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Recently there has been considerable interest in the concepts of degree
sets and factorizations of graphs. In this paper we look into each of these
ideas. Any definitions not provided here may be found in [1].

We begin by defining the concept of factors of a graph. A factor of
a graph G is a (possibly empty) spanning subgraph of G. If G, G,, ..., G,
are graphs such that VG,) = V(G,;) =... = V(G,) and the edge sets are
mutually disjoint, then the edge sum of the graphs G,, G,, ..., G, is the
graph

G=Gl®62@ @Gk’
where

VG) =WVG), i=1,2, ..k,

and
k
E(G) = .&)1 E(G)).

If the graph G is expressed as the edge sum of its factors, then this edge sum
is called a factorization of G.

The degree set D of a graph G is the set of degrees of the vertices of G.
Kapoor et al. showed in [2] that if D is a finite set of positive integers, then
D is the degree set of a graph G. Kapoor et al. [2] determined also the
minimum order of such a graph. We now extend the concept of degree sets
to factorizations of graphs. Let D,, D,,..., D, (k>2) be a finite se-
quence of sets where each D; (1 <i<k) is a set of positive integers. Let
u(D,, D,, ..., D)) denote the minimum order of any graph G such that G
has a factorization G =G, ® G, ® ... ® G,, where the degree set of G; is
D; (1 <i < k). The object of this paper is to determine u(D,, D,, ..., D) for
certain sequences of sets D, D,, ..., D,.

In the process of finding u(D,, D,, ..., D)) it is convenient to be able to
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construct graphs containing a specified number of edge disjoint hamiltonian
cycles. The following lemma helps to produce such graphs.

Let K, denote the complete graph of order r and let G be the
complement of the graph G.

LEMMA. Let n>3. Then for each k, 0 < k < [(n—1)/2], there is a graph
G, of order n containing k edge disjoint hamiltonian cycles which can be
extended to k edge disjoint hamiltonian cycles in G,+K,, G,+K,, and
G +Kj;.

Proof. To prove this lemma, we begin with the well-kknown result that
for n =2k+1, k > 1, the complete graph K, contains k edge disjoint hamil-
tonian cycles. In fact, we construct a set of k such cycles. Since n is odd,
these cycles form a factorization of K,. We then extend them to k edge
disjoint hamiltonian cycles of K,, . These cycles together with the 1-factor
of those edges not used in the cycles form a factorization of K,,,. We
extend now the set of cycles thus obtained to k edge disjoint hamiltonian
cycles of K,+K,, which finally are extended to k edge disjoint hamiltonian
cycles of K,+K;. For any of these graphs, we can delete enough hamil-
tonian cycles so that the remaining graph has the proper number of such
cycles.

If k=1, the result is obvious. Thus we assume that k > 2, and let

V(G) = V(K3 +1) = v, Vo, Vg5 -. 1y vZk—l}"

For each i, 0 <i < k—1, define the edge set of the hamiltonian cycles C; of
K, to be

E(C) = (0v;, 0044 JUID V4 410 0 j < k—1}U
Ui - 1 <j<k—1],

where all subscripts are expressed modulo 2k. Then each C;, (0 <i<k—1)is
a hamiltonian cycle of K, and

KH=K2k+l =C0®Cl G’) @Ck—l‘

We now extend these k edge disjoint hamiltonian cycles of K, = K, 4+,
to those of Ky 13 =K1 +K;.

Let V(K;)=1{u,;} and G=K,,,,+K,. If i is odd and 0 <i<k-1,
delete the edge v;v,,, from C; and insert the edges u, v; and u, v;,, to obtain
the hamiltonian cycle C;, of the graph G. If k and i are even (0 <i < k-—1),
delete the edge v, v; 44+, from C; and insert the edges u, v;,, and u; v; 4,
to construct the hamiltonian cycle C; ,. For k even and i = 0, delete the edge
v, and insert the edges u; v and u, v, to obtain the hamiltonian cycle C, ;.
On the other hand, for k odd and i even (0 <i< k—1), delete the edge
Vi+x Vi+x+1 from C; and insert the edges u,v;,, and u, v;,,,, to obtain the
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hamiltonian cycle C;,. Let F be the 1-factor of G with V(F) = V(G) and
k-1
E(F) = E(G)— 'E)OE(C.',J

Then G=Co @ ... DC,-y,y ®F. Thus, we have extended the k edge
disjoint hamiltonian cycles C; (0<i<k—1) of K,,,, to k edge disjoint
hamiltonian cycles C;; (0<i<k—1) of G =Ky, +K;.

