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A continuum is a compact connected Hausdorff space. A continuum
is hereditarily locally connected if each of its subcontinua is locally connected.
This paper* is concerned with the characterization of hereditarily locally
connected continua. Several of the theorems presented are generalizations
of theorems due to Whyburn [3] to the non-metric setting. If S is a net
whose domain is the directed set D, then we will use the notation {S,, a € D}
for 8. In the special case of a sequence, we will use the notation {S,, n € N}
for 8,, 8;, ..., where N always denotes the set of natural numbers. Fur-
thermore, the expression limsup S, is used in place of limsup{S,, n € N}
in the case where the net in question is in fact a sequence. Similar
remarks hold for liminf S, and lim S, . Throughout this paper, the results
that are used to manipulate nets of point sets are due to Frolik [1]. Let X
be a continuum and let K, be a non-degenerate subcontinuum of X. Then K,
is called a continuum of convergence in X if there exists a net K = {K,, a € D}
of subcontinua of X converging to K, such that for all « and f§ in D either
K, =Kz or K,nK; =0 and K,nK, = 0.

THEOREM 1. If X is a compact Hausdorff space and K = {K,, a € D}
18 a convergent net of closed subsets of X such that lim K is mon-degenerate
and such that for all a and B in D either K, = K, or K,nK; =@ and
K,nlimK =@, then there exist a sequence {K,,n e N} of elements of
{K.,ae D} and open sets U and V such that UnV =@, limsupK,
18 non-degenerate,

K,nK; =0 for all i #j,
and
K;nlimsupK, =0, K,nU #0 and K,AV #0 for all i.
Proof. Let a and b be distinet elements of limK, and let U and V
be open sets such that ae U, be V, and UnV = 3. Let W, = 3. There

* This paper is a part of the author’s doctoral dissertation under the direction
of Profeasor B. J. Pearson.
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exists an a, in D such that if a > a,, then K,nU # @ and K,nV # 0.
Let K, = K, . Now, K, and lim K are disjoint closed sets. Let W, be an
open set such that K, < W, and W, < X —limK.
Let k be a positive integer. Suppose that we have constructed K,, K,,
., K, and W,, W,, ..., W, such that

K;nK; =0 for i #3j,
and for ¢ =1,2,...,%k
K,nU #9, KoV #£0, KnW,,=0,
W, VK, = W;,, and W,nlimK =@.

We claim that there exists an a > a, such that K,n W, = @. Suppose
that, for every a> a,, K,nW, # 0. For a> a,, let 2,6 K,nW,. Then
{w,, @ > a,} is a net of points in W,, and since W, is compact, {z,, a > a,}
has a cluster point z in W, . However, it is clear that # € limsup K = limK
and, therefore, W, nlimK s @. Hence there exists an a,., > a, such that
K, nW, =0. Let Kyyy = K, . Since K; < W, for all j <k, we have
K;.,nK; =@ for all j< k. Since g, > a,, We also have Kk+1nU #*0
and K., nV # @. Now, W,UK,,, is a closed set and is disjoint from lim K.

Thus, therc exists an open set W, such that
WKy, € Wyyy and W, < X—limK.

It follows now, by induction, that a sequence {K,,n € N} of elements
of {K,, a € D} and a sequence {W,,n €J} of open sets exist, where J
is the set of non-negative integers, such that

E,nK; =0 for i #j,
and for all ¢
K,nU 3&@, KiﬁV ;ﬁﬂ, K{ﬁWf_l =@,
W‘_IUK.‘ c Wi’ and W{nlimK =g.

For each i, let y, € K;nU and let 2 € K;nV. Since U and V are
compact, {y‘, i € N} has a cluster point y in U, and {z, ¢ € N} has a clus-
ter point 2 in V. Since TNV =0, y # 2. Now, clearly, y,2z elimsupk,,,
so that limsup K, is non-degenerate. Finally, notice that, for each ¢,

—W,_, is an open set containing K, whlch is disjoint from each K,
for j # ¢ and, therefore,

K;nlimsupK, =@ for every i.

THEOREM 2. If X i8 a compact Hausdorff space, A and B are disjoint
closed subsets of X, and K = {K,,n € D} is & net of closed subsets of X such
that K,nA # @ and K,nB # @ for all n in D, then there exvists a subnet
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K’ ={K, ,a€E} of K such that liminfK’' # @ and limsup K’ is non-
degeneraie.

