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p-convex functions in linear spaces

by Z. KoMINex and M. Kuczma (Katowice)

Abstract. The object of this paper is to investigate the continuity of p-convex functions under
very general conditions. Let X and Y be partially ordered real linear spaces (with partial orders
compatible with the linear structure of X and Y, respectively) endowed with semilinear topologies,
By a p-convex function we mean any function f defined on an open and convex subset D of X with
values in Y fulfilling the condition Af*'f(x)> 0 for all he X and xe&D such that h >0 and
x+(p+1)he D, where 4}, denotes the i-th iterate of the difference operator 4, with increment h. The
results contain theorems on the continuity of p-convex functions obtained in earlier papers ([7],
[6], [11], [13]) as particular cases. In particular it is shown that every such function f bounded
bilaterally (in the sense of the partial order in Y) on a non-empty open subset of D is continuous in
D. In the case p = 1 (which is discussed in more detail) the assumption of bilateral boundedness of
Jfmay be weakened to the condition that fis bounded above on an open subset of D. Our results are
compared with those of Ger [6], where similar problems are discussed.

1. Introduction and preliminaries. This paper is a variant of, and an annex
to, Ger’s paper [6] bearing almost the same title. The results of [6] are here
reproved under slightly different assumptions about the underlying spaces
X and Y. Moreover, they are supplemented by theorems on the continuity of
restrictions of the functions considered (in the spirit of [10], [11], [13]; cf. also
[15]), which have no counterparts in [6]. In the last section the particular case
p =1 is discussed in more detail.

Let X be a real linear space endowed with a topoloy 4. The topology
T is called linear (and X itself is called a linear topological space) iff the
function ¥: Rx X x X —» X defined by

(1) YA, x, y) = Ax+y

is continuous. & is said to be semilinear (cf. [14] and also [9], [1]) iff ¥ is
separately continuous with respect to each variable. The most important
feature of such a topology is that for every fixed ye X and Ae R\ {0}, ¥(4, -, y)
is a homeomorphism (cf. [14]). Consequently, for every y and A4 # 0 the set
AA+y (A < X) has the same topological properties (e.g. being open, closed, of
the first or second category, etc.) as A.

The notion of a linear space with a semilinear topology is a simple and
very natural generalizaton of the notion of a linear topological space and most
properties of convex functions in topological vector spaces extend to the case
where the topology is semilinear (cf. [14], [12]). The importance of the latter
topologies lies, among other things, in the fact that the so-called core topology
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(determined by the linear structure of the underlying space; cf. [9], [18], [1],
[12]-[14]) is semilinear.

Let D < X be a convex open set, and let Y be another real linear space. If
f: DY is a function, the difference (with increment h) 4, f (x) for x such that
x, x+heD is defined by

4, f(x} =f (x+h)—f (x),
and the iterates 4} f by

Mf=f, Ar'f=4,4if), i=0,1,2,...

Thus 4 is defined for x such that x, x+iheD (cf, eg, [15]).

Suppose that in X and in Y we have a relation <. Despite of being
denoted by the same symbol, the relations in X and Y need not be related to
each other in any way. Also, for the moment we do not assume that < is an
order in X or in Y; the properties of < will be specified later. But here and in
the sequel we will sometimes write a > b instead of b < g, and a < b (a > b) is
equivalent to a<b and a# b (a=b and a # b).

Let p be a positive integer. A function f: D — Y is called p-convex (convex
of order p) iff

(2) AT f(x) 20

for all h > 0 and xe D such that x+(p+ 1)heD. A function f: X Y is called
a polynomial function of order p iff

©) AR fx) =0

for all x, heX.

For real-valued functions of a real variable the above notions were
introduced by Popoviciu [17] (cf. [5], [6], [15] and also the references in [15]
concerning generalizations). The present definition follows the pattern of [6].

In other words, it can also be said that a function f* D— Y is p-convex iff
(2) holds with

(@) h=(@y—x)/(p+1)

for all x, yeD such that x <y. When p =1, (2) with (4) becomes
x+y\ _ S+ )

© f( : )s .

for x, yeD, x < y. By symmetry, (5) also holds for y < x. Thus f: DY is
1-convex iff (5) holds for all comparable x, yeD (ie. x, ye D such that either
x <y or y < x). In the literature, functions f: D — R fulfilling (5) for all x, ye D
are usually referred to as J-convex (convex in the sense of Jensen). The notion
of a 1-convex function generalizes that of a J-convex function and reduces to
the latter when C = X (cf. (7) below) and Y =R.
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For every positive integer p and every T < X the set H,(T) (cf. also [5],
[6], [15]) is defined as

(6) H,(T)={xeX; there exists an h >0 such that x+iheT for iel,},

P

where I, = {—p—1, —p,....,—1,1,...,p, p+1}. Observe that if D = X is
convex and T < D, then also H,(T)<= D. In fact, if xeH,(T), then by
(6) x+theT <D for an heX. By the convexity of D we have
x = 3[(x+h)+(x—h)]eD, whence H,(T) < D.