Using this construction we can extend these k edge disjoint hamiltonian
cycles of G =K, ., +K,; = K4, to those of H =K, ,,+K,. Let u, be
the vertex added to G to obtain H. If k is odd and 0 <i < k—1, delete the
edge v;4,Vi+x+1 from C;; and insert the edges u,v;+, and u;v;444,; to
obtain the hamiltonian cycle C; , of H. If k—1 is odd, delete the edge vv,, _,
of C,_,,; and insert the edges u,v and u,v,,_, to construct the hamiltonian
cycles C,_; , of H. On the other hand, if i is even and 0 <i < k—1, delete
the edge v;v;,, from C;,; and insert the edges u,v; and u,v;,, to obtain the
hamiltonian cycle C; , of H. Then H contains the k edge disjoint hamiltonian
cycles C;,, 0<i<k-—1.

We use again the construction provided above to extend these k edge
disjoint hamiltonian cycles C; ; (0 <i<k—1)of H= K,,,,+K, to those of
H, = K,,,,+Kj;. Let u; be the vertex added to H to obtain H,. Let t stand
for {k/2}, where {x} is the least integer greater than or equal to x. For each
i, 0<i<k—1, delete the edge v,,;v,4,+; from C; , and add the edges u;v,,;
and u3v,4,+; to obtain the hamiltonian cycle C; 3 of H,. Then H, contains
the k edge disjoint hamiltonian cycles C; 3, 0 <i < k—1. This completes the
proof of the lemma.

Our first theorem provides u(D,, D,, ..., D,) when all D, are singleton

sets.
k

THEOREM 1. Let d,, d,, ..., d, be positive integers, let s = Y d;, and let
' i=1
D, ={d}, 1<i<k. Then

s+2 if s is even, but some d; is odd,

D, D,,... D)=
ﬂ( 1> Y2 ’ k) {s-’-l otherwise.

Proof. If a graph G can be factored as G =G, ® G, ® ... ® G,, where
the degree set of G; is D;, 1 <i <k, then each of the graphs G; must be
regular of degree d;, 1 <i < k, and so G must be regular of degree s. Hence
IV(G) = s+1.

Case 1. Assume that s is odd. In this case we show that there exists
a graph G such that |V(G)] = s+1, and G can be factored as
G=G,®G,® ... ®G,, where the degree set of G; is D;,, 1 <i<k.
Since s+1 is even, K,,, is l-factorable and we define G; to consist of
the edge sum of d; distinct 1-factors of K,,,, 1 <i<k. Then K;;, =G
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=G, DG, D ... DG,, the degree set of G, is D;,, 1 <i<k, and so
u(Dy, Dy, ..., D) =s+1.

Case 2. Suppose that s is even and that each d; is even. Then K|,
is 2-factorable and contains s/2 disjoint hamiltonian cycles. Since each d;
is even, let G; be the edge sum of exactly d,/2 distinct hamiltonian
cycles, 1 <i<k. Then the degree set of G, is D;,, 1 <i<k, and
G=K;;,, =696, ® ... ®G,. Thus, u(D,, D,, ..., D) =s+1.

Case 3. Assume that s is even and that at least one d;, say d;, is odd.
Then s+1 vertices cannot suffice, since the factor G; would have odd order
and would be regular of odd degree. Thus any such graph must have order
at least s+2.

Since s+ 2 is even, K, , is 1-factorable and has s+1 distinct 1-factors.
For each i, 1 <i <k, let G; be the edge sum of d; distinct 1-factors of K, .
Then we can write G =G, ® G, @ ... ® G,, where the degree set of G; is D;,
and so u(Dy, D,, ..., D)) =s+2.

This completes the proof of Theorem 1.

The determination of the numbers u(D,, D,, ..., D;) appears to be an
extremely difficult problem. The remainder of this paper deals with special
cases. We shall prove the results in four propositions, four corollaries, and
summarize them in a theorem,

ProPOSITION 1. Let k,m,n be positive integers with m<n, let
D, = {m, n}, and let D, = {2k}. Then

(1) u(Dy, Dy) =n+2k+1.

