ZASTOSOWANIA MATEMATYKI
APPLICATIONES MATHEMATICAE
XVII, 1 (1980’

R. ROZAKSKI (Wroclaw)

A MODIFICATION OF SUDAKOV’S LEMMA
AND EFFICIENT SEQUENTIAL PLEANS
FOR THE ORNSTEIN-UHLENBECK PROCESS

0. Introduction. In papers [6] and [4] the authors have obtained a
characterization of efficient sequential plans for some stochastic processes
satisfying Sudakov’s lemma (see [3], p. 55-59, and [5]). Here we prove
2 modification of Sudakov’s lemma and give some properties of efficient
Sequential plans for the Ornstein-Uhlenbeck process.

1. Absolute continunity of measures generated by stopping time and
some sufficient statistic.

(i) Let Q be the space of vector-valued functions w(t) for ¢ > 0 which
are right continuous. Moreover, we assume that:

Z is the smallest o-algebra of subsets of 2 with respect to which the
funetions o(t) are measurable if ¢ > 0;

Z, is the smallest o-algebra of subsets of Q with respect to which
the functions (8) are measurable if s € [0, t];

Mo is a probability measure on (2, #) dependent on the real para-
meter 6 € [a, b].

Definition 1. A Markov stopping time is a random variable 7:
£ - [0, oo] which satisfies the following condition:

{o: v(w)<t}eF, for all t>0.

(i) Let 8(w, t) for every ¢ be the mapping*from 2 to R', measurable
With respect to #, and right continuous with respect to ¢, ug-almost surely,
for every 6 ¢ [a, b].

LeMMA 1. If py({w: 0< v(0) < oo}) =1 for all 0€la,bl, then
8{w, 7(w)) is measurable with respect to the o-algebra F.
For the proof see [3], p. 58.

(iii) By u,, we denote the measure u, defined on the o-algebra &, c £.
Let us suppose that the measure lo, 18 absolutely continuous with respect
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to the measure u, , and that the density function takes the form

;.“o,t =g(t1 S(w’.t% 07 00)7
6y,
where g is a continuous function and § is a mapping satisfying (ii).

From the Fisher-Neyman theorem on factorization [1] we deduce
that 8(w,?) is a sufficient statistic on the probability space (2, F, u,,)
for every t > 0.

(iv) Let U = [0, o) xR' =T xR', U>su = (t(u), #(u)), where by
t(u) we denote the component of » which belongs to T, and by z(u) — the
component of » which belongs to R'. Let &, be the o-algebra of Borel

subsets of U.
On (U, #y) we define, for every A € #,, the measure m, generated

by the statistic § and the stopping time 7:
me(A) = ,uo({w: ((w), 8(w, 7(v))) eA}).

LEMMA 2. Under assumptions (i)-(iv) the measure m, is absolutely
continuous with respect to the measure my , and the density function takes

the form

dmg
dmyg,

=g(t, =, 0, 0,), _tET,weR’.

Proof. Let mj be the measure generated by the stopping time z,(w),
where

1
Ta(0) = — o [—2"z(a)],

and [2] is the integer part of the number 2. For every w € 2 we have

lim 7,(w) = r(w) and 17,(w)>7(w) for each n.

n—>00
Let Y} = {0: 7,(0) =} € Fn, where ty = k/2" (k,n € N) are the
values of 7,(w). We define the measure mg, by

mi(4) = mYAn|(t, @) :t =1)) for each 4 e By.

We prove that mf, is absolutely continuous with respect to LR
Indeed,

my(4) = mi(An|it, z):t = t}:})
— m({w: (r,,(w), S(w, -r,,(w))) eAn{t,z): t = t;“})
= sl (1 8(0, ) € 4]V TE) = o+ (AN T),
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where z: Q —T xR’ is defined by n(w) = (%, 8(w, #%)). So we obtain
mg;k(A) = ‘uo’t;:(n—l(A)m Y;:) = 'uo,‘}:ly;:(n"l(A)).

By (iii) we have
Mor(4) = i‘o o Y,,(n‘l(A))

= _1_([1 9(t, S(w, 1, 0, Go)dp%.tzly;: =
)
Hence the measure my ;. is absolutely continuous with respect to the

meagsure mg ., and the density function takes the form

[o(tz, 2, 6, 65)dms, .
A

dmg
= g(t, z, 6, 0,).
dmeo . g(te, z, 6, 0,)

Moreover, we can write
mi(4) = f;(AnLkJ{(t,w) it =13}

- ng(An[,(t, )it =1)) = Y'my(4).
k

‘Let mg (4) = 0.
We know that mg (4) = 0 if and only if mg ,(4) = 0 for every k.

