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1. INTRODUCTION

In many transportation systems there arise problems of maximization
of transport system efficiency by optimal allocation of the transportation
facilities. In such problems there exist a fixed transportation network
and a certain set of additional transportation facilities which may be
utilized for the transportation of materials between any pair of nodes
in the transportation network. An example of such a problem is the trans-
portation system in a mine, where there exist a fixed conveyer network
and reverse conveyers. In this case the problem arises to allocate the
reverse conveyers so that the total amount of materials which is to be
carried is maximal. Similar problems arise in public transportation,
railway systems, freight transportation [3] and so on. The additional
transportation facilities can be cars, drivers, crews, engines, ferries etc.

The mathematical model of the problem can be formulated by using
disjunctive graphs. Disjunctive graphs have been used sc far to solve
sequencing problems (see [1], [2], [6] and [7]). A number of new notions
are introduced and some properties are proved which allow us to construct
a new implicit enumeration algorithm. Finally, computation results are
Ppresented.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

Let G = (N, U) denote a network (multigraph), where N is the set
of vertices and U is the set of arcs. The set V is of the form
N = {s}URU({1},

Wwhere s and ¢ are the source and the sink of the network, respectively. Let
¢: U — R, uU{0} be a mapping of U into non-negative numbers. The valuc
<(u) is called the capacity of the arc w € U. Let f: U — R U {0} be a mapping
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of U into non-negative numbers. The value f(u) is called the arc flow
in the network G if the following constraints are satisfied:

v, =S8,

D flwy— D fwy =1 0, wzeR,

ued , ueBy —, €r = t’
0<flu)<<e(w), wel,

where A, (B,) denotes the set of all arcs leading from the vertex x (to the
vertex z) in @, and v is a non-negative number called the flow wvalue.

Let Q@ ={1,2,...,q} be the set of transportation routes which
can be added between pairs of vertices of G. It is clear that adding the
transportation route % € Q is equivalent to adding an arc to G. Let V*
= {wf, w}, ..., wk} be the set of arcs where the transportation route &
can be added to @. Let

v =7~
ke@Q

Further, we assume that the mapping ¢ is extended over the set V.

The value of the mapping ¢(w%) is called the capacity of the arc w of the

transportation route k.
Therefore, the problem arises to find such an arc from the set V* for

each transportation route k € ¢ that the flow value in @ is maximal.
Let

o — |1 if wy is to be added to &,
k7710  otherwise.
We can formulate the problem as follows:
(1) maximize v

subject to
v, ¥ =3,

(2) D fly— D flwy=1 0, azeR,
uEB;

—’U, (U==t,

ueA;;
(3) 0<fluy<c(u), wuwel,
(4) 0 < flwp) < @ppo(wf), wyeV*, keq,
Tk
(5) dmy=1, ke,
p=1
(6) 7, €{0,1}, wkeV* ke,

where A} (B;) denotes the set of all arcs leading from the vertex x (to the
vertex x) in G' = (N, UUV).
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Conditions (1)-(6) constitute the problem which is called Problem P.
The problem (1)-(3) is known as the linear programming problem of finding
a maximum flow value from s to ¢ in the network G (see [4]). If an arc
w; of the set V* is added to @, then the flow through this arc is not greater
than the capacity of this arc, whereas the flows through other arcs of V* are
equal to zero. This is expressed by constraints (4). Constraint (5) ensures
that exactly one arc for each transportation route can be added to G.

Problem P is known as a mixed integer programming problem. Let
(f, Z) be a feasible solution to P, where f is the vector of variables f(u),
we UUV, and Z is the vector of variables @,,, ws e V¥, k e Q.

It follows from (6) that constraint (5) can be replaced by

(7) (B =V (T = D)V ... V (T, = 1), K@,

where v denotes a disjunction. Hence for each variable x;, Which is equal
to one the variables z;, (¢ =1,2,...,7,,8 5% p) are equal to zero and
constraints (4) take the form

(8a) 0 < f(wp) < o(wj),
(8b) 0<flwh) <0, weV* s£p, keq.