The iterates Hj of the operation H, are defined by HY(T)=T,
H*Y(T)=H,(H\)(T), j=0, 1, 2,... Clearly, if Tc D <X, where D is
convex, then Hi(T)<= D for j=0, 1, 2, ...

2. Assumptions. The following assumptions will be used throughout the
paper:
(i) X is a real linear space endowed with a semilinear topology.
(i) C < X is a non-empty open set such that C+ C < C and aC < C for
real o > 0. (In other words, C is a non-empty open cone in X.) The relation < is
defined in X by

7 xgy < y—xeC or x=y.

(i) D c X is a non-empty open convex set.

(iv) Y is a real linear space endowed with a semilinear topology.

(v) Kc Y, @ # K # Y,is an open cone in Y such that for every ce K and
for every neighbourhood V of the origin in Y there is a positive integer n such
that the set

(8) y(c) =n"'[c—K)n(K—c)]

is contained in V. (In other words, for every ceK the family {I',(c)}nen is
a neighbourhood base at the origin in Y.) The relation < is defined in Y by

9 as<b < b—aecK or a=h.

Remark 1. Unless C = X, the relation < defined by (7) is a partial order
in X, compatible with the linear structure

(10) x<y implies x+z<y+z and ax<ay
y

for every x, y, ze X and real a > 0. (Thus C is the positive cone in X: the
condition k > 0 is equivalent to he C.) It follows from (10) that if x < yand a is
a negative real number, then ay < ax.

If C = X, then x < y for all x, ye X. Relation (10) is then trivially fulfilled.
The condition h > 0 is equivalent to h # 0.

If C # X, then the origin does not belong to C, but is a boundary point of
C. If C = X, then the origin is an interior point of C. In either case we have
CnU # @ for every neighbourhood U of the origin in X.
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Instead of assuming that C is open and non-empty, it is enough to assume
that C, = int C # @. In fact, then C, fulfils (ii), and if f: D —Y is p-convex with
respect to C, then it is also p-convex with respect to C,.

Remark 2. It follows from (v) that every ee K fulfils the condition:

(vi) For every aeY there is a positive integer n such that —ne < a < ne.

In fact, since K is open, to a given a we may find an n such that
e—n"laeK and e+n 'aeK, which implies that —ne < a < ne.

In the literature an ee Y fulfilling condition (vi) is called a strong unity
(cf, e.g., [1], [2]). Thus (v) implies that every ee K is a strong unity in Y.

Remark 3. Since n™!K = K (use aK c K with « =n and « = n"1), (8)
may be written as
r(@={yeY, —n"'c<y<nic}.

We now compare our assumptions (i){v) with those in [6].

In [6], X is assumed to be a real Hausdorff linear topological space (so (i)
clearly is weaker), and C = X is not admitted. The condition C # @ is not
stated explicitly, but it is tacitly assumed and used throughout the paper.
Anyhow, if C =@, then every function f; D—Y trivially satisfies

A7 f(x) =0 for xeD, he Cu{0},

and consequently is p-convex (for any peN).
Regarding Y Ger assumes that

(vii) Y is a real normed linear space, partially ordered by a relation
< which is compatible with the linear stracture of Y (cf. Remark 1). Moreover,

(11) 0<a<hb implies Jaf < |b].

In general it would be difficult to compare (vii) with (iv) and (v). But if (vii)
is fulfilled and the set

(12) K={yeY: y>0}

is open and non-void (K # Y since < is a partial order), then (iv) and (v) are
fulfilled too. For take a ce K and a neighbourhood V of the origin in ¥. Choose
a positive real r such that B={yeY; |yl <r} c V. Next choose a positive
integer n > 3|c||/r. For every yeI,(c) we have (cf. Remark 3)

—c/n <y <c/n,
whence
0<y+ce/n<2/n
and by (11)
Iyl =n="ell < ly+c/nll < 2 cll/n.
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Hence
Iyl <3llcli/n<r

so that ye B. Consequently I',(c) = B< V. (iv) and (9) are trivial.

In (6], in the definition of H, (cf. (6)) the condition h > 0 is missing, but
this is an evident oversight (cf. Remark 6 below).