By the absolute contmulty of mg, with respect to Mg, We have mg,(4)

= 0 and m}(4) = 0. Thus, the measure m} is absolutely continuous with
respect to the measure mjy . Thus we have proved our lemma for the stop-

ping time 7, (w).
By (11) and by the fact that

lim 7,(0) = 7(w)

Wwe obtain the following conclusion:
lim §(w, 7,(w)) = 8(w, 7(w)) pe-almost surely,

for each w

0 e[a, b].

Let p: U — R be a continuous, bounded, real function defined as

follows:
[pwydmt = [ p(ra(@)), 8(w, 74(w)))du,.
U Q

By the Lebesgue theorem we have
lim [ p(u)dm§ = f Smp(e(@), S(w, 7a(@)))du
n—>0 17

= fp(r(w),S(w r(w)))duo f () dm,.
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Thus the sequence mj is weakly convergent to the measure m, for
each 0.

The thesis of our lemma is implied by the following lemma proved
in [3], p. 55-59.

LeEMMA 3. Let m, be a sequence of probability measures in R**', weakly
convergent to the measure m, and let g(t,x) be a continuous non-negative
function defined on R°*'. Then the sequence m,,, having the density function
g(t, z) with respect to m,, converges weakly to the measure m' with density
g(t, x) with respect to m.

Remark 1. Denote by R* the space of all real sequences with Tikho-
nov topology, and by #,. the c-algebra of Borel subsets of E. Let us
assume, instead of (ii), that S(w, ?) is a mapping from 2 to R™ and that
(#_.., F,) is measurable and right continuous with respect to t, u,-almost

Rw’ - 13 . .
surely. Then, in this ease, Lemma 2 is valid.

2. Efficient sequential plans. Let (0) be a function of parameter 0
and let f: U — R, where f is #,-measurable. The function f is an estimator
of h(0).

Definition 2. A sequential plan is a pair (z, ) containing the stopping
time 7 and the estimator f satisfying the following assumptions:

po({w: 0 < 7(w) < o}) =1  for each 0 € [a, b],

Eof = [f(w)g(u, 0, 65)dmq (u) = h(6),
U
Eof? = [f*(u)g(u, 8, 6o)dmg (u) < o0, 6 ¢[a,b].
U

(v) We also assume that
(a) the function h(0) is differentiable and A'(0) 5= 0 on [a, b];

(b) the function g(t, z, 0, 0,) satisfies some regularity conditions which
guarantee that

dlng(t, x, 0, 6,)]°
0 < f[ 9@t @, 0, "]g(t,a:, 0, 8o) dmy,(u) < oo,
U

06

olng(u, 6, 6,)
00

0
—7 | T0g(, 0, 6)amq, — [ fiw) g(u, 0, 0r)dmy,.
U U

Under assumptions (i)-(v) we can formulate the following theorem,
the proof of which is analogous to that in [4].

THEOREM 1. For each sequential plan (x,f) satisfying the above-given
assumptions the following inequality of Cramér-Rao type holds:



Sudakov’'s lemma 77

(1) D§f> L [h'(o)]‘.’. '
= [[eIng(u, 0, 0,)/80F g(u, 0, 6,)dmq, (u)
1 94

The equality in (1) holds at a particular value of 0 if and only if
dlng (¢(u), z(u), 6, 6,)
co

Definition 3. A sequential plan (r, f) is called efficient at a gi'ven.
'.value of the parameter 6 ¢ [a, b] if therc exists an estimator f such that
lnequality (1) becomes an equality at 0.

Definition 4. A sequential plan (r, f) is called efficient if there exists
an estimator f such that inequality (1) becomes an equality for each
0 €[a, b]. In this case the estimator f is efficient and the function E,f
= h(0) is efficiently estimable.

f(u)—h(6) = k(6)

mo,-almost surely .