Proof. For each n in D, let 2, € K,nA and y, € K, nB. Since A
is compact, {x,,n € D} has a cluster point # in 4. Let {z,_,a <€ E} be
a subnet of {z,,n € D} converging to x. Consider the subnet K’ = {K,, ,
a € B} of {K,, n € D}. Clearly, # € liminf K’ so that liminf K’ +# @. Since B
is compact, the net {y, , a € E} has a cluster point y in B. Then, clearly,
z and y are distinet points of limsup K'.

Frolik [1] has shown that a continuum which contains no continuum
of convergence is hereditarily locally connected. However, the following
theorem proves that this condition, in fact, characterizes hereditarily
locally connected continua.

THEOREM 3. The continuum X is hereditarily locally connected if
and only if it contains no continuum of convergence.

Proof. Suppose that X is hereditarily locally connected and that X
contains a continuum of convergence K,. Let K = {K,, a € D} be a net
of continua converging to K,. By Theorems 1 and 2, there exist a sequence
{K,,n € N} of disjoint elements of {K,, « € D} such that K;nlimsupK,
=@ for all ¢ and a subnet K' = {K, ,a € E} of {K,,n € N} such that
liminf K’ # @ and limsup K’ is non-degenerate. Furthermore, limsup K’
is a continuum and

limsup K’ < limsupK,,.
Let a eliminf K’ and b elimsupK’ be such that ¢ + b. Now, X is
locally connected and, therefore, there exists a connected open set U

such that a e U and b ¢ U. Since a €liminfK’, there exists an a, in E
such that K,,anU # @ for all a > q,. Let

A = limsupK,v | J{K, ,a>a}uT.

A is a closed set. Let H be the component of A containing limsup K'.
Then H is a continuum. Olearly,

H 2 limsupK'V | J{K, ,a>q}U T,

since this latter set is a connected subset of A and contains limsup K’.
The continuum H is locally connected since X is hereditarily locally con-
nected. Since b e H — U, there exists a connected H-open set V such that
beV and V <« H—U. Also, b elimsupK’, and hence there exists 8 > a,
such that K, NV #@. Now, V c A and VnU = @, and hence

V = (VnlimsupK,)U | J{V nK,_, a > ap}.

Since Knanh‘msupK,, =@ for all ae E and since {K,,a,&eE} is
countable, we have expressed V as the union of a countable collection
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of disjoint compact sets. Furthermore, since
be VnlimsupK, and K,V #0,

this collection is non-degenerate. However, no continuum is the union
of a non-degenerate countable collection of disjoint compact sets. There-
fore, X contains no continuum of convergence.

Let X be a space and let F be a family of subsets of X. F is called
a G-null family if, for each two open sets U and V in X with UnV = @,
not more than a finite number of elements of ' meet both U and V. Let
{F,, a € A} be a family of disjoint subsets of X. Then {F,, a € A} is said
to have property D if

F.AClU{F,,8 #a} =0 forall ain 4.

THEOREM 4. The continuum X s hereditarily locally connected if
and only if every family of disjoint continua in X with property D is a G-null
family.

Proof. Suppose that there exists a family {K,, a € A} of disjoint
continua in X with property D which is not a G-null family. Then there
exist open sets U and V and an infinite sequence {K,,n € N} of distinct
members of {K,,ae€ A} such that UnV =@ and, for all n, K,nU # O
and K,V # @. Since U is compact and since each K, meets U, it follows
easily that there is a p in U such that p € limsupK,,. Let K’ = {K,, , a € B}
be a convergent subnet of {K,,n e N} such that p elimK’'. Each K,
meets V, and V is compact, and hence there exists a ¢ in V such that
gelimK’. Since UnV =@, we have p # ¢ and, therefore, limK’ is
non-degenerate. Let K, = limK’. Then K, is a continuum. Now, since
K,nK, =@ forn #mand K’ = {K,_, a € B} is a subnet of {K,,n € N},
for all ¢ and B in E, either K,,anK,,ﬂ =Qo K, =K, Finally, notice
that K, nK, =0 for every a in E. For, suppose that there exists a f
in F such that Knﬂ NnK, #0.Lety e KnﬁnKo, and let W be an open neigh-
borhood of y. Since {K,, , a € E} is a subnet of {K,,n e N}, there exists
an o, in ¥ such that if a> a,, then n,> n,4+1. Now, K;nK; =@ for
i #j, and hence if a>a, then K, nK, =@. However, y elimK’,
and hence there is an a, > a, such that K, nW # @.Since K, nK, g = 9,
we have ! '