In the sequel whenever we take X =RM (or Y=RY) it is always
understood that X (resp. Y) is endowed with the natural (linear) topology.
If xeRY has coordinates ¢&,,...,&y, we write x=<(¢,...,&) and
x|l = (E3+ ... +&3)Y2 The Lebesgue measure in RY always means the
N-dimensional Lebesgue measure. Moreover, when Y =R we always take
K = (0, o) so that (9) gives the usual inequality between real numbers.

3. Main result. The main result of this paper is (similarly to [6], where,
however, the assumptions were somewhat different) the following:

THEOREM 1. Let hypotheses (i(v) be fulfilled, and suppose that a p-convex
function f: D — Yis bounded on a set T < D. If there exists a non-negative integer
k such that int HX(T) # @, then f is continuous in D.

As in [6], Theorem 1 is a direct consequence of three facts, here presented
as Propositions 1-3. We assume that (i}{(v) are fulfilled, and f: DY is
a p-convex function.

PROPOSITION 1. If fis bounded in a neighbourhood of some point of D, then it
is bounded in a neighbourhood of every point of D.

PrOPOSITION 2. If f is bounded in a neighbourhood of x,€D, then it is
continuous at Xx,.

ProPOSITION 3. If f is bounded on T < D, then it is also bounded on H ,(T).

The proofs of Propositions 1 and 2 will be given in the next section. The
proof of Proposition 3 does not differ from that given in [5] (cf. also [15]) in
the particular case X = R¥, Y =R, and is therefore omitted.

Remark 4. Apart from any other existing differences, there is a difference
between [6] and the present paper which is not so apparent at first glance. The
expression: f: D—Y is bounded on a set T < D in [6] meant: there exists
a positive real number M such that

(13) If@OI <M for teT,
whereas here it means: there exists a ce K such that
(14) —c<f(t)<c for teT.

However, if (vii) is fulfilled and the set (12) is open and non-void, then (13) and
(14) are equivalent. To see this, assume that (13) holds, and let B = {y€eY;
lyll € M}. Take a de K. Since K is open there exists a positive integer n such
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that
(15) d+n"'B=d—n"'Bc K.
With ¢ = nd we obtain from (15) for yeB

—c<y<ec,

and so (14) is fulfilled. Conversely, assuming (14) we have 0 < f(t)+c¢ < 2c for
te T, whence by (11)

If@l=lel < If@)+cll <2el  for teT,
and (13) results with M = 3||c]|.

Remark 5. Let (iv) and (v) be fulfilled. It would seem that the condition:
there exist a, beY such that

(16) a<f@)<b forteT

is more general than (14). But actually the two conditions are equivalent. In
fact, take any ee K and choose a positive integer n such that —a < ne and
b < ne (cf. Remark 2). Then —ne <a < b<ne, and (16) implies (14) with
¢ = ne.

Remark 6. Put (cf. (6))
(17) H,(T)= {xeX; there exists an heX such that x+iheT for iel,}.

The following example shows that Proposition 3 with H » in place of H, is not
true.

ExamMPLE 1. Let X=R? Y=R Take D=X=R? and C=
{x=<& ndeR? (>0 and 7 >0}). Define f,: R*-R by f(x)
=f,(K&, 1)) = én and f,: R> > R by f,(x) = 0. Both functions are 1-convex ((5)
holds for all x = (¢, n) and y = {{, > such that (¢—{)(n—w) > 0), con-
sequently so is f = max(f,, f,):

¢n if &n >0,
0 if én<0.
Put T = {x = (&, #) e R?; &n < 0}. Then clearly f is bounded on T, but not on
B,(T)= X =R~
The iterates H) of the operation H p are defined like those of H,.
Taking D = C = X we obtain from Theorem 1:

S =7 (&)= {

COROLLARY 1. Let (i), (iv), (v) be fulfilled, and suppose that a polynomial
Junction (of order p) f: XY is bounded on a set T< X. If there exists
a non-negative integer k such that int H’,‘,(T) # , then f is continuous in X.

4. Proofs. Throughout this section we assume that (i}(v) are fulfilled and
f: D->Y is a p-convex function.
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For any real numbers &, ..., &4 let V(&,, ...,{,+1) be the Vandermon-
de determinant
1 ¢ & ¢t
1 ¢ &3 ¢3
(18) V(s .o sbprr) = 2 = [0 ¢-=%.
................. 1<€i<j€p+1
1 §p+1 £%+1 f§+1

Let z,eD and h >0 be arbitrary, take arbitrary real numbers
:1’ -°-,£p+]_, and write

(19) 2,=zy+&h, i=1,...,p+1.