3. Characterization of efficient sequential plans for the Ornstein-
Uhlf:nbeck process. Let us consider the Ornstein- Uhlenbeck process, i.e.
a diffusion process whose transition densities p(y,tlz,8) =p(y,t—s|x),
{> s> 0 satisfy the retrospective Kolmogorov equality

¢ . 1 &p(y,tlx) fop(y, t12)
— Py, tix) = — 2802 - =211 _B(x—0 .
a PWstie) = - 26 P Blo—0)——-

A
2

I

From this equality it follows that p(y, t|z) is the density of the normal
distribution with mean value 6+ e¢ #(z— 6) and variance o2(1— e %%).
We assume that almost all sample functions w(f) of this process start
from the point ¢, ce€ R. We assume also that the parameters § and o?
are known (8 > 0, ¢ > 0), but the parameter 6 is unknown. Almost all
sample functions of this process are continuous. Hence the process gener-
ates a measure g, in the space of continuous functions.

Using Theorem 2 from [2], p. 606-608, we conclude that for every
t > 0 the measure Mo, 18 absolutely continuous with respect to the measure
Ko, for 6, = 0, and .

d#o,t
d#oo,t

n—1
= lim IYQ(tn,k, AT (9 I PR w(tn,k-H))’
n—>00 %—0
Where 0 = o<t <..<t,, =tand the set 4, ={t,,:% =0,1,...
--+yM—1} is such that 4, = 4,,, and | J 4, is a dense set in [0, t]. The
n

fu.netion q(s,x,t,y) is the density function of the measure P,(4, ilw, 8)
With respect to the measure P,(A4, |z, s). In our case

02 (1 _ 6—3(‘—-8))2 —20 (y _ we—ﬂ(i—&)) (1 — 8—1‘3(!—8)) l
20-2(1 — 6—23(‘—0)) l ’

98,2, t,y) = exp{—-[

8 <t.
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Let exp{—p (tne+1— tn,x)} = 0n- Then

n—1

linl 2 Iqu (tn,ka W (tn,k) 9 tn,k+l y @ (tn,k+l))

_ n—1 ‘n—1
— lim X 20(w(tn.k+l) - w(tn,k) Qn,k)(l - Qn,k) _ R 02 (1 - Qn,k)z ]
n—>oo | &= 20°(1— Q: k) e 202(1“ 9:,1:)
n—1
. [ (O(t,. k) Qn
f1->00 02 1+ eni1 + @n,k—1 ‘72 o n’k)
_0__ w(tn,n) _ i w(tn,o) On,0 _ 02 1 — @n,k ]
0* 1+eun1 0% 1404, 20® &d 1+ 0nx

= hm[ 2 w(tn,k)( (ta, k41— n,k)+ A (tn, 1 —tn 1—1) +

+o(t t ) tolt,  —t. . )+ 6 o
n,k+1 n,k ( 7,k Ny k—1 Py 1+Q»n,n..1
0 On 6
—-?C 1+: 262 2 Z ((tn.k+l ,k)+0(tn,k+l_tn,k))]
n,0
o _ B¢,
202 40‘2

= [(wa wtrs)-(e+ 5]
Thus ° .
Aps, =exp{ 2?;2 [(w(t)+ﬂ f w(s)dl’)—(o‘*‘f‘;t)]}'

d,“oo,t
H
S(w,t) = w(t)+ B f w(8)ds.

Let

From Lemma 2 we infer that the measure m, is absolutely continuous
with respect to the measure m, , and the density function takes the form

0 6
= g(t(u)yw(“)y 0 60) = exp{“‘—“ [w(“)—' (c+ ﬁ—t(u))]}

dlogg (t(w), z(w), 6, 00)
20 [w(u)-—c—ﬁ@t(u)]

dm,,o
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For a given sequential plan (z, f) satisfying the additional assump-
tions (v), inequality (1) takes the form

@  Dif> 4o [w'(6)F __ 4O
- 1)[ [@(u) — BOt(u) — c TP dmg(u) By[8,—por—cP

The estimator f is efficient for h(0) at the point 0 if and only if

(3) J(u) = k(6)[z(u)— BOt(u) — ] + h(6) me-almost surely,
where k(6) = 0.

Let ¢(u, 6) be a function defined on U x [a, b). We assume that ¢

is #,-measurable and mg-integrable at every 6 e [a, b]. Moreover, we
Suppose that

0 0
a5 | P Omatan) = 5 Uf P(u, 0)g(u, 6)my(du)

0
_—_-ﬁ{—%[tp(u, 6)g(u, 6)Imo(du).

