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ON WEAK UNIFORM DISTRIBUTION
OF SEQUENCES OF INTEGERS

BY

E. ROSOCHOWICZ (POZNAN)

In [3] Zame has characterized those subsets .4" of the set of positive
integers for which there exists a sequence of integers uniformly distributed
modulo n if and only if ne. 4. The analogous problem can be posed for
weak uniform distribution modulo n, n > 3 (see [2]), and we solve it here. I
was informed that 1. Z. Ruzsa also solved this problem using another
approach ('). )

I am obliged to Dr. E. Dobrowolski for his remarks. In particular, his
suggestion of the choice of the function f, occurring below essentially
simplified my original proof.

We prove the following

THEOREM. Let X be a set of integers =3 which has the following
property:

(¥) If neX and m is a positive divisor of n with the same prime divisors
(i.e. o(m) = w(n)), then meX.

Then there exists a sequence g,,g,, ... of integers which is weakly
uniformly distributed modulo m (WUD (mod n)) for all integers ne X and is not
WUD (modk) for all k¢ X (k > 3).

(Here w(r) denotes the number of distinct prime factors of the integer r.)

Proof. We shall use .the method employed by Zame [3] who consider-
ed the case of uniform distribution (mod n), and our fundamental tool will be
the following lemma:

LEMMA. Let m>= 1 and let
2<n <ny<...<n,, 2<k, <k,<...<k,

- be integers with the property that for 1 < i, j < m we have either w(k;) # w(n))
or k; fn; or both. Then:

(") L. Z. Ruzsa, On sets of weak uniform distribution, this fasc., pp. 183-187. [ Note of the
Editors]
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(i) There exists an infinite sequence x{™, x{y", ... of integers which is
WUD (mod n;) but not WUD(modk)) for j=1,2,.

@) If, for i=1,2,..., m, , is an arbitrary primitive character (mod k,) if
24k;, and (mod(k;/2)) if 2 || k;, and we put

_{w.- if 24k,
EW@e i 20k,

where y§) denotes the principal character (modd), then

{ Z L™
2i+2<13i_l:n ’N. % S5
* ¥ xo (x™)
r=1
holds for i=1,2,...,m
Proof of the Lemma. Let ¢, =lcm.(n,, ..., n,, k,, ..., k,), and for
k|t,, put
dk = l_[ D.
P"m
pik

Let moreover A4, be the characteristic function of the set of all integers
divisible by d. Note that, for d|t,,, A; can be regarded as a function defined
on Z/t,,Z. Now for every m > 1 we define a positive function f,, on Z/t,,Z
by putting

1 & 1 &
Sm 5 ; Adki+§i§lyi‘4dkigia

where
Xit+ X% for 2)k; and k; #3,
- XI fOI‘ ki = 3,
%ZY P vi- 40 for k; = 6,
U Yi— A2 )+ (P ¥i— A, §;)  for 2||k; and k; # 6
and

1de, (™ 1\7!
Vi = 22: ('212_1) *

Let u, be the norinahzed Haar measure on Z/t, Z. Then, since y; # Xo
and, for 2||k;, ¥; # xo¥® (i=1, 2, ..., m), we have
: | m ]
j JmApim =§+ E )’idk,-l =1.
i=1

Zty,Z
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Let v, be the measure on Z/t,,Z given by
AV = frn Aim.

Then v,, is a probability measure, and therefore there exists a sequence {x™}
in Z/t,, Z which is uniformly distributed with respect to v,,, i.e., such that for
every complex-valued function g on Z/t,Z we have

lim — Z g(x"y = | gdv,.

N-—-ow® N ZjtmZ

We shall now compute the value of the integral
j gfmdﬂm fOl' g= XO ’ X(on')a Xis X )7
Zit,2
where x® denotes any character (mods).
We need the following observation:
@) (@) If y. is a primitive character (mod k), l|t,,, and
5 Adk Xk X(l) # 07
ZitpmZ
then k|l, w(k) = w(l) and j, induces x°.
(b) If 2||k;, 2|l, and
_“ Adk '/’l l)d#m # 0
zt,z
then k;|l, o()) = w(k;) and ¥©® is induced by ;.
Proof. We start by noticing that

) Ay =TTU=1®) = 3 (~ 1)@ 0.

pldg d|d;
Therefore
.[ Ag X P dpy # 0= j‘ 19w x®du, #0
ZitgZ Ztp,Z

for a certain d|d,. This shows that for all x prime to ¢t =lc.m.(d, k, ) we
have 7, (x) = x®(x); hence ¥, and x'® induce the same character (mod ¢). Since
X is primitive, (k, ) =k, i.e, k|l. Finally, the assumption implies that Ay, 7
does not vanish identically, so (d,, ) =1, and we infer that every prime
divisor of | divides also k. Hence we must have w(k) = w(l), and (a) is
established.