Therefore, to each variable which is equal to one we can assign exactly
one arc w e V*. Moreover, to each constraint (7) we can assign the fol-
lowing set of disjunctive arcs in G:

(9) (w{‘,wé‘,...,wr’jc), w£€Vk7 keq,

where w has the capacity c¢(wf). Then the disjunctive network of Prob-
lem P can be determined as G = (N, U; V).
An example of the disjunctive network for

Vi = {wiwa w::}7 V= {@Uf,wi,wi}; V= {’w?’wL wg}

is shown in Fig. 1, where the disjunctive arcs are plotted by dashed lines.
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The subset of V containing exactly one disjunctive arc from each set
V* is called a selection. Let

R = {81, 82y .0y S}

be the family of all selections. Any arc from the set V* is called a cousin
of every other arc of this set. Bach arc in V* has r, —1 cousins. A replace-
ment of any are by its cousin is called complementing.

Each selection 8, € # generates the network

(10) G, = (N, UUS,).
Let
¢ ={G, = (N, UUS,)}
be the family of graphs of the form (10). It can be easily seen that

(11) L=9=][]n.

ke®

The maximum flow value v, in the network G, € ¢ is called bimaximal
flow in the disjunctive network @, and the associated selection §, is opti-
mal if

(12) Vo = Maxv,,
Ge9

where v, is the maximum flow value in @,.

THEOREM 1. Problem P is equivalent to the problem of finding the
value (12) of a bimaximal flow v, and an optimal selection S, in the disjunctive
network G = (N, U; V). The mazimum flow value v, in G, is the optimal
value of v.

Proof. Let (z,) be a feasible solution of Problem P. Let us denote
by Z, the problem P which is obtained by putting (z) = (z,). Let Z = {Z,,
Zyy ...y Z,} be the set of all problems Z, for every feasible solution of the
vector (z) which can be obtained from Problem P. The problem Z.eZ
corresponds to the network @, so that for each variable x,, which is equal
to one we have constraint (8a) in problem Z, and wk e S,. The relation
w? ¢ 8, corresponds to each variable z,, which is equal to zero. The condi-
tion set by the theorem for the network @, equals, therefore, the require-
ment of finding among all feasible problems Z, € Z a problem Z, such that
its optimal solution is maximal over the set of solutions of all problems
Z, € Z. But this is exactly what solving Problem P amounts to.

It follows from the above that the algorithm of finding the bimaximal
flow in G solves also Problem P. In this paper we present an implicit
enumeration algorithm which finds the bimaximal flow by generating
a sequence of networks G, € ¢ and solving the maximum flow value prob-
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lem for cach @G, in the sequence. Each network G, is obtained from a certain
network G, by complementing one disjunctive are.

Let C,= (X,, X,) denote a cut of the network @, € 4, where X c N,
seXand X = N—X,te X. The cut (X,, X,) consists of all arcs u = (x, ¥)
such that # € X and y € X. The capacity of the cut (X,, X,), denoted by
¢(X,, X,) or ¢(C,), equals

o(X,, X,) = D e(u).

ueC,

As is known [4], the maximum flow value is equal to the minimum
capacity of a cut of G,. This cut is called the minimum capacity cut and
denoted by C° or (X! , X°). We say that any arc wj’ﬁ e V is adjacent to the
cut €, = (X,, X,) in G, and write w’ | C, if there exist # € X, and y € X,
such that w% = (z, ).

THEOREM 2. Let C° = (X°, X°) be the minimal cut in G, € 4. If there
exists a network G, € ¢ with the maxzimum flow value greater than ¢(X?, X?),
then the selection S, contains a cousin w® | C) of at least one arc wk e 8S,,
2 # p, k €Q. Moreover, if w e Cy, then c(wt) > c(w}).