Then, after differentiating the function under the mtegral sign in

the formula
’ [w(u)— (c+ﬁ t(u))]}m.,(du)
o2 2

With respect to the parameter 6, we obtain the following equation:

Eop(7, 8,, 6) = f«p(u, 0)exp{2
U

1

, 0
W 5 BelS.—por—clo(z, 8:, 0) = Fop(7, 8., 6)— By —9(r, 5,, ).

If we put ¢(r, 8;, 0) =1 in formula (4), we obtain the first Wald
identity

(5) Eq(8,—por—0) = 0,

whence

(6) EyS, = poEy7 +c.
If we put

1
o(7, 8, 0) = Y] [8; —pbr—c],
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then from (4) we get the second Wald identity

(7) Eo[8, — B0t —c] = 28°E,.
Now, let ¢(7, 8,, 0) = 7. Then we have

(8) E,7[8, — 07 —¢c] = 26° By,

whence

(9) E,18, = BOE,7 + Byt +26’Ey7.

Taking into account equalities (5), (7) and (8), we obtain
E,8: = B*6°Eyv* +280cEy7 +280° Byt +4805* Byt + ¢°
and
(10) D38, = f26°Dir+280 By +4860*Egz.

With further restrictions on v and S, one can obtain the Wald identi-

ties of higher order and other equations connecting moments of = and §,.
Remark 2. Using (7) we can write inequality (2) in the form
. 2 hl 0 2
pifs 27O
fEqt

Now we prove the following

THEOREM 2. If the sequential plan (z,f) is efficient, then there exist
constants a,, a,, ay (af+ a3 # 0) for which

(11) o, x(u) + ast(u) +ag = 0 my-almost surely.
Proof. The estimator f is efficient at the points 6, and 0, (0, # 8,).

fence

f(u) = k(6,)[#(u)— B0,¢(u) —c]+h(6,),
mq-almost surely,
J(u) = k(0;) [x(u) — B0yt (u) —c1+1(6,),

where k(0,) # 0 and k(0,) # 0. We subtract one equality from the other
and obtain

(B(681) — E(62)) o (u) + B(k(65) 0, — K (6,) 6;)¢ (w) +
+c{k(0;) —k(0,))+ h(6,) —h(0;) = 0 mg-almost surely,
which completes the proof. .
Let (7, f(v, 8,)) be an efficient plan at the point 6,. Then
f(z, 8;) = k(6,)[8,— B0, v —e]+h(6y),
Eof(z, 8;) = k(6,) B8, —B0,%(0,)Egr—k(6,)c+h(6,),
h(6) = k(6,)BOEqT -+ k(6y) ¢ — K (8;) 86, Byv — k(6;) -+ h(6,).
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So, if the function k() is efficiently estimable at the point 6,, then
there exists some constant k, for which
h(0) = k,B(0—6,)Egz+h(0,).
Let us suppose that the function h(0) is efficiently estimable at dif-
ferent points 6, and 6,. Then we have
h(6) = klﬂ(a"‘ol)EoT‘i'h(el)r
h(0) = k(0 —0,)Eqr+-h(0,).
Hence, if h(6) is an efficiently estimable function, then there exist
constants a,, a,, b,, b, for which
a,0+aq
b,0+b,

Definition 5. A sequential plan (z, f), where v is equal, with proba-
bility 1, to a constant T > 0, is called a fized-time plan.

Definition 6. A sequential plan (v, f), where 7 is equal, with prob-

ability 1, to the first attaining time of the line @(u) = ,, is called an
inverse plan.

h(6) =

Definition 7. A sequential plan (r,f), where v is equal, with
Probability 1, to the first attaining time of the line x(u) = at(u)+3$
(¢ #0,8 = 0) is an oblique plan.

For a fixed-time plan (7, f) we have

(12) Eer =T and Dir=0.

Let the estimator f(T', ;) be efficient in this plan. Then it is efficient
at some value 0, and, by (3), we have

T, 8y) = k(ol)(sr_ﬁolT“‘c)+h(01)-

So, if the estimator f(T, 8;) is efficient, then there exist constants
¢, and ¢, for which

f(T, 8p) = ¢,8p+cs.
By (6) and (12) we conclude that
h(6) = Eof (T, 8r) = 1E¢Sp+e¢y = ¢,0T +cc,+C2

is the only efficiently estimable function for this plan. For example, by (6),
(11) and (12), the estimator

1
(T, 8) = ﬂ—T—(ST—G)

is efficient for the function A(6) = 6.

