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On the uniqueness of initial-value problems
for partial differential equations of the first order

by P. BesaLa (Gdansk)

Abstract. We prove the uniqueness of solutions of the Cauchy problem for system (1),
posed in an unbounded zone, under weaker assumplions concerning functions f* appearing
in (1), viz, the Lipschitz continuity of f* with respect to variables «} , assumed in [1], is herc
replaced by Holder continuity (see inequalities (3) below). We further show by constructing
an example that in case of bounded domains thc same assumptions on S* are not suflicient
for the Cauchy problem to have at most one solution. This points out a certain curiosity
that occurs in initial-value problems of the type considered. At the end we state a theorem
on differential inequalities.

1. Let S be the set of points (¢, x) = (¢, x;,..., x,)€R"*! such that
|t} < @ = const < oo. In the zone S we consider the system

(1) =, x,u,u®) (k=1,...,N),
where u = (u', ..., "),k = (U}, ..., u}), with the initial conditions
(93] w0,x) = ¢*(x) (k=1,...,N).

By a solution of problem (1)42) in S we mean a function u(t, x)
= (u' (¢, x), ..., u" (¢, x)) which is continuous in §, has first order partial
derivatives and satisfies system (1) in S N (¢ # 0) together with conditions (2).

THEOREM 1. Assume that functions f* are defined for (t,x)eS and for
arbitrary values of the remaining arguments and that there exist constants
L>0, H>0, 0<a< 1 such that for (t,x)eS and any z = (z*,..., 2"),
zZ= (Zla -"va): q= (QU'"’ q..), ‘7 = (?11’ eeny qn) we have

G 1M x, 2, =S, x,2,9) < L,;. IZ’—E’IH‘I‘;l max (g, —§il, 1g:—4il")

(k =1, ..., N). Then problem (1)2) admits at most one solution in S.

Prool. Let u(t, x),v(t,x) be two solutions of problem (1)-2) and
denote w*(¢, x) = u*(t, x)—v*(t, x). By (1), (3) we have
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N n

@ H S LY wA+H 3 max (k. WA,
i= i=

) w*0,x) =0 (k=1,...,N).

It suffices to prove that w*(t,x) = 0 (k = 1,..., N) in that part of S, where
t > 0, since the case t < 0 can be reduced to the previous one by changing
the sign of variable ¢.

Let be(0,a). Put (cf. [1])

Yo(r) = max max |w(¢,x)|, where x| =( ) x)'*,r>0.
K 0<iSb i1
[x|<r

Let y(r) be a function of class C!, such that Y (r) > ¥, (r), ¥'(r) = 1 for
r 2 0. Evidently such a function exists and we have

©6) w (e, x) < ¢(xl) inS =8SnO0<t<bh)(k=1,..,N).
For £¢€(0,1) and f = (1 —a)/a we define the auxiliary function

h(t, x;e) = eexp (Y (¢ (IxP+ 12 +nH ) +(NL+1)¢t}.
Since Y (r) > 0 as r - oo we have for any fixed ¢€(0, 1):

) yix)

el st hit,x;e)

uniformly in t. Moreover, h- satisfies the inequality
8) h, > (NL+1)h+H .Y max (lh.), |h ")
i=1

for (t,x)e S, £€(0, 1). Indeed, we have
9) ., = h(Yy'nH+NL+1).
(10)  |h* = |eexp {Y+(NL+1)t} ¢’ & x;(Ix|* + 1)~ 2]
< ' exp (y+(NL+ D)}y’ = by’  and | ) < hy'.

(9), (10) imply (8).

By (6), (7), to each ¢€(0, 1) there corresponds g(¢) such that
(11) z"(t,x)i w (t, x)|—h(t,x;e) <0 (k=1,...,N)
for 0 <t <b,|x| = o. Keeping ¢ fixed we shall show that inequalities (11)
also hold in the cylinder C: 0 <t < b, |x| < ¢. Now, h > 0 and (5) imply
(11) for t = 0. Therefore, if inequalities (11) were not satisfied in C, there
would exist an index k, and a point (t° x°) in the interior of C such that

(12) 0%, x% =0, (% x9<0, Z(¢,x) <0
mCn(0<t<t)k=1,..,N).
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This implies that the function |w*®(t, x)|, and thereby also z*°(t, x), has
first order derivatives at (t°, x°) and that

(13) 20(%x%) =0 (i=1,..,N), z°(° x% > 0.

Further, at (¢%, x°) we have |[w|,| = |w;°| and |w"®|, < |w¥|. Hence, by (13),
(14) Wi (%, xO) = Ihy, (% x°; &),

(15) W (2, x0)—h, (% x°; €) = 0.

On the other hand, combining (4), (8), (12) and (14) we find
Wi (2%, X0 =y (%, X% &) < —h(t% x°;¢) < O

which contradicts (15). Hence inequalities (11) hold true in the whole zone
S". Now letting ¢ — O we obtain, from (11), w*(t,x) =0in S’ (k = 1, ..., N).
Since b may be chosen arbitrarily close to a, the proof is complete.

2. It is well known that if in (3) « = 1 (ie. f*(¢, x, z, q) are Lipschitz
continuous in z,q) and condition (2) is imposed in a bounded set, the
uniqueness holds for solutions defined in a certain bounded domain (see
[2], [3]). Now we give an example showing that condition (3), with
o < 1, does not ensure the uniqueness of the initial-value problem in
bounded domains. Namely, consider the equation in one x-variable

(16) u = ul’, O<a<l,
with the initial condition
(17) u@0,x)=0 fora<x<b,

where at least one of a,b is finite. Since ||q|’—|¢7|“| < |g—g|* for arbitrary
q,9 and |g—4g|" < |g—g| for |g—4g] = 1, therefore (3) is satisfied. Suppose
a is finite and let D be any domain containing the segment [ = {t = 0,
a < x < b} and lying in the half-plane x > x,, where x, < a.

Besides the trivial solution, each function

(18) u(t, x) = (1 —a)a® =DM =D x — o|*@ =D ggp (¢)

with parameter ¢ < x, is a solution of (16)(17) in D. For some a, (18)
is a family of analytic solutions in DU I.

3. A modification of the proof of Theorem 1 leads to the following
theorem on differential inequalities.

THEOREM 2. Suppose that u(t,x) = (u'(t, x),.... 4" (¢, x)), ov(t,x) =
(v' (2, x), ..., V" (2, X)) are continuous in the strip S = {(t, x)eR"*': 0 < t < a};
suppose that u and v have first order partial derivatives and satisfy the
inequalities

ub < fre, x,u, k), of = R x, 0, 08)
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for (t,x)eS, t >0 (k =1,...,N). Assume u*(0, x) < v*(0, x) for arbitrary
x and k = 1,...,N. Moreover, assume that functions f*(t,x,z,q) satisfy
condition (3) and each f* is non-decreasing in the system of variables
(zt,..., 2%, 24 2.

Then we have u*(t,x) < v*(t,x)in S (k=1,...,N).
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