Lemma 1. If &, i=0, 1,...,p+1, are rational and such that
0=¢,< & <...<&,41, and if the points (19) belong to D, then

p+1

(20) -Z (_1)p+1+iV(éo’ “'séi—l’ €i+1, '-“sép-i-l)f(zi) >0'

Proof. The function ¢ of the real variable t:
@(t) =f(xo+71h), te{0eR; gheD—x,},

is p-convex, and a formula equivalent to (20) may be obtained as in the case
Y=R (cf [17], [15]).

In the rest of this section we assume that x,eD and f fulfils (14) with
a ceK, where Tc D is a neighbourhood of x,.

LEMMA 2. If xe D is comparable with x, then f is bounded in a neighbour-
hood of x.

Proof. Assume that x < x,. (If x > x, the proof is similar, and if x = x,
there is nothing to prove.) There is a rational number «>1 such that
zy = Xo+a(x —Xx,) belongs to D. Replacing, if necessary, ¢ by nc (with a suitable
neN; cf. Remark 2) we may assume that

@1) —e<flz)<c.

Put h=x—z;=(1—a)(x—x,) >0 and observe that x =z,+¢h,
Xo = 2o+ &, h, where &, =1, &, =af(a—1) > £,. We may find rational num-
bers ¢,,...,¢,+1 (if p=1 this step is superfluous) such that

0=¢,<é <t <ty <. <y

and the points z, given by (19) belong to T for i =2,...,p+1. For every
i=0,1,...,p+1 the mapping ¢;; X - X given by

@;(w) = zo+¢i(u—z), uekX,
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is continuous and ¢,x)eT for i=2,...,p+1. Consequently for
i=2,...,p+1 the sets ¢; !(T) are neighbourhoods of x and so is also the set

p+1

U=(2+C)n () o7 {(T).

=2
For ueU we have ¢,(u) = z,, ¢,(u) =u and ¢,(w)eTfor i=2,...,p+1. By
Lemma 1

pt+1

2 (=1 feiu)] > 0,

i=0
where V=V (&, ..., &—1, &ivq, ..., Ep41) are positive numbers (cf. (18))
independent of u. Hence by (14) and (21)

(22) (=0Pf W)= —cVT ' (Vo + Vot ... +V,40).

Now find a positive rational {, < 1 such that w; = x+{, (x,—x) belongs
to T, and put {4 =0, {,=(a—1)(&—1) for i=2,...,p+1, and

w;=x+{(xg—x), i=0,1,...,p+1.

Then w; =z eTfori=2,...,p+1. Also w e T by definition. Since {, = 1 we
have 0 ={, <...<{,+,; and obviously all {, are rational.
For every i=0,1,...,p+1 the mapping y;: X — X given by

Vi) = ut{(xo—uw) = {xo+(1-0)u, ueX,

is continuous and yY(x)=w;eT for i=1,...,p+1. Consequently for
i=1,...,p+1 the sets y; !(T) are neighbourhoods of x and so is also the set

p+1

W=(x,—C)n () ¥ }(T).
i=1

For ue W we have yo(u) =u and Y, (u)e T fori=1,...,p+1. By Lemma {

p+1

T (IR ] > 0,

where V= V(lo, ..., li— 1, livts ., {p4 1) are positive numbers independent of
u. By (14)
(23) (1Pf@) < Vo ' (Vi + ... +V,41).

In view of Remark 5 relations (22) and (23) show that J is bounded in
UnW, ie, in a neighbourhood of x.

Now we are in a position to give:

Proof of Proposition 1. We argue as in [6]. Let D* be the set of xeD
such that f is bounded in a neighbourhood of x. Evidently D* is open and
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xo€D*. Suppose that there exists an xe D\ D* and define z: [0, 1]—=D by
z(A) = Ax+(1—-A)xg = xo+A(x—x,), Ae[0,1].

Since z is continuous and z(1) = x belongs to the closed set X\ D*, there is
a smallest ue[0, 1] such that z, = z(u)¢ D*. Clearly, u>> 0 and z,eD.

The set (zo4+C)nD is open and non-empty (cf. Remark 1). Fix a
ue(zo+C)nD. Then z,e(u— C)nD and the latter set is open and non-empty.
By the continuity of z we have

(24) {A€(0, p); z()e(u—C)nD} # Q.
Choose a 4, belonging to the set (24) and put v = z(4,). Then u, v, z,e D and
(25) Zo<U, v<uU

According to the extremal property of u we have ve D*, whence by (25) and
Lemma 2 also z, e D¥, a contradiction. Consequently D¥ = D and the proof is
complete.