K,,nClU{K, , K,, # K, } +9
and, therefore,
K, nClU{E,, K, # K,} #0,
so that {K,, « € A} does not have property D. Thus,
K, nimK' =@ for all ¢ in E.
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Hence, K, is a continuum of convergence in X and, therefore, X is
not hereditarily locally connected.

Suppose now that X is not hereditarily locally connected. By The-
orem 3, X contains a continuum of convergence K,. Hence, there is a net
K = {K,, a € D} of subcontinua of X such that limK = K,. By The-
orems 1 and 2, there exist a sequence {K,,n € N} of disjoint elements of
{K,, a € D} such that

K;nlimsupK, =@ for all ¢,

and a subnet K' = {K, ,a € E} of {K,,nc N} such that liminfK' @
and limsupK' is a non-degenerate continuum. Let a €liminfK' and
b elimsup K  be such that @ % b. Let U and V be open sets such that
acU,beV,and UnV = 0. Since a €liminf K', there exists an a, in E
such that K, nU # @ for 2all a > ¢,. Since

belimsupK' and K, nlimsupK' =@ for all a in B,

there exist infinitely many K, with «> a, which'meet V. Let {K;,jeN}
be an infinite family of distinct K, such that > a, and K, nV # 0.
Thus, K;nU # @ and K;nV # @ for each j. Suppose, now, that

K;nClU{K;,j #1i} #0 for some 1.

Then there exists a y in K; which is a limit point of U {K;,j # i}.
Let W be an open set such that ¥y € W. Now, since the K; are all disjoint,
we have y ¢ K, for all j # 4. Since each K; is closed, infinitely many K;
meet/ W. Therefore, y € limsup K,,, so that

K;nlimsup K, # 9, -

which contradicts Theorem 1. Thus, {K;,j € N} is a family of disjoint
continua in X with property D which is not a G-null family.

If X is a metric space and F is a collection of subsets of X, then F
is called a null family if for every ¢ > 0 not more than a finite number
of elements of ¥ have diameter greater than ¢. Let X be a compact metric
space. Then it follows immediately that a collection of subsets of X is
a null family if and only if it is a G-null family. Whyburn [3] has shown
that a metric continuum X is hereditarily locally connected if and only
if the components of every subset of X form a null family. In the non-
metric case, we obtain the following characterization:

THEOREM 5. The continuum X is hereditarily locally connected if and
only if the components of every closed subset of X form a G-null family.

Proof. Su'ppose that X is not hereditarily locally connected. By
Theorem 4, there exist an infinite collection {K,,n € N} of disjoint con-
tinua in X with property D and open sets U and V such that UnV =0
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and, for all ¢, K;nU # @ and K,nV # O. Let
B =ClyU{K,,neN}.

Since {K,,n € N} has property D, each K; is a component of E.
Therefore, ¥ is a closed set whose components do not form a G-null family.

Suppose now that X contains a closed set E whose components do
not form a G-null family. Then there exist disjoint open sets U and V
such that UnV = @ and an infinite family {K,, n € N} of distinct compo-
nents of ¥ such that K,nU # @ and K,nV # @ for all n. It is clear
that each K, is a non-degenerate subcontinuum of X.

Let A, and B, be two distinct elements of {K,,n € N} and let L, = E.
Now, L, is a compact set containing 4, and B, but containing no con-
tinuum intersecting both 4, and B,. It follows that L, is the union of two
disjoint closed sets M, and L, such that 4, = M, and B, < L,. Let U,
and V, be disjoint open sets such that M, < U, and L, = V,. Now, each K,
i8 & connected subset of L,, so that each K, is contained in either M,
or L,. Thus, at least one of M, and L,, say L,, contains infinitely many K, .
Let A, and B, be two distinct elements of {K,,n € N} contained in L,.
Then L, is the union of two disjoint closed sets M, and L, such that 4, = M,
and B, < L,. Let U, and V, be disjoint open sets contained in V, such
that M, = U, and L, = V,. At least one of M, and L, contains infinitely
many K,. Continue the above process, and assume that, for each j, the
sets A; and B; are labeled in such a way that L, contains infinitely many K, .
Now, since U;nV; =@ and U;,, < V, for each j, we have U;nU; =0
for ¢ # j. Furthermore, for each j, 4, = M; < Uy, so that {4,,n e N}
is a collection of disjoint continua in X. Since each 4; = U;, we obtain
A;nU; =0 for ¢ # j, and hence

