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On partial differential inequalities of the first order

by P. BrgATA (Gdarisk).

This note deals with systems of inequalities of the form
w < f'(=, ¥, U, u¥) (t=1,...,m),

where Y = (yy,..-,%,)y U =(u!...,u"), u% =(u,...,u,). The
theorem proved below is a generalization of a differential inequalities
theorem concerning the case when strong initial inequalities and weak
differential inequalities imply strong inegualifies between functions in
question in a suitable domain. Thig case is treated in the monography
Differential inequalities by J. Szarski ([2], Th. 59.2, p. 179 - 181), by
means of the characteristics method, under congiderably stronger assump-

1310nsf‘or. any two vectors U = (u...,%™) and V = (o%,...,0™) we shall
write

ULV it W<y (j=1,...,m)
and

U<Vid<v (j=1,..., m).

The index 7 being fixed we write

i +
UsVitw<gy (j=1,...,m) and o' = v

DEFINITION. A region D in the space (v, ¥, U, Q) = (@, Y1y---)Yns
uly ooy U™ gy, ey g,) WIll be called positive with respect to U if whenever

(, ¥, U,Q)eD and V > U, then (z, ¥, V, Q)eD.
ConpitioNn W. QSystem fi(z, Y, U,Q) (¢ =1,...,m) of functions
defined in a domain D positive with respect to U 1is said to satisfy qond'ition

W with respect to U if for any fized i, U i V implies f'(w, X, U,Q)
<flz Y,7,Q).
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ConprrioN C. A function f*(z, ¥, U, Q) is said to satisfy condition C
with respect to ' if w' << U implies

) o, ¥, uby ..., ut™h b, ot L u®, Q) —

—fim, Xty ., uh @ Y L W™, Q) < o (2 — g, wE—4F) '

where the function o(t, #) has the following properties:

1° o(t, 2) is continuous and mon-negative in the half-strip te <0, a),
20, and o(1,0) =0, -

2° the left-hand minimum solution of the equation

d
(2) — = ot,2)

satisfying the condition t]im 2(8) =0 1s z(t) =0 (Y).

By all argument similar to that used in the proof of Lemma 14.1
in, {2] one can prove the following '

Levva 1. If o(t, 2) has property 1°, then the right-hamd minimum
solution w, (1314, 2¢) of the equation
(3) .Zz—t = —o(t, —2)
through (14, 2,), 0 <ty < ay 2,0, exisis and is non-negative in {ty, a).
Moreover, w,(t;1,,0) = 0.

Lamma 2. If o (1, 2) has properties 1° and 2°, and zy > 0, then the right-
hand minimum solution w, (1; 0, 2,) of (3) is positive in {0, a).

Proof. w,(t;0,%2,) is positive in a right-hand neighbourhood of
t = 0. Suppose that for some t' (0, a), w, (¢'; 0, 2,) = 0. Then, by Lemma 1,
w, (t;0,2,) =0 for te(t’, a). Thus we 'would have a solution such that
lim w (¢; 0, %) = 0 and which takes on some positive values in <0, a).

—>a—
On the other hand, by assumption 2°, z2(t) = 0 is the left-hand maximum
solution of (3) satisfying lim #(!) = 0. This contradiction completes

t—a—
the proof.
Lavua 3. Let a(t, 2) satisfy 1° and 2°. For z,, 6 > 0 denote by ., (¢;0,
2y, 0) the right-hand minimum solution of the equation

d
(4) d—j = —o(t, —2)— 6

through (0,'%q). If 2, > 0 is fized, then to every & > 0 there corresponds 8,(s) > 0

(*) A similar condition was introduced in [1].
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such that for 0 < 8 <28, the solution w,(t;0,2,, &) exists and is positive
wn {0, a—e).

Proof of Lemma 3 follows from Lemma 2 and the continuous depen-
dence of solutions on. the right-hand side of equation (cf. [2]).

THEOREM. We make the following asswmptions:

1° The functions f*(#, X, U, @) = F*(®, Y1y cvey Yps Uy oeey U™ @1y oy )
(¢ =1,...,m) are defined in o region which is positive with respect to U
and whose projection on the space of points (z, ¥) contains the pyramid

(b) DiOSW—wo<a3 Y=l <op—L(@—m) (b=1,...,m),

where 0 < L < 400, 0 < g, < 400, ¢ = min(a,/L).
Furthermore they satisfy condition W with respect to U and the Lips-
ohite condition with respect to ()

n
6) 1f'e, X, U,@)—f" (@ ¥, U, Q<L) 16— (=1,...,m).
k=1
2° Every function f* satisfies condition O with respect to w'.
8 Uz, ¥) = (u(x, X),...,u" (2, X)) and V(e,Y)=(v'(z, X),...
oy V™2, X)) are continuous im D and satisfy the imitial inequalities

(7) Ul@o, ¥) < V(wy, ¥).

4° Define B = {(w, Y)eD: U(w, Y)< V (2, XY)} and let funoctions
U,Y), V(v,Y) have first order derivatives for (x, X)eE and, moreover,
Stole’s differentials if (x, Y) belongs to the side surface of D, and satisfy
on B the systems of differential inequalities

(8) ug(w, ¥)< fiw, ¥, Ulw, X), ub (=, Y))

) e, D>, T, Ve, 1), b)) ™

Under these assumptions the inequalities
{10) U@, ¥) < V(a, ¥)

are satisfied in the pyramid D.

Proof. In Lemma 3 we choose 0<zy< min{mlirn[v"(mo, Y)—
— (%, Y)]} and & so that w,(f;0,2,,6)>=>0 in éo,a—s>. We shall
write shortly w(f) instead of w,(t;0, 2, ). Denote 2(1) = (w(t),...
vy (), w(e, ¥) = vz, ¥)twl@—a), Uw,Y)=U(s,Y)+ 2z—a).
Observe that

~

(11) Ulzy, Y) < V(z,y, Y).
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'We define ¥ = {(z, Y)eD: Uw, ¥) < < V(z, Y)}. It is evident that
if a point (, ¥) belongs to E‘ it belongs to H too.
Consequently, for every 4 inequalities (8) and (9) hold true on B.

Now we add (8) and (4) (with 2 = ) and apply successively conditions O
and W to obtain

U< fio, ¥, T, u})—cr(wﬂi @y 1—— w(z— w,‘,‘)) —0
< fil@, Y, "ﬁla~--’“1_1’“ wtty L, u™, Uy)— 6

Since 0 > 0 we finally get
(12) wh < fl@, ¥, U,uy) for (w, ¥)eH'.

In view of (12), (9), (11) we can employ the theorem on strong
differential inequalities ([2], p. 169) to deduce

Ui, Y)< Vo, X)-

which, because of Q(x—uw,) > 0, implies (10) for (w, Y)eD, 0 < o —w,
< a—e. Therefore, since ¢ is arbitrary, inequality (10) holds true in D.

Remark 1, If all the assumptions of the theorem on weak differential
inequalities are gatisfied (see [2], Th. 59.1) with the exception that one
of the weak differential inequalities (of the form (8) or (9)) is replaced
by the strong inequality (for (x, ¥)eD, 2 > @,), then (10) holds for
(w, Y)eD, ®» > x,. This statement can be proved by applying the weak
differential inequalities theorem and then repeating the argument used

in the proof of the theorem on strong differential inequalities (see [2],
Th. 57.1).

Remark 2. The above result can be extended to the overdetermined
systems of first order partial differential inequalities considered in [2] in
an evident way.
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