Now fix rational numbers ¢, ..+»0, Such that
(26) 0=106p<d;<...<0,-1 <1<4,.

For every positive integer n we may find a rational ¢ = §(n) such that
0p-1 <6 <1 and

V(ao, -“a{S =1 5)] Pt V(6 > '--:5'—13 5'+1; ~-"5 -1, 5’ 1)
27 1— P + U : : b <=—,
@7 [ V(dgy . s 0p-1, 1) i;(, V(dgs .rsbp-1, 1) 2n
V(dg,...10p-2, 0,6 )|
28 1— z £
@) ‘ V(805 -+»8p-2, 1, ,)|
+pZZV e 5! l’6i+1s" p 2’6’ Isap) V(50"' p 2’6 1)
V(bgy.o10p-2,1,6,) V((So, cis0p-2,1,6))
(we just choose § = 6(n) sufficiently close to 1, cf. (18)).
We put
1-6
(29) Ay = A;(n) = 1—5;-’ i=0,...,p,
and for every xe T we define S,[x] by
p
(30) S.[%]=Tn () [X+4(T—x)].
i=0

It is easily seen that S,[x] is a neighbourhood of x.

LEmMMA 3. If xeS,[X] and x < X, then

(31) J(X)=f(®)el,(z0)
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Proof Let xeS,[X], x < X. By virtue of (30) there exist ;e T, i = o,...,p,
such that

(32) x =X+A4(,—x), i=0,...,p.
Hence in particular
A(t;—F) = Ay(to—%), i=0,...,p,
whence, by (29), t,—% = (1 —3)(t,—X), and
(33) L=ty +0,(X—ty), i=0,...,p.
Similarly, we obtain from (32) for i=0
x =tg—(1—Ag)te+(1—4g)X,
whence by (29)

(34) X = to+8(X—to).
Evidently

Observe also that by (32)

Consequently, x < X implies Xx—t, = 0.
Lemma ! now yields by virtue of (26) and (33)-(35)

p—1 .

Z (—l)lﬂ.li-l V(éor reey 6;’—1’ 6i+1s -"sap—la 6: 1)f(ti)

i=0

—V(50, --'sap—ls l)f(x)+V(50! "'sap—ls 6)f(x_) > 0

and

p—2

T (= 1P Y By oo Bimt Siats - Bpm2s 6, 1, 8) S (1)

i=0

+V(8gs .- 20p-2, 1, 8)) f(X)=V (8¢, ...,6,-2, 6, 8,) f(X)
+V(dgs-..,0p-2,0, 1) f(t,) 2 0.
Hence according to (14), (27) and (28), since ¢,,...,t,, XeT, we obtain
—¢/@2n) < f(x)—f (%) < c/(2n),
which in view of Remark 3 is equivalent to (31).

LEMMA 4. For every positive integer n there exists a neighbourhood U, = D
of x, such that

(36) Jx)=f(xp)el,(c} for xeU,.
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Proof. Let &y, ...,8,, 6 = &(n), and 4, ...,4, have the same meaning as
previously. Put

p

A
G=Tn ) [x0+1?';(x0—'1“)j|.

i=0 i

G is a neighbourhood of x,. In view of Remark 1, (x,+ C)nG is non-empty.
Take an Xe(x,+C)nG. Then

(37 Xo < X,
. A :
(38) x=x0+1__l (xO_Sl)! l=0,"'!ps
with some s,,...,5,€T. Relation (38) may be written as
xo =x+li(31_£), i=0, ..-,p.

In other words (cf. (30)),

(39) X, € Tn_(p) [%+A(T—%)] = S,[£].

i=0
Now we put
(40) U, = (#-C)nS,[£].

Since X € x,+ C, we have x,ex — C, whence according to (39) and (40), x, € U,.
It follows from (ii) and (30) that U, is open, so U, is a neighbourhood of x,.
Moreover, U, < T < D in view of (39) and (40). According to (40), x < £ and
x€S,[X] for every xe U,. In particular (cf. (37) and (39)), x, < X and x,e S,[X].
By Lemma 3

f)—f(X)el,(Gc) and f(xo)—f(X)el,(Ge),
whence f (x)—f (x,)e I3 ¢)—T',(3¢c) = I',(c), since by (8) the sets I', are convex
and symmetric (I', = —I,), and (36) follows.
Proposition 2 is an immediate consequence of (v) and Lemma 4.

5. Measure and category. The significance of the operation H, may well
be seen from Propositions 4 and 5 below. Note that formula (6) may also be
written as
(41) H,(T)=Tu{xeX; Cn )i YT—x)*a}.

ielp

PROPOSITION 4. Let (i) and (ii) be fulfilled, and let T < X be a second

category Baire set. Then int H,(T) # 9.