Proof. Suppose that G ='G; ® G,, where G; has degree set D;, i = 1, 2.
Then G, is regular of degree 2k and G, has at least one vertex of degree n,
so that |V(G)| = n+2k+1. Thus any graph having the desired properties
must have order at least n+2k+1. We now show that such a graph having
order n+2k+1 always exists.

Case 1. Suppose that m is odd. Let H, = K,. Since
(m+2k—1)/2 < [(n+2k—1)/2]

and since K, 5, contains [(n+ 2k —1)/2] edge disjoint hamiltonian cycles, the
construction used in the Lemma implies that there is a graph H, of order
n+2k, which is the edge sum of (m+2k—1)/2 edge disjoint hamiltonian
cycles, and that the graph G = H, + H, also contains (m+ 2k —1)/2 > k edge
disjoint hamiltonian cycles. _

The vertex of H, has degree n+2k in G, while each vertex of H, has
degree m+2k in G. Let G, be the edge sum of any k of the (m+2k—1)/2
hamiltonian cycles and let G, = G—E(G,). Then G=G, ® G, and the
degree set of G; is D;, i =1, 2. Thus, in this case, u(D,, D;) =n+2k+1.
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Case 2. Assume that m is even. Let H;, = K,. Let s =(m+2k—2)/2.
Since s < [(n+2k—2)/2], the construction used in the Lemma implies that
there is a graph H, of order n+2k—1 that is the edge sum of s edge disjoint
hamiltonian cycles and such that G = H, + H, also contains s edge disjoint
hamiltonian cycles. Further, each of the two vertices of H, has degree n+ 2k
in G, while each vertex of H, has degree m+2k in G.

Let the graph G, be the edge sum of k of these s hamiltonian cycles and
let Gy =G—E(G,). Then G =G, ®G, and the degree set of G; is D,
i =1, 2. Thus, in this case, u(Dy, D;) =n+2k+1.

COROLLARY 1. Let dy, d,, ..., d,, m, n be positive integers such that m < n
and d = z‘: d;. Let D, =1{d;} for 1 <i<tandlet D,,, ={m,n}. If d is even
and n isiz:id, then
(2 u(Dy, Dy, ..., Dyyy) =n+d+1.

Proof. Let G=G, &G, ® ... ® G,,, be a graph such that the degree
set of G; is D;, 1 <i<t+1. Then G must have order at least n+d+1.

By the construction used in the proof of Proposition 1, let G =
H ® G, , where G has order n+d+1, H is the edge sum of d/2 hamiltonian
cycles of G, and G,,, has degree set D,,,. Since H is the edge sum of d/2
edge disjoint hamiltonian cycles of G and G has even order, we can write H
as the edge sum of d 1-factors of G (by dividing each hamiltonian cycle into
two 1-factors). Then, let G;, 1 <i<t, be the edge sum of d; of these
1-factors. Therefore, G; is the regular graph of degree d, for each i, 1 <i <.
Thus

G=G1@Gz@---®G¢®G:+1’
where the degree set of G; is D;, 1 <i<t+1.

ProPOSITION 2. Let k, m, n be positive integers with n odd and m < n. Let
D, ={m, n} and D, = {2k—1}. Then (1) holds true.

Proof. As before, any graph G having the desired properties must have
order at least n+(2k—1)+1 = n+2k. However, if G = G, ® G,, where the
degree set of G; is D;, i = 1, 2, and |V(G)| = n+ 2k, then the factor G, would
be a regular graph of degree 2k—1 and G, would have odd (n+ 2k) order.
Since this is impossible, any graph having the desired properties must have
order at least n+2k+1. We now show that such a graph exists.

By the construction used in Proposition 1, there exists a graph G of
order n+2k+1 such that G = G; ® G,, where G, is the edge sum of k edge
disjoint hamiltonian cycles of G, the degree set of G, is D,, and the degree
set of G, is {2k}. Since n+2k+1 is even, let F be the 1-factor of G, obtained
by deleting every other edge of one of the hamiltonian cycles of G,. Put
G3 = G,—E(F). '



274 R.J. GOULD AND D. R. LICK

The graph G* = G, ® G% has order n+2k+1 and G, has degree set D,
while the degree set of G% is D,. Thus there is a graph with the desired
properties.

