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1. Introduction. Suppose that f(z) is regular and bounded in
a half-strip 8: a<a<g, y >0, and that a <a < . Then it follows
from a classical theorem of Montel that if

fla+iy)—1l, as y—>—+oo,
then
fle+iy)—>l, as y—>+oo,

uniformly for a4 6 < # < — 9, whenever 6 > 0.

Hardy, Ingham and Pdlya [2] considered the corresponding problem
for |f(z)|. They noted that the analogue of Montel’s theorem is false in
general since for instance f(z) = efitk? i3 bounded in any 8, but |f(x+ y)|
approaches a limit as ¥ -4 oo if and only if # = 0.

However they showed that in certain circumstances the analogue
of Montel’s theorem holds if |f(x+ iy)| approaches a limit as y >oo for
two distinet values of . More precisely their main results are contained in

THEOREM A. Suppose that f(z) is bounded in S, that a<a < b < §,
and that

) If(a+iy)| -4,

@) If(b+1iy)| —B
«a8 y—>+oo. Then

(3) V(a?-{-?:y)l —>A(b-m)’(b'a)B(z‘—a)l(b—a)

as y—-+ oo, uniformly for a+6é < x < f—46, provided that either
t4) f(2) #0 in - 8

or
©) b—a<3}(f—a).

They also showed by examples that the condition (5) is best possible
in the above result, in the sense that if a, b are any numbers such that
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a<a<b<f and b—a > }(f—a) then there exists a function f(z)
satisfying (1) and (2) but such that |f(x+4y)| does not approach a limit
a8 y—>-+oco for any # in a < © < § other than # =a or # = b.

More recently Cartwright [1] showed that (5) can be relaxed somewhat
if something is known about the precise bounds for |f(2)| in S and their
relation to A and B. She proved for instance

THEOREM B. Suppose that (1) and (2) hold with A =B =1 and
that |f(z)) < M in S, where

, . f—a f—a
M <m1n{a+ﬁ_2z, 2b—a—ﬂ}'

Then (3) holds.

THEOREM C. If f(2) satisfies (1) and |f(2)| < A in S, then (3) holds
with A = B.

2, Statement of results. It is the aim of this paper to prove
a more precise form of Theorem B.

We suppose that f(z) is bounded in 8, continuous in the closure
of S (1), that

(6) a<a<b<f, and (b—a)>13}(f—a),
and further that (1) and (2) hold and that
(7) fla+iy)| <My, [f@+w)<M,, 0<y<+oo

and ask under what circumstances these conditions imply (3). Following
Hardy, Ingham and Pélya, we note that w.l. g. we may assume that
A =B =1, since the general case reduces to this by means of the
substitution

F(z) = A b-2i0-a) B—(z—a)l(b—a)f (2).
Also (7) is equivalent to
|F(a+ty)l < My, |F(b+1y)l < Mz,
where
M| = MlA-(b—a)/(b-a)B—(a—a)l(b—a)’
M = MzA(ﬂ—b)l(b—a)B—(ﬂ—a)!(b—a).

Further we may suppose that M, > 1, and M,>1 if (1) and (2) hold
with A = B = 1. For if M, <1, it follows from Theorem C, that (3) holds
uniformly for a+ 8 < z < b—§, and hence from Theorem A that (3) holds
also for a+ 3 < z < f— 4, since we may now apply (5), with a, (a4 b)/2
instead of a,b. Thus Theorem A certainly holds in this case.

(!) This condition is not essential but makes it possible to write down (7) more
simply.
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Finally we assume w.l.g. that a = —=/4, b = =n/4, since this may
be achieved by a linear transformation in the z-plane. Then our results
are the following

THEOREM 1. Suppose that f(z) satisfies the hypotheses of Theorem A
with A = B =1 and a = —=n/4, b = =[4, and further that (6) and (7) hold,
where M, > 1, M, > 1. Then (3) holds provided that

14+M, M, cos(a+pB) °

THEOREM 1I. If @, B, M,, M, are any numbers satisfying the other
conditions of Theorem 1 but not (8), then there exists f(z) satisfying the
hypotheses but mot the conclusion of Theorem 1. More precisely f(z) has
infinitely many zeros near a certain ray x = x,, y > 0, where |, < =/4.

