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Generic properties of linear control systems
depending on a parameter

by M. MEDVED (Bratislava, Czechoslovakia)

Abstract. In this paper generic or typical properties of linear control systems
depending on a parameter are investigated. We consider a set of parametrized control
systems (u)# = A(u)z+ B(u)u, where A, B are (T-matrices depending on a para-
meter u, 4 is n x n, B is » x m and this set is endowed with a topology. A property
of a system i8 generic iff ““almost all”’ systems have this property. In this paper the
following is proved: If dimyg = 1, m = 1, then the set of points g, such that the
system (4,) is not completely controllable consists generically of isolated points.
This set is generically empty for m > 1. The case dimu = 2 'is also investigated.

One of the main themes of the recent work in the qualitative theory
is the search for genmeric, or typical properties of dynamical systems.
Tt is not our aim to describe these properties. These problems are desecribed
e.g. in [1]. But such model will serve us as a model for study of typical
properties of control systems. This paper is concerned with linear control
systems depending on a parameter from the point of view of their generic
properties. |

Let M (i, j) be the set of all ¢ x j matrices. Denote by ' = F'(n, m)
the set of all linear control systems ¢ = Ax -+ Bu, where 4 € M(n,n).
B e M(n,m). Since this system is uniquely determined by the pair of
matrices 4, B, we shall call it (4, B). The space of such systems, endowed
with the topology induced by the metric d[(A4, B), (4’,B")] = |A—A'|,+
+|B— B’|,, where ||, is a norm in M(n, n), |‘|, is & norm in M (n, m),
will also be denoted by F' or F’'(n,m).

DEFINITION 1. A property G(A, B) of a system (A4, B) € F'(n, m) is
generic in F'(n,m) iff the set {(4, B) e F'(n, m)|G(4, B)} contains a
residual set, i.e., a set which is a countable intersection of open dense
subsets of F'(n, m).

Remark. The space F'(n, m) is complete and therefore by the Baire
category theorem every residual subset of F'(n,m) is dense in F'(n, m).
DEFINITION 2. A system (A4, B) € F'(n, m) is called completely control-
lable iff for every w,,x, € R® there is a bounded, measurable control
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function %(t) on some finite interval [0, ¢,] such that the solution x(t)
of (A,B), z(0) ==z, under u = u(l) satisfies =z(t,) = =,.

Denote by F, = Fy(n, m) « F'(n, m) the set of all completely con-
trollable systems.

PRrROPOSITION ([6], Theorem 11). The set F,(n, m) is open and densc
in F'(n, m).

This proposition states that complete controllability is a generie
property in F’(n, m). We shall show that for control systems depending
on a parameter it is not possible to avoid values of parameter in which
the system is not completely controllable (not even generically). In the
case of 1-dimensional parameter it is not possible if the matrix B(u)
is #» x 1, but it is possible if B(ux) is n x m, where m > 1.

DEFINITION 3. Let A € C"(P, M(n,n)), BeC'(P, M(n,m)), where
P is a compact C™-manifold. Then the system & = A(u)z+ B(u)u is
called a linear C"-parametrized control system. Since thig system is uniquely
determined by the pair of mappings 4, B, we shall call it (4, B). We
denote by Fp(n, m) the set of all such systems with the C"-topology.

DEFINITION 3. A property G(4, B) of a system (A, B) € Fp(n, m)
is generic in Fp(n, m) iff the set {(A, B) € Fp(n, m)|G(A, B)} contains
a residual set.

We can identify M (n, n) with R™. The group GL(R") has a natural
action on R defined by (g, A)>gAg~’, A € R”, g € GL(R"). This group
decomposes the space R™ into orbits. E, F e R* belongs to the same
orbit iff F = hER™' for some h € GL(R").

A decompogition of the space R™ into a finite nwmber of smooth
manifolds is called a siratification of R”.