Proof. If S, does not contain the cousin w¥ | O} of any w} € 8§,,
then there exists a set W < C; which is a cut in G,. The set W equals
either €y or C?—{wf}. Since the maximum flow value in G, cannot be
greater than the capacity of W, we have v, < ¢(W) < ¢(C}) = v,, which
contradicts the assumption. If wk e C?, then the set [Cp— {w}}]u {w’}
is a cut in G,. Therefore, we have v, < v, +c(w¥)—c(wk). From the as-
sumption it follows that v, > v,, thus we obtain ¢(w¥) > e(wk).

THEOREM 3. Let G, € ¢ and let G, € 4 be the network obtained from G,
by complementing an arc wt € 8, by a cousin w¥ | C), where C is the minimum
capacity cut in G,. Then

v, < 0, c(w?).
Moveover, if wk eCy, then
(13) v, < 0,4 o(wh) — c(w}).

Proof. In order to prove the theorem note that there exists a set
W < C° such that Wu{w’} is a cut in G, (the set W equals either C; or
C,—{wk}). The capacity of this cut is not greater than ¢(0,) +e(wk).
Since the maximal flow in G, cannot be greater than the capacity of any
cut, we have

v, < 0(0)) Fe(wh) = v, +e(ws).

If wk € C), then the set [C)u{w’}]— {w}} is a cut in G,. Thus we obtain
incquality (13). '

6 — Zastos. Mat. 17.2
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Therefore, by complementing the arc wf by a cousin wk | 0%, the
lower bound to the value v, of a maximal flow in G, is v, +c(w¥) or v, +
+e(wh) —c(wh) if wheC?.

3. ALGORITHM

The bimaximal flow of the disjunctive network G is obtained by
generating a sequence of networks ¢, € ¢ and finding the maximum flow
value for each @, in the sequence.

Let 8; € # be an initial selection. The disjunctive arc wz’ﬁ e V is called
normal it wt e 8,, and the disjunctive arcs w¥ e V— 8, are called reverse.
Each arc w}, € §; has r, —1 reverse ares in the set V—8;.

Starting with the network G, = (N, UUS,), we generate a sequence
of networks @, € 4. Each network @, is obtained from a certain network
G, of the sequence by complementing one normal arc from the selection
S,. Each arc from 8, is complemented by 7, —1 reverse arcs. The process
of generating can be presented in the form of the solution tree H. Each
node in H corresponds to a network @,. Each arc in H represents a pair
of networks (@,,@,) such that G, is obtained from @G,. Since G, differs
from @, by exactly one disjunctive arc w’ € §,, the are (G,, G,) in H is
associated with the reverse arc w’ € S, of wl’; We say that G, is the prede-
cessor of G, (and G, is the successor of G,) if there is a path in H between
G, and G,. The initial selection G, is the root in the solution tree H. The
generation of a mew branch in H is connected with choosing a certain
normal are for complementing from §,. This operation is called the opera-
tion of choice. For each network @, from the sequence we perform an opera-
tion of testing to check the maximum flow value and the possibility of
generating a network G, € ¢ with a maximum flow value greater than
that already found. If the testing is negative, we abandon the considered
network @, and backtrack the tree H to the predecessor @, from which
the network @, was generated. If a new network G, is obtained from the
network G, by complementing a normal arc wf € S, by a reverse arc wt € S,
we constantly fix this reverse arc. This arc cannot be complemented by
any other successor of G, in H. However, if we backtrack for the n-th
time (where n < 7, = r,—1) by a reverse arc of a certain normal arc to
@,, we momentarily fix this reverse arc. If we backtrack the r;-th time,
we constantly fix this normal arc. The normal arc such that its reverse
arc is momentarily fixed can be complemented if we need to perform
another operation of complementing which has not been performed yet
for this normal are. So, for each network G, we constantly fix a subset
F, = 8, and momentarily fix a set F: of disjunctive arcs. The reverse
arcs in F, are constantly fixed and represent the path from the root to
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G, in H. Each normal arc in F, is constantly fixed and represents 7, reverse
arcs which have been abandoned during the backtracking process. Each
momentarily fixed arc in F" is a reverse arc which has been abandoned
during the backtracking process. The set F' contains all arcs belonging
to the path from the root to G, in H. No arc from the set F, can be comple-
mented by any successor @ of G,.