In case (b) the proof follows the same line.
(i) I Ay X" dpim = 0 for xO # x0.
Thls follows from (1).
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(i) If 24k, and
f Ay 9i X du, #0,
ZtmZ
then k;|l, () = w(k;), and x" is induced by either y; or ;.
This assertion is an immediate consequence of (i).
@iv) If 2||k; and 2 41, then

f Ad,‘i gi Xm du, =0.

Z/t,Z
For the proof apply the definition of g; and the following identity:
f Adk. Vi X dpm = f Adk. Vit dt
xeZltyZ:2|x! VEZtyZ: '

y=x+ldkl.k‘-/2.2|x:
= I Ad,", Vi x® dpim,
xeZfty, Z: 2 ¥x)
where 2 yld,, (k;/2) and ldy k;/2 is the period of the function 4, y;x".

From the properties of n; and k; (1 <i,j<m) and (i}Hiv) we get:
(a) We have

[ fuo” ditm
Zit,Z
1
=3, I a3 3 Aa, X0
Zty,Z =1 Zty
1t¢, ;
=——<p(k) —+ Suo f 2000 ) due
2 k j= :x'dk er/t,,,Z'
1 o(k) N o (k)
=27k +,Z iXo (d*:)dk K’
where if xg‘i’ (dkj) #0, ie, (k;, d, ) =1, then kil(t,,,/d,‘j), and hence
Lok [ fuxd gfp(ks)’
2 ki gz ki
and similarly
1 n
§<P(,)< [ furds? dun < @(ny)
n; Zt,z n;
(b) We have
f fm xdﬂm - O
Z'm

for any character y (modn;).
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(c) If 2)fk;, then since x; is a primitive character, we have

I me:dﬂm z j Adk g]deﬂm

ZipZ =1 ZtnZ

i), Gii iv) 1 1 1 o)
(i, (iii), (iv) (k;) _ i
- 2 z,‘{ledk x dum zyl dk. kl-

1 o (k)
2|+2 z 2}) ki *

(d) Similarly, for 2||k; and y; = ¥ ¢;, ¥; being a primitive character
(mod (k;/2)), we have

f meidum Z }’1 " Ad,‘ gJde#m
Zty,Z j=1 Zjtyy Z

(i).(m)l f Adk (1-24) xP Vi i dpim
2 Zi,,

1 & 1 ( > 1\ o)
Ydu, = — .
2 z,lz‘- zAdk ﬂm 2| + 2 jgl 21 ki

It follows that there exists a sequence {x™! in Z/t,Z such that

Al (=)
Y x 7 (x™) [ fox 7 du,

. . r=1 _ﬂtml _
o I\]Il—-w ) om - [ £ 1o dy =0
m, mAO
z Xo (xr ) ﬂ‘.mz m

r=1

for any ™ (modny), 1<j<m

Z x; (xt™) z/_f zfm X At

t
(ii*) lim < =—— = a{™,
- k m 1 :
N wrgl X(oj)(xi ) z/{‘;zmeo dy,
where
1 1 m o 1\"! m 1\ 1
(m)
2i+2 < 2i+2 (z§1 2:') <a 20+ 1 (.;1 '27> < bYR
I<j<s<m
The Lemma is thus proved.
Now we prove the Theorem. Let X = \n; <n, <...! be a set of positive
integers > 3 satisfying (*) and let X' = \k, <k, <...! be the sequence of all

12 — Colloquium Mathematicum 57,1
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the remaining integers > 3. Observe that for any i, j we have either
w(k;) # w(n)) or k; ¥n; or both. Then by the Lemma for every m > 1 there
exists a sequence .x""’} of integers satisfying (i*) and (ii*), where if either X
or X' is finite, we just take either n,, ..., n,,,m' = X, or ky, ..., kpy, m' = X,
suitable for each m > m'. (In fact, the Lemma is true for any m, m 21,
Nyy..., Ny and ky, ..., kyp)