(8)

8. Proof of Theorem II. We note that tanz is regular in the
strip || < =/4, and that

|tanz| =1, for o= F=xr/4.
Further
tanz—Fi, as y—->Foo,

uniformly in z. For —n/4 < x, < n/4, set

tanz— tanz,

(9) v(e; @) = 1—tanztanz,
Then
lp(z, 2)| =1, for == Fn/4,
and
— (¢4 tanax
” Y(2, &) >2Zy = moﬁ, as  y—>—o0,
(10) p(2, T) > Z, , as  y—>+oo,

uniformly in z and in a range, —xw/4+6 < %, < n/4—9.
Let K, be a sequence of positive numbers such that

11) 1<Kz<2, =n=1,2,.. and Kp—»1, a8 n—>+oo,

and y, a rapidly increasing sequence of positive numbers and set

(12) f&) = ]_2[ {w[z}iy", mo] / Zy.

It follows from (10) that given z, so that —=/4 <z, < n/4, and
an integer p > 2 we may choose Y, positive, and such that

(13) 11—yp(z+ty, 2)[Zy) <p~™,
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provided y < —Y,. Thus the product (12) converges on every compact

set provided that
3/»>3Yn, n=1t000.

We now assume further that
(14) Yn+1— Yn > 4Yn+1 ,' n=1to co.

Suppose that y is real and that m is the least integer such that y,.,—
—2Y¥ 41 >y. Thus if m >0, we have

Yn—2Y¥m <Y <Ym+1—2¥m41-
Then we deduce from (11), (13) and (14) that if » > m, and z = z + ¢y, then

Y—UYn
K,

g—"yﬂy
and so
1 -n z_zy" —
—D <'PK_7wo <1l+p™, n=m+l.
n
Also if n <m,

Y—Yn
K,

and by taking complex conjugates in (13) we deduce that

> Y,

2—1
1—-p™ < ”P( K”?/n y mo)

<l+4+p™, n=1tom—1.

We deduce that independently of x we have the inequality

z— 1
(15) 1—om < !:][,,,(Tny’!,wo)/zo]!<1+am,
ntm
where

oo

om=1+p™" [] a+p™-1,
n=m+1

so that
om—>0, as m—oo.

Further if # = ¥ =/4, we have for large m

< |ofe, o

%, -1, a8 m-—>+too.

T
<|olakz =)
Thus we deduce that regardless of the choice of the constants Kj,

or the ¥, subject to (11) and (14) we have that

(16) flz+iy) -1, as y—+oo,
for ¢ = F /4.
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Consider next f(a-+4y), where a is a fixed number in the range
—7n/2— %y < a < —n[4. Suppose again that m is defined as before. Then
for z = a1y

2—1
V(2 a) | <max[1, (72, @) || < wta, s
Also '
2—1y

IJ o[l a)| <1ton.

nem
Thus our function f(z) satisfies for z = a4 iy
(17) If(z+1y)| < (1+om)max {1, y(a/Km, z)} .

This inequality holds also for |a| < w/4, so that f(2) is uniformly bounded
in any strip —n/2—a2,+9d < @ < n/2—2,— 3. For |a| > n/4 in this range
we first choose the integer p which occurs in o, so large that

(1+om)max {1, [p(a/2, 2,)|} < lp(a, =)

for all m. Since om—>1 as m-—>-+oo, it follows that we can then
choose K, to satisfy the conditions (11) for any fixed a in the range
—7w[2— %y < a < —mf4, s0 that (17) yields

(18) [fla+iy)l <lp(a, %), all real y.

Simultaneously we can ensure that for a fixed real g in the range
/4 < B < n/]2—z,, we have

(19) [f(B+iy)l <ly(B,2), all real y.

Thus we have found a function f(2), satisfying the hypotheses of
Theorem I, except possibly (8) with M, = |y(a, )|, M, = |yp(B, z,)|- The
conclusions of Theorem I are not satisfied, since f(z) has infinitely many
zeros near the line # = x,. To conclude the proof of Theorem II we note
that given M,, M, we can find x, in the range —=n/4 < x, < w/4 as required,
provided that

tanf—tanz,
1— tanfBtanz,

tanf—M,  tana+M,
1—tan8M, 1+ tanal,’

tana— tanx,

2 'P(ara’o) = l_tanatanwoz—Mll

(B, z) =

tanz, =
i.e. provided that

M,+M,  tanf—tane _ sin(f—a)
M,M,+1 1—tanatang  cos{a+f) "’
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This proves Theorem II in case equality holds in (8). The general case
follows also since we may replace M,, M, by larger numbers and the
L.H.S. of (8) is a decreasing function of each of M,, and M,, for M, > 1,
and M, > 1.