3.1. Operation of choice. The purpose of the operation of choice is to
find a normal arc for complementing and to generate a successor of @,
in H. The arcs E, = 8,—F, are said to be free. Let K, be the set of all
reverse arcs the normal arcs of which belong to the set E, and let K, = K,
be the set of reverse arcs which are adjacent to the minimum capacity
cut of G, and such that if w¥ e C?, then ¢(wf) > ¢(w}), where w¥ is a normal
arc of the arc w®. Let E, c E, be the set of normal ares at least one reverse
arc of which belongs to the set K,. It follows from Theorem 2 that we
may complement only arcs belonging to the set E,, called the set of candi-
dates. We want to choose a normal arc the complementing of which gen-
erates a successor with the possibly greatest maximum flow value. It
follows from Theorem 3 that the choice criterion of a reverse arc of K,
Iy either the value ¢(wf) if wX ¢ O} or the value ¢(wf)—c(w}) if w} e C}.

3.2. Operation of testing. The basic task of the operation of testing
is to compute an upper bound to the maximum flow value for every possi-
ble successor @, € 4 which can be generated from G,.

(a) Test 1. Let
G(F,) = (N, UUF,)

be the network generated from the set F, of constantly fixed disjunctive
arcs and let

G(F,) = (N, UUF,; V,), where V, = V—[F,UF.],

be the disjunctive network of the network G(F,), F, being the set of
disjunctive arcs the cousins of which belong to F,. Let v(F,) and C(F,)
be the maximum flow value and any cut of G(F,), respectively.

As we have proved in Theorem 1, the process of generating successors
of G, in H is equivalent to the problem of finding the value of the bimaximal
flow of the disjunctive network G(F,). The initial selection is the set E,
=8,—F,. Let V¥ = V¥ 7V,, and let V¥ = V¥ be the set of disjunctive
arcs which are adjacent to the cut C(F,). Let @’ = @ be the set of transpor-
tation routes k for which V¥ = @ and let

c(wk) = max’c(wj’;), keqQ'.
w;‘;eV:f
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It can be easily seen that

(14) vo(F,) < c[C(F)]+ D) e(wh),

keQ’

where v,(F,) is the value of the bimaximal flow in G(F,).
Inequality (14) holds for any cut of G(F,); in particular, for the mini-
mum capacity cut C°(F,) we obtain

(15) v5(F,) < 7(F,) = o(F,)+ D e(wh).
keQ’
The value '(F,) is the upper bound of v,(F,), i.e. the upper bound
of all successors of G,.
Let v* be the value of the greatest maximal flow value found so far.
Then, if v* > %'(F,), we can reject the network G, and all its successors.

(b) Test 2. By the definition of E, we have S, = F,UE, and
C) = (UuUS,)NC = [(UUF,)nC]U(E,NCY).

Since 8,NU = @, the sets (UUF,)NnC? and E,NC) are disjoint
and we obtain

(16) o, =0¢(C) = D ew+ D o).

ue(UuFr)mC'g 116Erm02

Since G(F,) is a subgraph of G,, the set C(F,) = (UUF,)nC; is a cutb
of G(F,). Therefore, combining (15) and (16) we obtain

am vo(F,) <TF,) = v,— > e(w)+ ) e(wh).

ueE,.mC’S keQ

Thus, if v* > 92(F,), we can reject the network G, and all its suc-
Cessors.

3.3. Algorithm. We start with G, = (N, Uu§S,), F, = @, F! = @,
v* = 0. The network G, corresponds to the root of the solution tree H.

Let G, = (N, UuS8,) be the current network and let ¥,, F. be the
current sets of constantly and momentarily fixed disjunctive arcs in the
r-th iteration of the algorithm.

Step 1 (test step 1). Compute the upper bound ! (F,) defined by (15)-
If ¥1(F,) < v*, then go to step 5. Otherwise, go to step 2.