Let us decompose the space M (n,n) into clases of matrices with
Jordan’s blocks of the same dimension, which differ in their eigenvalues

q
only. This decomposition is a stratification of M (n, n),i.e., M (n, n)=J N,,
1=0
where N;, ¢ =0,1,...,q are disjoint submanifolds of M (n,n) (strata).
By [2] the codimension of such a stratum is

0 =d—» =3 (ns(i) +2ms (i) + ...} + Y (ma(8) +ma(6) + ...} =¥,
=1 =1
where d is the dimension of the orbit corresponding to this stratum and
n.(%) = ny(?) = ... are the dimensions of Jordan’s blocks corresponding
to different eigenvalues A(7) (+ = 1,2, ..., ).
Remark. If all eigenvalues are simple, then » = n, n,(i) =1 for
t=1,2,...,m n(¢) =0 for k> 1 and ¢ = 0. Therefore the stratum
corresponding to a matrix with simple eigenvalues has codimension 0.
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Let N, denote this stratum. A matrix belonging to a stratum of co-
dimension ¢ = 1 has only one eigenvalue of multiplicity 2 with correspond-
ing Jordan’s block of the type

\ al
a?: .
0 a

Call this stratum N,. There are only two strata of codimension 2:

1. The stratum corresponding to matrices with one Jordan’s block
of the type

al O
a®: [0 ¢ 1
00 a

and with all other Jordan’s blocks corresponding to simple eigenvalues.
Call this stratum N,.

2. The stratum corresponding to matrices with Jordan’s block of
the type

al0 0\
0a00
0081
000§

a’p?:

’ a# B,

and with all other Jordan’s blocks corresponding to simple eigenvalues.
Call this stratum N,.

1. One-parameter systems. Let M (n, n) = Lq) N, be the stratification
of M(n,n). Denote by Fj(n,m) the set of (A‘., 0B) € Fp(n, m) for which
An N,forv=1,2,...,q. (A~ N; means that the mapping A trans-
versally intersects the manifold N,; see [1] or [6].)

From {b6], [6], [2] we obtain the following lemma.

LEMMA 1. If dim P = p, r > max(0, p —¢), where ¢ = codim N,, then
the set {A e C"(P, M(n,n))|A & N,] is open and dense in C'(P, M(n,n)).

LEMMA 2. If r > p, then the set Fg(n, m) i8 open and dense in Fp(n, m).

This is an immediate consequence of Lemma 1.

Remark. If 4 n N,, then by [1], Corollary 17.2, the set K;(A)
= A7'(N,) is a submanifold of P and codimK;(4) = codimN,.

If dimP =1 and (A4, B) € Fi(n, m), then by [1], Corollary 17.2,
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A(P)n(UN) =@ and codimK;(4) =i fori = 0,1, i.e,, dimKy(4) =1,

dlmKl(A) = 0.

LevMmA 3 ([4], Lemma 6). Let F € C"(P, M (n, n)), uo € P and suppose
that F (u,) has simple eigenvalues 13 = A3; 4943, = 1,2, ooy Ky Aypy wney Ao
Then there are: a chart (U, a) on P at u,, a neighbourhood N of vy = ™' (u,)
in V =a '(U), and for every j =1,2,...,n a unique C'-function ;:
N—>C such that 1;(v;) = A and A;(v) is an eigenvalue of the matriz F(»)
= F. a ' () for every v € V. Further, there is a C"-matriz G on V such that
the matriz D(v) = G} (v) F ()G (v) has the form

211 121 '11): sz
IERAR 9 Ak+17--'1)'n’
'—}*21 111 '—}*2k Alk

where A = A +iky, 5 =1,2,..., k.
Define the mapping H%: VR, Hy(v) =G '(»)b;(v), where b,(») is
the ¢-th column of the matrix B-a~(»). Let
Wil ..... i = {(?jl, ey Yis e Yy oeey Yn) eRn]yil =0,..., Yi = 0}.
Let W =UW,, s, Wwhere I ={(,...,5)I1<k<n i,...,0%€
1

€{1,2,...,n}}. The sets W, . are smooth submanifolds of R" and
codim W, . >1 for all (z,,...,%) el

DEFINITION 4. Fj(n, m) is the set of (A4, B) € F(n, m) with the fol-
lowing property: If u,e P—K,(4) and (U, a) is a chart on P at u, as
in Lemma 3, then Hy; A~ W for all ¢ =1, 2,

LEMMA 4. If dimP =1 and r > 1, then the set F"(n, m) 18 residual in
Fp(n, m).