This completes the proof of Proposition 2.

CoOROLLARY 2a. Let d,d,,...,d,, m, n be positive integers such that
t
m<nand d= ) d;. Let D;={d;} for 1 <i<t and let D;y, = {m, n}. If d

i=1
and n are both odd, then

3) u(Dy, Dy, ..., Dyyy) = n+d+2.

Proof. Assume that G=G, @G, P ... ®G,,, is a graph of order
n+d+1 with the degree set of G; being D;,, 1 <i<t+1. The graph
H=G,®@G,® ... ®G, is a regular graph of degree d with odd order. Since
d is odd, this is impossible. Hence the order of G must be at least n+d+2.

The construction of Proposition 2 provides a graph G = H® G,,, of
order n+d+2 such that H is the edge sum of (d—1)/2 edge disjoint
hamiltonian cylces and a 1-factor. Since the order of H is even, H is the edge
sum of d 1-factors. Let G;, 1 <i <t, be the edge sum of d; of these 1-factors.
Then G, 1 <i<t, is regular of degree d; and has order n+d+2. Thus
G=G6G,9G,® ... ®G,,, where the degree set of G; is D;, 1 <i<t+1.

COROLLARY 2b Let dy,d,, .. d m, n be positive integers such that
m<n and d = Z d;. If d and n are both even but at least one of the d.’s

is odd, then (3) holds true.

Proof. Assume that G=G, ®G,®D ... ® G,,; i1s a graph of order
n+d+1 with the degree set of G; being D;, 1 <i <t+1. Suppose that d, is
odd. Then G, is a regular graph of degree d, with order n+d+ 1. Since both
d, and n+d+1 are odd, this is impossible. Thus, the order of G must be at
least n+d+2.

The construction of Proposition 2 provides a graph G = H® G,,, of
order n+d+ 2 such that H is the edge sum of d/2 edge disjoint hamiltonian
cycles and the degree set of G,,, is D,,;. Thus, since n+d+2 is even,
H is the edge sum of d edge disjoint 1-factors of G. For each i, 1 <i<t,
let G; be the edge sum of d; of these edge disjoint 1-factors. Then
G=G6G,DG6G,®d ... ®»G,®G,,,, where G has order n+d+2, and G; has
the degree set D; for 1 <i<r+1.

ProOPOSITION 3. Let k, m, n be positive integers with n even, 1 <m < n,
and 1 <k. Let D, ={m, n} and D, = {2k—1}. Then

u(Dy, D;) = n+2k.

Proof. If G is any graph having these properties, then
IV(G) = n+(2k—1)+1 = n+2k.
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We now show that such a graph exists.

Case 1. Assume that m.is odd (that is, m > 3). Let H; = K,. By the
proof of the Lemma, we can construct a graph H, of order n+ 2k —2, that is,
the edge sum of (m+2k—3)/2 edge disjoint hamiltonian cycles, such that
G = H,+ H, also contains (m+2k—3)/2 edge disjoint hamiltonian cycles.

Each vertex of H, has degree n+2k—1 in G, while each vertex of H,
has degree m+2k—1 in G. Since G contains (m+ 2k —1)/2 > 1 hamiltonian
cycles and G has even order, we can construct a 1-factor F in G. Let G, be
the edge sum of F and k—1 hamiltonian cycles of G and let G, = G—E(G,).
Then G = G, ® G,, the degree set of G, is D;, i=1,2, and G has order
n+2k.

Case 2. Suppose that m is even. As before, any such graph must have
order at least n+2k. Let H, = K,. Using the proof of the Lemma, we
can construct a graph H¥ of order n+2k—2, that is, the edge sum of
(m+2k—2)/2 hamiltonian cycles, such that the graph G* = H, + H% also
contains m+ 2k —2 edge disjoint hamiltonian cycles. Since n+2k—2 is even,
we can construct a 1-factor F* in H% by choosing every other edge of some
hamiltonian cycle.

Let H, = H¥—E(F*) and G = H, + H,. Each vertex of H, has degree
n+2k—1 in G, while each vertex of H, has degree m+2k—1 in G. Let F be
the complement of F* with respect to the hamiltonian cycle used to define
F*. Then F is also a 1-factor of Hf and H,.