Step 2 (evaluation step). Compute v, in the network G,. If v, > v*%
then put v* = v,. Identify the set of candidates E,. If E, = @, then go to
step 5. Otherwise, identify the set K,. Next perform K, = K,—F and
go to step 3.



Maximal flow problem 301

Step 3 (test step 2). If K, = @, then go to step 5. Otherwise, com-
bute v*(F,) defined by (17). If v%(F,) < o* then go to step 5. Otherwise,
80 to step 4.

Step 4 (forward step). Choose the normal arc wjﬁ € E, the reverse arc
w} € K, of which is such that

o(wf) — 0 (wy) o(wy;) = max e(wy) — &(wp)e(wy),

w"l‘eK ;
Where

1 if wi] 0
ky a ry
O(wa) = {0 otherwise.

Next generate the network G, by complementing the normal arc w}
and constantly fixing the reverse arc w”, z = p, i.e. by letting

8, = [8,—{wpylu{wi}, F,=TF,u{wj}, F,=TF,.

Simultaneously, add to the solution tree H the node G, and the new
are (@,, G,) associated with the reverse arc w®. Then go to step 1.

Step 5 (backtracking step). Backtrack to the predecessor G, of @G,
in H. If G, has no predecessor, then the algorithm terminates, the selection
8, associated with the current v* is optimal and the maximal flow in @ is
bimaximal in G. Otherwise, drop the data for G, and update the data for
G, as follows.

If the network G, is generated by the reverse arc w” € K,, then perform
K| — K;— {w’} and F§ — Flo{ut}.

If the backtracking is performed for the 7,-th time by a reverse arc of
the normal are w®, perform F, = F,u{w}} and go to step 3.

4. EXAMPLE

This part of the paper contains the solution of the example with the
disjunctive network shown in Fig. 2.
We have

Vi = {w, wy, w3}, V= {w}, w3, ws, wi},
V3 = {w], wy, wi}, V' = {wl,w}.
~ The networks @, € 4 obtained in the sequence of iterations are shown
n Figs. 3-9. Dashed lines represent the minimum capacity cut. The first

Qumbers at the arrows denote the capacity of the arcs, and the second
Ones denote the arc flows. The solution tree is shown in Fig. 10.



302 J. Grabowski and E. Skubalska

We start from the network @, = (N, UuUS,), where S, = {w}, wj,
w3, wi}
1y Wig-
Iteration 1. F, = @, F\ = @, v* = 0 (Fig. 3).
(a) Test step 1: o = 39 > 0 = v*.
(b) Evaluation step: », = 10, v* = 10, K; = {wi, w}, wl, w3}.
(¢) Test step 2: 22 = 27 > 10.
(d) Forward step: choose w? and generate G, fixing w:.

Fig. 2

Iteration 2. F, = {wi}, Fi = @ (Fig. 4).

(a) Test step 1: 2 = 22 > 10 = 2*.

(b) Evaluation step: v, = 12, v* = 12, K, = 0.

(c) Backtracking step: backtrack to G, F, = @, F| = {w}}, K;
= {wj, w3, wi}. | |

(d) Test step 2: 92 = 25 > 12 = o*,

(e) Forward step: choose w} and generate G fixing wyj.

~— S

47
AN
52 2,2
10,0 2,0 \\

S

10,8

10,0 7,0

50

L

Fig. 5



Mazximal flow problem 303

Iteration 3. F; = {w}}, F = {w;} (Fig. b).

(a) Test step 1: 7' = 25 > 12 = v*.

(b) Evaluation step: vy = 13, v* = 13, K; = {w;, w;, w;, w}}.
(e) Test step 2: 22 = 27 > 13 = o*.

(d) Forward step: choose w} and generate @G, fixing w;.
Iteration 4. F, = {w?, w;}, F', = {w;} (Fig. 6).

(a) Test step 1: #* = 15 > 13 = v*.

(b) Evaluation step: v, = 10, K, = {w}, w}}.

(¢) Test step 2: 2 =15 > 13 = v*.

(d) Forward step: choose w} and generate G; fixing wj.