For the proof of this lemma we need two further lemmas.

LEMMA 5. Let r > 1 and let V, = V be a closed subset of V. Then the set

(V) ={BeC(P, M(n, m))|Hy ~ W,

D = diag

i "’=1’27 ,m}

18 open a/nd dense in C" (P, M(n, m)), where HY is the restriction of Hy to V,.

Proof. Openness follows from [1], Theorem 18.2. We shall
prove density. Define the mapping o;: C"(P, M (n, m))—>C"(V, M(n, 1)),
gi(B) = HY for B eG’(P, M(n, m))-ev,: C"(P, M(n, m)) x V -> M (n, 1),

(B v) = HY(v) = G~ !(»)b;(»). Since the matrix ¢ !(») is regular, then
ev A Q for every submamfold Q@ of M(n,1). The assumptions of [1],
Theorem 19.1, are fulfilled and so the set

m
o, = ﬂ[BeO’(P, M(n,1)|Hy ™ W,

'].""'ik(

is dense in C’(P Mn,1 ), therefore the set H; . (V1) is dense, too.

.....
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DEFINITION 5. Fj;(n, m) (I is a natural number) is the set of (4, B) €
€ Fy(n, m) with the following property: If 4, € P— D,, where D, = {u € P|
d(u, K, (A)<1jt}, d is a metric on P and (U, a) is a chart on P at y,
as in Lemma 3, then Hyn W for 1 =1,2,...,m

It is obvious that this definition is independent on the chart (U, a)

and Fi(n,m) = D1F" (ny m).

LeMMmA 6. If dimP =1 and r > 1, then the set Fi(n, m) is open and
dense in Fg(n, m).

Proof. Openness follows from [1], Theorem 18.2. We shall prove
density. Let (A, B) € Fi(n, m). The set P— D, is compact and therefore
we can cover it by a finite number of charts {(U,; a,)};_,, which are such
that ¢, (U,)na,,(U,,) #9 for 6 =1,2,...,8—1 and ,(U,)ne,;(U,)
=@ for j > 1. Now we proceed. by induction with respect to ¢. If 6 =1,
then by Lemma 5 there is a system (A, B) € Fi(n, m) sufficiently close
to the system (A4, B) such that if u,e(P—D)nU,, then H‘EF\_ W for

4=1,2,...,m. Suppose Hyn W for ¢ =1,2,...,m on Uak‘(U,,),
- k=1
o > 1. We shall prove that there is a system (A B) € Fp(n, m) sufficiently

o+1
close to the system (A4, B)such that if g, € (P—D;)n( 1| U,), then H‘ nw
o+1 k=1

on | Ja;'(U,). By Lemma 5 there is a system (4, B) e Fp(n, m) suj':f.lclently
2k

close to the system (A, B) such that if g, < (P—D)nU,,,, then H}:} nw

fori =1,2,...,m on a”'(U,,,). Then by the induction assumption and

by the openness of the transversality condition we also have Hy~ W
o+1
for ¢ =1,2,...,m on (Ja ' (Uy), and this completes the proof.

k—l

Since Fi(n, m) = ﬂFn(n, m), the proof of Lemma 4 follows from
i=1

Lemma 2 and Lemma 6.

COROLLARY TO LEMMA 4. Let (A, B) € Fi(n,m), poe P —K,(A) and
let (U, a) be a chart on P at u, as' in Lemma 3. Then by [1], Corollary 17.2,
the set {uca ' (U)Hy(a  (U))AW £0 for i =1,2,...,m} consists of
solated points.

Proof. codim W, ik;l,-HgHWﬁM‘ik and therefore by [1],

Corollary 17.2, codim [HR} Y (W, . ;) = codim W, . >1, ie,
dim [Hp]"" (W, ;) <<1. Since at least one of the manifolds W,
has codimension 1, the proof is complete.

