhood O(X,) such that

WX, A

y * and g(X,,u)>%A, W(X)>0.

Then (6) is satisfied, which implies that ¢(X)< 0 and f(X)>0 (or
f(X) <0) for X e0(X,) ~ D.

Since the boundary F (D) of D is of class C* at X, then, as we know
(see [1]), there exists a ball K whose boundary ¥ (K) is tangent to ¥ (D)
at X, and whose other points all belong to D. In the common part 2
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of 0(X,) and K the function v satisfies all the assumptions of a lemma
of O. A. Olejnik ([5]). Therefore

: (X)) —0(X,) (X)) —v(X,)
7 lims <0 1 Liminf
A e A G & (or It =Ty —x,|

> 0),

where X —X, along a rectilinear segment contained in £ and non-tangent
to F(Q). '
On the other hand, since u(X,) =v(X,) =0, so

w(X)—u({X,)  v(X)—v(X,)

(8) X—X, _  1X—X,

Observe that

(9) lim W(X)=1.
X—+X

W(X).

Lemma 1 now follows from (7), (8) and (9).

THEOREM 1. If in equation (1) f(X) =0 (or f(X)<0) for X eD,
and if w(X) is an arbitrary non-positive (or non-neativeg) solution of (1)
reqular in the closure D of D such that supu(D) =0 (or infu(D) = 0),
then u(X) vanishes at a point of F(D). Moreover, if u(X) also vanishes
at a point in the interior of D, then u(X) vanishes identically in D.

Proof. By Lemma 1 the proof of Theorem 1 is analogous to the
proof of E. Hopf’s theorem (see [2], [4]).

THEOREM 2. If 1° the boundary F(D) of D is of class C (1), 2° there
is no tangent plane to F (D) at X, e F (D), 3° there is a ball K belonging
to D such that boundary F(K) of K contains the point X,, 4° u(X) is a bi-
reqular (2) solution of (1) with f(X) =0 such that w(X) %0 in D and
u(X) =0 on F(D), then u(X) changes its sign in every mneighbourhood
of X,. .

Proof. Suppose there is a neighbourhood O(X,) of X, contained
in D such that 4(X) £ 0 in O(X,) ~ D. Then, by Lemma 1, the deri-
vative of %(X) in an arbitrary direction non-tangent to the boundary
of K at X, is different from zero.

On the other hand, since there is no tangent plane to ¥ (D) at X,,
then there are m linearly independent vectors tangent to F (D) at X,.
It is obvious that the derivative of %#(X) in each direction tangent to
F(D) at X, i1s equal to zero. This, however, implies (comp. [3], p. 44)
that oufoxz: =0 (1 =1,...,m) at X,. Thus all the derivatives of u(X)
in directions non-tangent to F(D) at X, are equal to zero. We have got
a contradiction. Thus the proof is complete.

(*) For a definition of a surface of class Cj, see [3], p. 132.
(3) For a definition of a biregular solution of (1), see [3], p. 118.
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The following corollaries are simple consequences of Theorems 1
and 2.

COROLLARY 1. If the boundary F(D) of I satisfres 1°, 2° and 3° of
Theorem 2, then a function u(X) satisfying (1) with f(X) = 0 such that
u(X) =0 on F(D) and u(X) does not change its sign in D cannot be of
class C' in the closure D of D.

COROLLARY 2. If 1° u(X,) = 0 and du/dl = 0 at X, e F(D), l denoting
a non-tangent direction to F (D) at X, “penetrating’ into the interior of D,
2° there exists a ball K contained in D such that ils boundary F(K) con-
tains X,, 3% the function u(X) is a non-zero solution of equation (1) with
f(X) =0, 4° the u(X) is of class C* in the closure D of D, then the func-
tion u(X) changes 1its sign in every component of the common part of D
and an arbitrary neighbourhood of X,.

COROLLARY 3. If Z denotes the set of zeros of u(X), where u(X) is
a non-zero solution of (1) with f(X) =0, then 1° Z contains no isolated
points, 2° the function u(X) changes its sign in every neighbourhood of an
arbitrary point of Z, 3° the set Z divides the domain D, i.e. in every neigh-
bourhood of an arbitrary point of Z there exist points belonging to at least
lwo different components of D—2Z.

COROLLARY 4. If at a point X, belonging to the interior of D we have
u(X,) =0 and grad®u(X,) = 0, then the point X, ¢s a ‘‘ramification”
point of the surface u(X) = 0 in the sense that every ball contained in D
such that its surface touches X, contains points of the surface u(X) = 0.

This paper has been prepared under the guidance of professor
M. Krzyzanski. I am very much obliged to him for that.
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