When M, and f— a are given the value of M, is largest when e+ =0,
so that the inner strip is symmetrical w.r.t. the outer one. If M, = M, = M,
we obtain in this critical case

1—_%%-2 = sin(f—a), so that M = tan w
Thus if §— a < 2(b—a), the conclusion of Theorem I does not hold unless
M < tan P g a),

in any case and if a4 8 # 0 this condition can be sharpened.

4. Proof of Theorem 1. We now assume that the hypotheses
of Theorem I are satisfied, and show that in this case f(2) can have at
most a finite number of zeros in the half strip |z| < n/4, y > 0. The desired
conclusion then follows.

Consider for z = x4y

9(2) = f(2)f(—=2—2) = f(z+iy)f(—n[2—x+1y) .

Then our hypotheses imply that ¢(z2) is regular and bounded in the half-
strip, a<2z < —a—nx/2, y > 0, and

(20) p(x+iy)—>1, as y—>+oo

for # = —n/4. Thus by Montel’s Theorem (20) holds uniformly in the
range a+6 < & < —a—=n/2—4, when § is any small positive number.

Also we have for sufficiently large positive y by the Phragmén-
Lindelof principle and our hypotheses,

f@+iy) < M1+8), a< x<—xu/4,
(21) Fa+iy) <1+8, —njd <z </t
f@+iy) < My1+98), njd<z<§.

We deduce that for y > y,(8), we have the inequality (21) and also (20)
yields
1

(22) If (+1y)] = AR’

™
— i <e<—a—gz -4,

and similarly

. 1
(23) |f(m+@y)>m’ g--—ﬂ+6<:c<



On the limits of moduli of analytic functions 149

We now assume, after a shift in the origin if necessary, that f(z) is
regular and satisfies the inequalities (21), (22) and (23) in the half-strip
—7/4 < & < w/4, y > —1/3. We shall see that if (8) holds and é is suffi-
ciently small this implies that f(z) has no zeros in |z| < /4, ¥ > 0.

Suppose in fact that there is such a zero z,. We may assume w.l.g.
that 2z, = @, is real since otherwise we can apply the argument to f(z— iy,)
instead of f(z). Consider

F(z) = {(2)ly(2, @)

where y(z, 2,) is given by (9). Then on the rays |z| = n/4, y > —1/6,
lw(z, )] = 1. Also by (22) and (23) we must have

—a—rnf2—d< 2, < w2—P+6,

so that by (10) |y(z, @,)| > 1—e¢, for |y| > 1/6, where ¢ is small if § is
small. In view of (21) we deduce that

144
1—¢

[F(2)] <

on the boundary of our half strip and so inside.

Thus
1+6
F @) < 37— lv(z) 2)l
in our half strip. Setting in turn z = —a—n/2— 4§, n/2— -+, we obtain

from (22) and (23)

- 1—¢ T 1—c
rlamF -0 a)|> i -0 @)= e
and so
wlatd, ml = o a—apm=s, al = (18
H1+op

p(B—8, @)l <
In view of (9) this in turn yields

(1—e) M+M, _ y(f—95,z)—y(a+d,z) _ sin(f—a—29)
(1+6) 1+MM, ~ 1—y(a+td,a)p(f—5,) cos(a+p)

This contradicts (8) if 4 and hence ¢ is sufficiently small. We deduce that
with the hypotheses of Theorem II f(2) has no zeros in || < =/4, ¥ = ¥,,
if y, is suffictently large. By applying the Phragmén-Lindel6f principle
in this half-strip to f(z) and f(z)~', we deduce from (1) and (2) that (3)
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holds uniformly for |z| < =/4. Using Theorem A we deduce that (3) holds
for a+d <& < —=n/4 and similarly for n/4 < & < §— 4. This completes
the proof of Theorem I.

I am indebted to Dr. M. L. Cartwright for acquainting me with
the problem, showing me her M. S. [1] and for helpful advice and
discussion.
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