6 — Zastosowania Matematyki 17.1
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LeMMA 4. If 2y >¢, 6> 0 or xy < ¢, 0 <O, then for an inverse plan
we have

po({o: 0 < T(w) < oo}) =1.

Proof. Let us consider the first case, the second is analogous. We
have

pol{e: 0 < T(w) < 00}) > py tL>J0 {w: 8(w) > @o}) = pol{w: 8(w) > Zo})-

The sta;fistic
i
8i(w) = 0(t)+8 [ o(s)ds

has the normal distribution with ES; = g6t+¢ and D3;8 = 2f¢*t. Thus

+o00 _ Bt_ \

pol{o: 8y(w) > ze}) = f V2r V280t X {— W 4l§azt < }d
+00 1 ut wo—ﬁOt—c
=1;f mexl){—7} du, where I, = —_l/g—ﬁaz_t_

1> po({w: 0 < 7(w) < 00}) = o ‘L>Jo {w: 8i(w) > 4}
> lm po({w: 8(w) > 20}) =1,
{—o00

which completes the proof. |

~ Let us suppose that for the inverse plan (7, f) the assumptions of
Lemma 4 are satisfied and Ey7%2 < oo for 0 € [a, b]. Then we have, with
probability 1, 8, = z,. From (6) we obtain the equality

wo_c
(13) E,r = 50
By (10) we have
\ 20%(xy—¢)
14 Dig — 90 7
(14) [ ﬂz 6°

Let the estimator f(z, 8,) be efficient in this plan. Then it is efficient
at some value 6, and, by (3), we have

f(x, @) = k(6,) (%o — PO, 7—¢)+h(6,).

So, if the estimator f(r, 8;) is efficient, then there exist some constants
¢, ¢, for which

oz, @) =yt +04
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and, by (13),

h(0) = Bof (r, %) = 1 Egr+ 2

is the only efficiently estimable function for this plan. For example, by
(11), (13) and (14) the estimator

T

p
f(t7 Sr) = mo_c

is efficient for the function h(6) = 1/0.

LEMMA 5. If s > ¢, 0> a/f or s <c, 6 < a/B, then for an oblique plan
we have

pol{w: 0 < 7(0) < oo}) = 1.
Proof. In the first case (the second being analogous) we have

po({w: 0 < T(w) < 00}) = pol ‘L>)0 {w: 8(w) >, at+8})

= pel{ow: 8y(w) > at+8}),

1 (y— Bt —o)*
pol{w: 8y (w) > at--8}) = ‘ —‘/—2_-:]7%- exp{-— 1pot }d’!l
+s
+ o0 '
7 1 ‘ uzl B s—c+at-—ﬁﬂf
= J o eXpl_.E_‘ du, where l; = V2pot

1= pol{w: 0 < 7(0) < 00}) > po | {02 S(w) > at +8})

>0

m pe{w: 8(w) > at+8}) =1,
which completes the proof.

Let us suppose that for the oblique plan (v, f) the assumptions of
Lemma 5 are satisfied and Ey72 < oo for.6 ¢ [a, b]. Then we have, w1th
probability 1, 8, = ar--s. From (6) we obtain the equality

g8—c¢
(15) EoT = ﬂe_a
and, by (10),
s 20°f(s—c)
(16) Dt = ———-(ﬂo_a)z--.

If f(v, 8,) is an efficient estimator in this plan, then there exist some
constants ¢,, ¢, for which

f(z, 8:) = eyt +e,.
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By (16),

h(6) = Eof(z, 8,) = 011;0__1

+ec;
is the only efficiently estimable function for this plan. For example, by
(11), (15) and (16) the estimator

1
s§—c¢

f(tv Sr) =

T

is efficient for the function h(8) = 1/(86— a).

4. Sequential plans, efficient at a given value 0,. We have proved
that the sequential plan (7, f(r, 8,)) is efficient at a given value 6, if
and only if

f(ry 8;) = k(6,)[8,—B0,v—c]+h(6,),
and if the function Ah(0) is efficiently estimable at 0,, then it takes the form
h(6) = k, (60— 6,)Eq7 - h(6,),

where k%, is some constant.

Let us denote by D, the class of all sequential plans, cfficient at 0,,
for the function A(6). Assume that the plan (7, f(z, 8,)) belongs to D,.
We have

Daf(r, 8,) = Dy[k(6,)(8,— 0,7 —c)+h(6,)] |
= [k(0,)F(DiS, + 8202 D37r—280,E,7 8, +286,EytE,S,).
By (8), (9) and (10) we obtain
Dif(z, 8;) = [k(0,)1*[B*(0 — 0,)* Dz +20° Byr + 480°(6 — 0,) Egy7]
= A+ (D}r.