We enumerate the non-principal characters y modulo the various n; as
X, X5, ..., 1e,

(ny) (ny)
Xi=x1 s Xomp-1 = Xomp-1

(ny) : .
where x,-"‘ are various, non-principal characters (mod n,),

(n7) (n)
X(p(nl) X1 9~'~’X¢(nl)+¢(n2)—2 Xo(ny)—15

) . . .
X; 2’ are various characters different from x‘;Z’, and so on. Thenfor I <j<m

we obtain

™M=

Xj(xi'n))
= 50 as N-oo,
X (x™)

-
1]

™M=

r=1

where X9 is the principal character of the same modulus as X;. Thus we
have

N 2

Y X (xP)
V lim 51— =0,
iZm N—-x® Z X(om)(xg))

r=1

Z Xm (X
lim St = q®,
B Y
r=1
1 . 1
< —

om+2 < lag'l')l = om’

and similarly-

1 X i
SRn< lim = ¥ X <R,
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1.e.,

2 X (x)
vVvyiyv [ —n

m iZm s(i) N2s(i)

1 K (i) ¢ (k)
— m < 2
m N rgl *o ( ) km

R, < 1 2 X () < 2R,,.

r=1

k
1
4

2

Let r(i) < 2's(i+1) and let 2*25(j) <s(i+1). Put
g =T,uTu...,

the elements of various finite sequences T;, T,, ... written in the obvious
order where

T= 0, ..., i)
(i'e' ‘lgr: = :x(ll) xﬁ(l))s x(lz), ey x(r(22))9 x(13)9 })
We assert that \g,) is WUD(modn) for each neX, ie,
N
Y Xn(9,)
V lim '—;L———— =0.
"N Y X))
r=1
In fact,
N m-1 r(l) (mn+1
z Xalo)) L 1% Xae) Y |Z X (<) IZ X (6™ )]
r= =1 r=1 I=m r=1
I : | S—x +—5 +- )
Y X)) Y X9 Y X3 Z X9,
r=1 r=1 r=1 r=1
where
my my+1 my

Yr@)<SN< Y r()), M=N-=Y r@.
i=1

i=1 i=1

The first summand on the right-hand side of the above inequality converges
to zero; the remaining two will be denoted by II and III, respectively.
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For I > m and large n we have

Z X(m) ( x(l))

IZ X (x(l))|<’“—2_.
Let
r(l)
Y, X (x)
S = "T
Then
iR, s(I+1)< f(D<2R,s(I+1) and f(h=f(-1).

Hence

mN ) my

X (") U
II l—zmlrg |< l=sz \ my f(mN) as N—'oo

mN ) (D mN . "'N f(mN)

Y X XPe® Y 2f0

I=1r=1 =1

For M > s(my+1),
(my+1)
hERES T
I = =1 <2MN+1—v0 as N - .
Z X5 (g,
For M <s(my+1),
Z
< =< stmy+1) o : -0 as N-oo.

Z xipgy 27 TTR.

To prove the Theorem it remains to show that for k¢X the sequence
\g,! is not WUD(modk). If

fi< z xo™ (x)-27%,
then

210 _ (R oy 210
s <| Lo <5
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and furthermore

f(n—l)S 2s(n) < 1
fny  “is(n+1) 277!

For N,= ) r(i) we have

i=1

Nn r(n) n=1 r() m-1 r)
'z xmwr), |2 = T ] % (6= 3 |3 )
IN.. (k) g L2 ) (i)

Z " (g,) Zl Z Xo™ (%)

23 m=2'F 2
i=1

> o —o(n)
Y210
i=1
n—-1
23 (=22 (m) Y 2
1 i=1
> — - —o(n)
S 3 2
n—3 _9H2-n, n—-1__
_ 2 2 2(2 1)—o(n)

1
om 2(2"—1)
1
2

: 1 1 oo 1 1
Z om EI—'Z—,._-T —o(n) m+a >2n|+5’
and so
N’l
Y xm(g,)
| r=1 | 1
“Nn I > 2m+5

Y xo™ (g,

r=1

for large n and 'g,) is not WUD(mod k) for k¢ X.
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