Fig. 6

Iteration 5. F, = {w}, w}, wd}, F! = {w}}.

() Test step 1: 7t = 13 <13 = o*.

(b) Backtracking step: backtrack to @,, F, = {w}, w;}, Fi= {w}, w}}.

(c) Test step 2: 92 = 13 <13 = v~

(d) Backtracking step: backtrack to G5, F, = {wi}, Fi = {wi, w}}.

(e) Test step 2: 92 = 26 > 13 = ov*.

(f) Forward step: choose w) cnd-generate G fixing w;.

Iteration 6. Fy = {w}, w3}, Fi = {w}, w;} (Fig. 7).

(a) Test step 1: 7! = 22 > 13 = o*.

(b) Evaluation step: v, = 17, 0* = 17, K, = {w}, wi}.

(¢) Test step 2: 2 = 22 > 17 = o*.

(d) Forward step: choose w} and generate G, fixing wj.

Iteration 7. F, = {w, wy, w3}, F\ = {w}, w;} (Fig. 8).

(a) Test step 1: ¥ = 20 > 17 = ov*.

(b) Evaluation step: v, = 19, v* = 19, K; = @.

(c) Backtracking step: backtrack to G, F, = {w;, w}, Fi =
= {w3, wp, w3}, K¢ = {w3}.
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(d) Test step 2: 22 = 20 > 19 = »*,

(e) Forward step: choose w} and generate G, fixing w3.

Iteration 8. Fy = {w}, w;, wi}, Fi = {w, w;, wd} (Fig. 9).

(a) Test step 1: o' = 20 > 19 = v*,

(b) Evaluation step: v, = 19, K; = 0.

(c) Backtracking step: backtrack to Gy, Fy = {w}, w}, w}}, Fi =
= {wj, wy, w3, wi}, K¢ = @; hence again backtrack to G;, F, = {w3},
Pl = {ut, wl, wl}.

(d) Test step 2: 72 = 18 < 19 = v*.

(e) Backtracking step: backtrack to G, F, = @, F!i = {w}, w?}.

(f) Test step: 22 = 15 < 19 = o*.

(g) Backtracking step: backtrack from the root of the tree H. End.

5. COMPUTATIONAL RESULTS

The algorithm was implemented in ALGOL 60 and was used to solve
several problems on the computer ODRA 1325.

The basic task of the algorithm is to compute the maximum flow
value in the network G.. In order to attain this, Dinic’s method (see [4]
and [56]) was used.
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Three problems have been solved. Each problem was solved 30 times
(10 times for each range of the capacities), and the capacities were generated
randomly from a uniform distribution with lower and upper limits shown
in the Table. The results of the computations which were always started
with an initial selection

8, = U {wk}, where ¢c(wk) = maxe(wk),
keQ wzeyk

are shown in the Table (case I). The same problems have been solved in
the case where the capacities of the arcs belonging to V*, k € Q, are the
same, i.e. c(wk)= ¢, w) € V¥, k €Q, and the computations were started
with a pseudorandom initial selection 8; (for the results see case II in the
Table). The examples have been solved with the time limit of 600 seconds.
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J. GRABOWSKI i E. SKUBALSKA (Wroclaw)

PRZEPLYW O MAKSYMALNE]J WARTOSCI
W SIECI 0 ZMIENNE]J STRUKTURZE

STRESZCZENIE

W pracy omdéwiono zagadnienie transportowe maksymalnego przeptywu w sieci
o zmiennej strukturze. Problem zostat sformulowany przy uzyciu pojeé teorii graféow
dysjunktywnych. Zdefiniowano pojecie przeplywu bimaksymalnego w sieci dysjun-
ktywnej i udowodniono pewne jego wlasnosci. Na tej podstawie sformulowano algo-
rytm rozwigzania zagadnienia, stosujac metode podzialu i ograniczen (strategia po-
dzialu z kolejnego wezla).

Do pracy dolaczony jest przyklad ilustrujacy dzialanie algorytmu i wyniki
obliczeniowe na m.c.