Cly{4,,n #t} c X—-U, < X—A4; for each i,

so that {4, , n € N} has property D. Finally, recall that each 4, is some K,
and, therefore, A,nU # @ and A,nV # @ for each n. By Theorem 4,
X is not hereditarily locally connected.

. Whyburn [3] has shown that hereditarily locally connected metric
continua can be characterized as metric continua for which the compo-
nents and quasicomponents of any subset are identical. In arbitrary
continua, we obtain the following theorem:

THEOREM 6. If the quasicomponents and components of any subset
of the continuum X are identical, then X is hereditarily locally connected.
Proof. Suppose that X is not hereditarily locally connected. By The-
orem 3, X contains a continuum of convergence K,, where K = {K,, a € D}
is a net of subcontinua of X such that imK = K,. By Theorems 1 and 2
there exist a sequence {K,,n e N} of disjoint elements of {K,, a € D}.
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such that
K;nlimsupK, =@ for all ¢,
and a subnet K' = {K, ,a € E} of {K,,n e N} such that liminfK’ + O
and limsupK’ is a non-degenerate continuum. Let & €liminfK and
b elimsupK' with a # b. Let
B = {a,b}U|J{K, ,ac E}.

Suppose that a and b belong to different quasicomponents of B.
Then B is the union of two disjoint B-open sets U and V such that a e U
and b € V. Since a € liminf K, there exists an q, in F such that K, nU # @
for all a > a,. Since each K, is connected and U and V are separated,
K, < U for all a > ¢,. But this is contradictory to b e limsupK’'. There-
fore, a and b belong to the same quasicomponent C of B. By hypothesis,
C is a component of B. Now,

K, nlimsupK, =@ for all a in E,

so that for each a in F there exists an open set W with K, = W and
WnKnﬂ = @ for each g such that K,, # K, . Since

Bn(W—{a,b}) = K, ,

K, is a B-open set. Also, since K, is closed, each K, is open and closed
in B. Since C is a component of B and each K,,_is connected, either K, < C
or K, nC =@.Now,foreachain B, a,b e C—K,_.If C contains some K, ,
then K, is a proper open and closed subset of C, which contradicts the
fact that C is connected. Thus, K, nC = @ for all « in E and, therefore,
C = {a, b}, which is impossible since {a, b} is not connected. Therefore, X
is hereditarily locally connected.

. Let X and Y be Hausdorff spaces. A continuous function f from X
onto Y is called weakly confluent if for each continuum C < Y there exists
a component of f~!(C) which is mapped onto O by f. Madékowiak [2] has
defined a continuous function f from X onto Y to be locally weakly confluent
if for each point y in Y there exists a closed neighborhood V of ¥y in ¥
such that f | f~'(V) is weakly confluent. In the same paper he shows that
a locally weakly confluent image of a hereditarily locally connected metric
continuum is hereditarily locally connected. By applying Theorem 4,
we obtain a similar theorem for weakly confluent mappings.

THEOREM 7. If f is a weakly confluent mapping of the hereditarily
locally connected continuum X onto the continuum Y, then Y is hereditarily
locally connected.

Proof. Suppose that Y is not hereditarily locally connected. By The-
orem 4, there exist Y-open sets U and V such that UnV =@ and an
infinite collection {K,,n € N} of disjoint continua in Y with property D
such that K;nU # @ and K;AV #0@ for all i. Let U* = f~'(U) and
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V* = f~1(V). Then, clearly, U* and V* are X-open sets and U*nV*
= @. Since f is weakly confluent, there exists a component K; of f~!(K,)
such that f(K;) = K, for each i. Thus, {K],i e N} is a family of disjoint
continua in X. It follows immediately that

K;nU*#0 and K;nV*#@ for each i.