Proof. We have T =(G\P)UR, where G is open and non-empty
(otherwise T would be of the first category), and P, R are first category sets.
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Thus G\ P = T, whence for arbitrary xe X
(42) Cn()i '[(G\P)-x] = Cn i~ Y(T—x).

lelp telp

If xe@G, then

U=[)i"YG—x)
ielp
is a neighbourhood of the origin. Moreover,
(43) (i 'HG\P)—x] = U\ {J i"'(P—x).
elp ielp

This means that the set (43) is residual in U, since P is of the first category.
Consequently we have for xeG

Cn()iT'(G\P)—x]# 0O
ielp
(note that X is a Baire space since it contains a second category set T;, cf. [16]),
whence in view of (42) and (41) we obtain G = H,(T) so that int H,(T) # &.

Remark 7. The above proof remains valid also in the case where
X (endowed with a semilinear topology) is a linear space over the rationals.

PROPOSITION 5. Let X = R¥, let C satisfy (ii), and let T < RN be a set of
positive inner Lebesgue measure. Then int H ,(T) # Q.

Proof. Without loss of generality we may assume that T is measurable.
Let x, be a density point of T. Put T, = T—x, and

(44) A=)i"'T,.
ielp
Thus the origin is a density point of A.

Let B be an open ball centered at the origin, and choose a positive number
« such that (m denotes the Lebesgue measure)

<1.m(BmC)
2 mB)

The expression on the right-hand side of (45) is independent of the choice of B.
In fact, for every positive number y we have m(yB) = y¥m(B), and C = yC (cf.
(ii)), whence m{(yB)nC] = m[y(Bn C)] = y"m(BnC). Therefore we may as-
sume that B has been chosen small enough to satisfy

(46) m(BAA) > (1 —)m(B).

Finally, we may find an open ball G, (centered at the origin) such that

(43)

24

(47) m[BAANBA4)-x)] <5 1)

m(B) for xeG,.
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We have by (46) and (47) for arbitrary x;,€G,, iel
(1—a)ym(B) < m(Bn A)

=m[(BAA\ ) (BnA)—x)]+m[BnAn [} ((BAA)—x,)]

p’

< m[iy,, (B nij; \(BnA)—x,))]+m[B (I)(I(;a nA)—x)]
< g m{(B nA)\((BnA)—x,-)]+m[BniQ (Bn4)—x))],
< otrr:(B)+m[Bm N (B 4)—x,)], ,

ie, ~

(48) manﬂmmymﬂ>u—mmwy

Relations (48) and (45) imply that
Cn(N(BnA)—x)+ 3

iely

so that in view of (44)
CaN(Ni'T)—x)+9

lelp, jeIp
and
(49) CAN( ' Ty—x)#@
ielp

for every x,eG,, iel,

Now we write G = G,+x, (so that G is a non-empty open set), take an
arbitrary x € G, and put x; = i~} (x—x,), iel,. Clearly x;€ G, for iel,, whence
by (49)

(50) Cn()i™N(T—-x)#0.

ielp
Relation (50) holds for every xeG. According to (41) this means that
G < H,(T). Consequently int H,(T) # Q.

If C = X, then the difference between H, and H , (cf. (17)) disappears. Thus
we obtain from Propositions 4 and 5

CoROLLARY 2. Propositions 4 and 5 without hypothesis (ii) are valid also
when H, is replaced by H,.

The measure-theoretical part of Corollary 2 is known; it is a direct
consequence of a result of Kemperman [8]. In the case where X is a linear
topological space over the rationals, the topological part of Corollary 2 is
proved in [6]. However, our proof is somewhat simpler.
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Theorem 1 together with Propositions 4 and 5 yield the following results.

THEOREM 2. Let (i)(v) be fulfilled, and suppose that a p-convex function f.
D—Y is bounded on T < D. If there exists a non-negative integer k such that
HY(T) is a second category Baire set, then f is continuous in D.

THEOREM 3. Let X = R¥, let (ii)(v) be fulfilled, and suppose that a p-convex
function f: D—'Y is bounded on T < D. If there exists a non-negative integer
k such that the inner Lebesgue measure of H%(T) is positive, then [ is continuous
in D.

Hence we obtain (cf. Corollaries 1 and 2)

COROLLARY 3. Theorems 2 and 3 without hypotheses (ii) and (iii) are valid if
f: XY is a polynomial function of order p, and D and H%(T) are replaced by
X and HY(T), respectively.