For all plans (v, f(z, 8,)) belonging to D, for which E,v is the same,
the constants 4 and C are the same. In this case we can say that the plan
belonging to D, for which D}z is smaller is better at 6.
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R. ROZANSKI (Wreclaw)

MODYFIKACJA LEMATU SUDAKOWA
ORAZ EFEKTYWNE PLANY SEKWENCYJNE
DLA PROCESU ORNSTEINA-UHLENBECKA

STRESZCZENIE

Niech ©Q bedzie przestrzenia funkeji prawostronnie ciagltych w(t) (¢ > 0) o war-
toéciach w Rk. Zalézmy, ze:

# jest najmniejszym o-cialem podzbioréw 0, wzgledem ktérego funkeje w (t)
8% mierzalne, gdy ¢t > 0;

#; jest najmniejszym o-cialem podzbioréw Q, wzgledem ktérego funkecje w(s)
83 mierzalne, gdy s € [0, t];

o jest miars probabilistyczng na (Q, #), zalezng od rzeczywistego parametru
0 €(a,b];

o,¢ jest miarg pg obcigta do o-ciala #,.
Zakladamy ponadto, Ze miara uos dla kazdego t> 0 jest absolutnie ciggla
wzgledem Moyt OTaZ ze
dug,¢

— =g¢g(¢, S(w, t), 0, 6,),
F 9(t, 8(w, ), 6, 6,)

gdzie g jest funkeja ciagla, a S(w, t) jest odwzorowaniem z Q w R', mierzalnym wzgle-

dem ¥ dla kazdego t i prawostronnie ciaglym wzgledem 2, up-prawie wazedzie dla
kazdego 0 € [a, b].

Niech zmienna losowa r: Q- [0, ] bedzie markowskim czasem zatrzymania,
a wiec spelnione s3 nastepujace warunki:

{o: v(w) <t} e F
oraz

pe({w: 0 < r(w)< o}) =1 dla 8¢ [a, b].
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Niech U = [0, co)x B =Tx R}, Usu = (t(u), z(u)), gdzie t(u)eT oraz
x(u) € R. Niech @y oznacza o-cialo podzbioréw borelowskich zbloru U. Na (U, 2y)
okre§lamy miare mp generowansy przez statystyke (z, 8;):

me(4) = ,ua({w: (r(w), S(r(a)))) eA]) dla 4 € #y.

Przy podanych zalozeniach udowodniono modyfikacje lematu Sudakowa, stwier-
dzajaca, ze miara my jest absolutnie ciqgla wzgledem miary mg, oraz

d’Ing

d’moo

= g(t(u), (u), 0, 6;).

Rozwazmy proces Ornsteina-Uhlenbecka, tzn. proces dyfuzji, ktorego stacjo-
narne gestofei przejécia p(x, ¢, y) spelniajg réwnanie

2
Pp@.ty) _8 op(z,t,y)

508 B(= 7 y, B>0,0>0.

/] 1
—p(x,t,y) = — 2852
o Pz, 2, y) ) 280
Zakladamy, ze prawie wszystkie realizacje tego procesu przyjmuja w chwili
t = 0 ustalona wartosé c¢. Dla tego procesu funkcja

!
Si(w) = o(t)+ B fw(s)ds
0

Jest statystyka dostateczng parametru 6. .

Dalsze rozwazania dotyczg efektywnych planéw sckwencyjnych dla réiniczko-
walnej funkecji A(6) nie znanego parametru 6. Udowodniono, Ze efektywno plany
sekwencyjne spelniaja réwnanie

a;3(w)+ agt(w)+ a3 = 0, a}+ af * 0, mg,-prawie wszedazie.
Funkcja efektywnie estymowalna ma postaé
a0+ ay
b 0+ b,
Pokazano, 3e plany stale, odwrotne i ukoéne 8a efektywne, oraz podano postaé
funkecji efektywnie estymowalnych dla tych planéw.
Rozwazano réwniez plany efektywne w ustalonym punkcie 6,. Udowodniono,

3¢ werdd planéw efektywnyeh w punkeie 6, dla ktérych Epv jest identycazne, ten jest
lepszy, dla ktérego wartosé D37 jest mniejsza.

h(0) =