Thus, {K;,ie N} is not a G-null family. Finally, we claim that
{K}, ¢ € N} has property D. To see this, recall that {K,,n € N} has prop-
erty D, let ¢ € N, and consider the following computation:

K! nCIULES 1 # i} < [~ () ACIU{f (K,), n # i)
< fHE) AfHOWULE,, n # 6) = FH (EinCLU{E,, n #i}) = 0.

It follows from Theorem 4 that X is not hereditarily locally con-
nected.

THEOREM 8. If X is a hereditarily locally connected continuum in
which each closed set is a @, and K = {K,, a € D} is & net of continua in X
such that for all a and g in D either K, = K, or K,nK, = @, then either
liminf K| < 1 or there ewists an a, in D such that {K,, a > a,} 8 countable,

Proof. Suppose that liminfK contains two points # and y, and
agsume that {K,, a > ao} is uncountable for every a, in D. Let U and V
be open sets such that ze U, y e V, and UnV = @. There exists an a,
in D such that if a> a,, then K,nU # @ and K,nV #@. Let §, =
= {K.y a> a,}. Then 8, is an uncountable set. Let K, = K, . Now,
every closed subset of X is a G, and, therefore, if F' is a closed subset of X,
then X has a countable base at F. Since K, is a closed subset of X, X has
a countable base at K,. Also, since S, is an uncountable set of disjoint
closed sets, it follows easily that there exist an open set V, = K, and an
uncountable subset 8, of 8, such that if K € S,, then KnV, = 0.

Let k¥>1, and suppose that S,, 84,...,8;, K, K,,..., K; and
Vi, V3 ..., V, have been defined so that, for each ¢ < k, 8; is an uncount-
able subset of S;_,, K;€8;_,, V; is an open set containing K; such that
if Ke8;, then KnV; =0, and K,nK,, =9 for n % m. Let K, , €8,.
Then K, ,nV, =@, so that K, ,nK, =@ for all » <k. Now, K, ,
is a closed subset of X, and hence X has a countable base at K, ,,. Since S
is an uncountable set of disjoint closed sets, there exist an open set V.,
2 K;,, and an uncountable subset 8, of S, such that if K € 8;,,, then
KnVy,, =0. It follows by induction that there exist a sequence
{K,,n € N} of disjoint members of {K,, a > a,} and a sequence {V,,n € N}
of open sets such that, for all n, K, = V, and K, nV, =@ for m > n.
Let K, = @ and, for each integer » > 1, let

n—1

Un = Vn'— UK{.

w0
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Then {U,,n e N} is a sequence of open sets such that K, c U,
and K,,nU, = @ for m # n. Thus, for each integer n we have

ClU{E;,i #n} c X—K,.

Since each K, € {K,, a > a}, it follows that {K,,n € N} is a family
of disjoint continua in X with property D which is not G-null. Therefore, X
is not hereditarily locally connected.

Let X be a space and let F' be a collection of subsets of X. Then F
is said to be a cover-null family if for each open cover # of X there exists
a finite subset F* of F such that F — F”* refines #. If X is a compact Haus-
dorff space and F is a collection of subsets of X, then it can be seen that F
is a cover-null family if and only if F is a G-null family. Thus, a contin-
uum X is hereditarily locally connected if and only if every family of
disjoint continua in X with property D is a cover-null family. This result
is used to prove the following theorem.

THEOREM 9. If X is a hereditarily locally connected continuum and S
18 a decomposition of X imlo continua such that the set of non-degenerate
elements of S has property D, then 8 is upper semi-continuous.

Proof. Let K € 8 and let U be an open set such that K = U. Let W
be an open set such that K < W and W < U, and let # = {U, X —W}.
Then % is an open cover of X. Let T be the set of non-degenerate elements
of 8. Since T has property D, there exists a finite subset 7™ of T such that .
T — T* refines %. Let V = W —|JT*. Since K is contained in an element
of %, K ¢ T* and, therefore, V is an open set such that K = V < W.
Let He S with HnV # 0. If H = {x} for some » in X, then, clearly,
H < U. Thus, suppose that H € T. Since HNV +# @, we have He T —T*
and, therefore, H = U or H = X — W. However, HANW # @ since V < W
and, therefore, H ¢ X —W. Thus, H < U, so that § is upper semi-con-
tinuous.
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