6. Restrictions. In the literature there are several results to the effect
that—under suitable assumptions—if f: D— Y is a function whose restriction
flp to aset T < D is continuous, then f is continuous in D (cf, e.g., [15]). Here
we shall prove theorems of this kind for p-convex functions.

We start with a result of a more general character. We first introduce
further hypotheses.

(viii) T is a class of sets T = X with the property that for every Te T there
exists an xo€ T such that TnUeT for every neighbourhood U of x,.
(ix) F is a class of functions f: D — Y such that if f € F is bounded on a set
TeT, T < D, then it is continuous in D.
(x) Y is partially ordered by a relation < which is compatible with the
linear structure of Y, and intK # &, where K is defined by (12).

Remark 8. The family of all second category Baire subsets of X, or (when
X =R") the family of all sets T < R¥ of positive Lebesgue measure are
examples of set classes T fulfilling (viii). Evgry point at which T is locally of the
second category (cf., e.g., [16] or [15]) resp. every density point of T may serve
as x, occurring in (viii). It follows from Theorems 2 and 3 that for such T the
family F of all p-convex functions f: D— Y fulfils (ix).

THEOREM 4. Let (i), (iv), (viii), (ix) and (x) be fulfilled with a non-empty open
set DcX,andlet f: D>Y and T c D belong to F and T, respectively. If f| is
continuous, then f is continuous in D.

Proof Choose a ceint K, and let x, e T be such that TnUe T for every
neighbourhood U of x,. Then (cf. Remark 3) V = I',(c) is a neighbourhood of
the origin in Y. It follows from the continuity of f|, at x, that there exists
a neighbourhood U = D of x, such that f(t)ef(xy)+V =f(x,)+ T, (c) for
teTnU. This means that f is bounded on TnUeT, and hence it is
continuous in D.
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Hence we obtain according to Remark 8:

THEOREM 5. Let (i}HV) be fulfilled, let T <= D be a second category Baire set,
and let f: D— Y be p-convex. If f|; is continuous, then f is continuous in D.

THEOREM 6. Let X = R, let (ii)~(v) be fulfilled, let T < D be a set of positive
Lebesgue measure, and let f2 D —Y be p-convex. If f|; is continuous, then f is
continuous in D.

COROLLARY 4. Theorems 5 and 6 without hypotheses (ii) and (iii) are valid if
f: X—-Y is a polynomial function of order p, and D is replaced by X.

Taking, in Theorem 5, X to be a linear topological space, C = X, and
p = 1, we obtain a result proved in [13]. Taking further X = R we obtain an
earlier version found in [11].

Taking, in Theorem 6, C = RN and p=1 we get a result from [10].

A function f: X — R satisfying for all u, ve X the equation

(51) Su+v)+f(u—v)=2f)+2/(v)
is called a quadratic functional. Relation (51) can be written as
(52) 43 f(x) = 2f (h),

where x =u+v, h=v, valid for all x, heX. Relation (52) implies that
43 f(x) =0 for x, he X, and thus every quadratic functional is a polynomial
function of order 2. (More exactly, (52) shows that a quadratic functional is
a monomial of degree 2, and conversely; cf. [3].)

Corollary 4 with X = Y =R applied to quadratic functionals f R—R
yields a result proved in [4] under the additional assumption of the continuum
hypothesis.

We terminate this section with a

ProBLEM. Let T = RY be an analytic set containing a Hamel basis of R".
Does there exist a point x, e T such that for every neighbourhood U of x, the
set TnU contains a Hamel basis of RN?

7. 1-convex functions. In the present section we show that in the case p = 1
some of our results remain valid when the boundedness condition (14) is
replaced by boundedness from above:

(53) fit)sc for teT

As pointed out in the Introduction, a function f: D —» Y is 1-convex if and only
if (5) holds for all comparable x, yeD.
The following lemma is of a key importance.

LEMMA 5. Let (i){(v) be fulfilled, and let f: D— Y be 1-convex. If f is bounded
above on a non-emty open set T <= D, then there exists a non-empty open set
U < D such that f is bounded (bilaterally) on U.
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Proof Assume that (53) holds with a ce Y, and take an x,e T. The set

(54) W=Tn2xe—T)Nn(x,—C)
is open and non-empty, W< T. For ye W we have
(55) Y < Xo,

and by (53)

(56) f)<ec.

Put U = 2x,— W. Then U is also open and non-empty. Moreover, by (54),
Uc 2x,—(2x,—T) = T = D, and by (53) we have for xeU

(57) S <ec.