Let G, be the edge sum of k—1 hamiltonian cycles of G (other than the
one used to define F) together with F and the edges of H,. Then each vertex
of G, has degree 2k—1. Let G, = G—E(G,). Then each vertex of H; has
degree n in G,, while each vertex of H, has degree m in G,;. Let
G=G,®G,. Then G has order n+2k and the degree set of G; is D,
i=1,2. Thus u(D,, D;) =n+2k.

This completes the proof of Proposition 3.

COROLLARY 3. Let dy, d,, ..., d,,m, n be positive integers with 1 <m <n

and d = Zdi Let D; = {d;) for 1<i<tandlet D,,, =im,n}. Ifd>3,dis

odd, and n is even, then (2) holds true.

Proof. By the construction used in the proof of Proposition 3, there is
a graph G of order n+d+1 with G= H ® G, ;, where H is the edge sum of
(d—1)/2 edge disjoint hamiltonian cycles and a 1-factor, and the degree set of
G,+, is D,,,. Since n+d+1 is even, H is the edge sum of d edge disjoint
1-factors. For each i, 1 <i <t, let G; be the edge sum of d; of these 1-factors
of G. Then we write G =G, @G, ® ... ® G,,, where the degree set of G; is-
D, 1<i<t+1.

We now consider the last case, namely, where D, = {1, n}, n is an even
positive integer, and D, = {1}.
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PROPOSITION 4. Let D, = {1,n}, where n is a positive even integer, and let
D, = {1}. Then
4 if n=2,

#(DI,D2)={'I+4 lfn>4

Proof. The graph K, —Xx, the complete graph of order 4 with an edge
removed, provides an example to show that u({1}, {1, 2}) =4. Thus, we
assume that n > 4.

As before, if G is any graph with these properties, then G must have
order at least n+ 2. Suppose G is a graph such that G = G, ® G,, where G
has order n+2, and G; has degree set D;, i =1, 2. Then G, is a graph of
order n+ 2 with degree set D, = {1, n}. Clearly, this is not possible. Thus, G
must have order at least n+ 3. However, then G,, which has odd order, must
have a 1-factor. This is again impossible, and so G must have order at least
n+4. We now construct such a graph. -

Let H=K,,, and let V(H) = {v, v,, ..., Uy+2}. Define the graph G by
letting

V(G) = V(H)u{u,w} and E(G)= E(H)—{v,v,}U{v,u, uw, wo,}.

Then G has order n+4, the degree of each vertex v; is n+1, and the degrees
of u and w are 2. Since n is even, let G, be the 1-factor consisting of
UW, Uy U3, Vg Vs, ..., UpUptq, Upt20y. Let G, = G—E(G,). Then the degree set
of G, is D, = {1, n}, while the degree set of G, is D, = {1}. This completes
the proof of Proposition 4.

We now summarize the results of the propositions and corollaries in the
following

THEOREM 2. Let d,, d,, ...,d,,m, n be positive integers such that m <n

t
and d =) d;. Let D; ={d;} for 1 <i<t and let D,,, = {m, n}. Then
i=1

#(Du D2’ AR Dr+1)

(4 ift=1,d,=m=1, and n=2,

n+4 if,t.= 1,di=m=1, nis even, and n > 4,

n+d+1 if n and d have opposite parity, d >3, and m > 1,
n+d+1 if nis odd and all of the d;’s are even,

n+d+2 if n and d are both even and at least one d; is odd,
(n+d+2 if n and d are both odd.

We conclude with two conjectures:

CoNECTURE 1 (P 1277). Let n > 3. Then for each k, 0 < k < [(n—1)/2],
there is a graph G, of order n such that G, contains k edge disjoint
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hamiltonian cycles and these k hamiltonian cycles can be extended to k edge
disjoint hamiltonian cycles in G,+K,,.

ConiecTure 2 (P 1278). Let ny, n,, ..., n,, and k be positive integers
such that n; <n, <... <n. Let D, = {ny, ny, ..., n,} and D, = (k}. Then
4 ift=2,n=k=1, and n, =2,
n,+4 ift=2,n =k=1, ny is even and n, > 4,
n+k+2 if both n, and k are odd,
n+k+1 otherwise.

u(Dy, Dy) =
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