LEMMA 7. Let (A, B) € F'(n, 1), where A — diag{4,, 4,,..., 4,} is
the Jordan form of the matriz A and let B = transp(b,, b, ..., b,), where
b, #0 for 1 =1,2,...,n. Suppose that every two blocks of the mairiz A

1o oos bfe
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have no common eigenvalues. Then the system (A, B) is completely control-
lable.

THEOREM 1. Let dim P =1 and r > 1. Then there is a subset Fy(n, m)
of Fr(n, m) residual in Fp(n, m) such that the following is true: If (4, B) €
€ Fi(n, m), then for m = 1 the set R(A, B) consists of isolated points only
and if m > 1, then R(A, B) = 0.

Remark. By [5], Theorem 5, II. §2, (4 (u), B(x)) € F'(n, m) is com-
pletely controllable if and only if rank (B(u), A(u)B(n), ..., A" (u) B(p))
= n. Therefore if (4, B) € Fj(n, m), then the set R(4, B) consists
of points yu, for which the following is true:

If 67 (o) A (o) G (o) = Alpo) = ding(Ay, A, ..., 4,) is the Jordan
form of the matrix A(u,), then the matrix B(u,) has no columns b, =
transp (b;1, by, ..., by,) Such that b, # 0, b, 4o, # 0, ..., ;. # 0, where

2
¢; (j =1,2,..., k) is the dimension of the block 4;. If the matrix B(u)
has one column only, then we can not avoid such Value o of the parameter u.
If the matrix B(u) has at least two columns, this is possible.

Proof of Theorem 1. By Lemma 6 the set Fj,(n, m) is open and
dense in Fg(n, m). If (4, B) € Fj;(n, m), then by Corollary to Lemma 2
the matrix A4 (u) has all eigenvalues of multiplicity < 2 for all u € P and
the set K,(A) of such u € P for which the matrix A (x) has an eigenvalue
of multiplicity 2 consists of isolated points. Therefore, by Lemma 7, if

m =1, it suffices to put Fj(n, m) = F;(n, m) ﬂFu (n, m). Suppose

m > 1. Denote by Fj,(n, m) the set of all (4, B) eFu(n, m) such that if
by(p)y ba(pe)y ...y b,n(u) are columns of B(u), then (4,b,) € F};(n, 1),
(4, b,) eF,(fn, 1) and R(4, b,)nR(4,b,) = @. Since in the case m =1
Theorem 1 has been proved, the sets R(4, b,), R(A4, b,) consist of isolated
points. Therefore we can achieve by arbitrarily small perturbation b;,
v =1,2,0fd;,7 =1, 2, that R(A4, b,)~R(4, b,) = 0. Since the set Fjj(n, 1)
is open and dense in F(m, 1), the set Fal(n, m) is open and dense in

Fp(n, m) and it suffices to put Fj (n, m) = ﬂF {n, m). It is clear that
I=1
if (4, B) € F3(n, m), then R(A, B) = 0.

2. Two-parametric systems. Let dim P =2 and (A4, B)e Fg(n, m).
Then A~!(N,) is a 1-dimensional submanifold of P and so blocks of the
form a? occur generically on a 1-dimensional set of parameters. Since
dimA~!'(N,) = 0, blocks of the form a® or blocks a%8? occur generically
at isolated points of P. Therefore, analogously to the case dim P =1,
we can achieve complete controellability at points u, € P, where the matrix
A (u,) has blocks of the form a® or o?f#2, by arbitrary small perturbation



Properties of linear control systems 249

of one of the columns of B(u). In the case of simple eigenvalues, this is
as i the case dim P = 1. Now, it is obvious that analogously to the case
dim P =1, it is possible to prove the following theorem.

THEOREM 2. Let r > 1, m > 1 and let dim P = 2. Then there is a subset
Fi(n, m) ¢ Fp(n, m), residual in Fp(n, m), such that if (A, B) € F;(n, m),
then the set R(A, B) i8 a 1-dimensional submanifold of P.

Remark. If m =1, then the set R(A, B) consists generically of
1-dimensional submanifolds and of isolated points.

Conjecture. If dim P =k and m > k, then there is a subset Hp(n, m)
c Fp(n, m), residual in Fp(n, m), such that for every (4, B) € Hp(n, m),
we have R(A, B) = 0.
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