Every x € U may be written as x = 2x,—y with a ye W. Hence x —x, = x,—},
which implies according to (55) that x, < x, whence, again by (55), y < x. Thus
x and y are comparable and we may use (5). We get by (57), (5), and (56), for
every xeU and y=2x,—xeW,

¢ =z f(x) = 2f (xo)—f () Z 2f (x0)—c.
Consequently f is bounded on U (cf. Remark 5).

As an immediate consequence of Lemma 5 and Theorem 1 (with p = 1 and
k = 0) we obtain:

THEOREM 7. Let (iMHv) be fulfilled, and let f: D—-Y be 1-convex. If f is
bounded above on a non-empty open set T < D, then it is continuous in D.

Remark 9. Theorem 7 may be regarded as a very general version of the
famous theorem of Bernstein and Doetsch (cf. e.g., [15]). In the particular case
where C = X and Y = R, Theorem 7 has been proved in [14].

For every set T< X we put

(58) H(T)=Tu{xeX; Cn(T—x)n(x—T) # O}.
By (58) and (41) we have for every T< X
(59) H,(T)c H(T), p=123,..

LEMMA 6. Let (1)Hv) be fulfilled, and let f: D— Y be 1-convex. If f is bounded
above on T < D, then it is also bounded above on H(T).

Proof. Assume that (53) holds with a c e Y, and take an arbitrary ue H(T).
According to (58) there exists an h > 0 such that x = u—h and y = u+h belong
to 7, whence by (53)

(60) Jx)<c and  f()<ec.

We have y—x = 2h > 0, so x and y are comparable and we get by (5) and (60)
S <)+ <c.
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Consequently f is bounded above on H(T).

In view of (59) we obtain from Propositions 4 and 5, Lemma 6, and
Theorem 7

THEOREM 8. Let (i}HVv) be fulfilled, let f: D—Y be 1-convex, and let T < D
be a second category Baire set. If f is bounded above on T, then it is continuous
in D.

THEOREM 9. Let X = R, let (ii)~(v) be fulfilled, let f: D — Y be 1-convex, and
let T < D be a set of positive inner Lebesque measure. If [ is bounded above on T,
then it is continuous in D.

Remark 10. In Theorems 7-9, the condition on T to be non-empty open,
or of the second category with the Baire property, or of positive inner Lebesgue
measure, may be replaced by the condition that there exists a non-negative
integer k such that int H*(T) # @, or H*(T) contains a second category Baire
set, or H*(T) has positive inner Lebesgue measure, respectively.

Remark 11. When C = X (i.e. (5) holds for all x, yeD), Theorem 8 has
been proved in [7] under the assumption that X is a real linear topological
Baire space and Y fulfils the condition:

(xi) Y is a Banach lattice with a strong unit.

This means (cf. [2]) that Y is a Banach space endowed with a lattice
structure such that the partial order < is compatible with the linear structure
of Y and
(61) lal <|b] implies |lafl < bl

for all g, be Y, where |a| = max(a, —a), ae Y; moreover, there exists an eeY
fulfilling (vi).

Although it is not explicitly stated, the assumptions of Theorem 8 force X to
be a Baire space (still the topology in X may be semilinear), but in Theorem
7 this is not so. Thus Theorem 7 is not a particular case of Theorem 8:
unless X is a Baire space, a non-empty open set T < X need not be of the
second category.

As to Y, condition (xi) implies (vil). The only thing to check is that (11) is
fulfilled. For a >0, aeY, we have 2a>0, 1e. a> —a, whence |a] =
max(a, —a) = a. Thus if 0 < a < b, then |a| < |b] and by (61), |la| < ||b].

We end this paper with two examples bearing on the mutual relationship
of (v), (vii), and (xi). In these examples Y = R? and (9) holds with a K which will
be specified in each instance.

ExAMPLE 2. Let
K ={y=<¢ n)eR? {eR, n>max(0, —{)}.
Then (iv) and (v) are fulfilled, but (vii) is not. For take a= {5, 1)€eK,
b=<{4,3>eK. Then b—a={—-1,2)eK so that 0 <a<b. But |a| =

/26 > 5=1b|, contrary to (11).

2 - Annales Polonici Math. 53.2
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ExaMPLE 3. Let
K={y={(,neR% ¢>0,0<n <’}

Then (vii) is fulfilled, but (61) is not true (so that, in particular, (xi) cannot
be fulfilled). For take a = (7, 6), b=0,9). Then |a| =a=<7,6) and
b| = <18, 9>. Hence |b|—}a| =(11,3)eK so that |a| <|b]. But [a| =
/85> 9 = |Ib]l, contrary to (61).
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