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1. According to Chaki and Gupta [1] an n-dimensional (n > 3)
Riemannian space is called conformally symmetric or, briefly, a CS,-space
if its Weyl’s conformal tensor

1
(1) Chije = Bnije— n_2 (Bnx9i —BaiGin + B gni — Ringng) +
1
R . — .
+ n—1)(n—2) (9nk9i; — InsGie)

satisfies the condition
(2) Chije,y = 0,

where the comma indicates covariant differentiation with respect to the
metric of the space.

In the first part of this paper we shall show that a CS,-space with
the definite metric form (positive or negative) and a constant scalar
curvature, whose curvature tensor satisfies a special algebraic condition,
reduces to a symmetric space (in the sense of E. Cartan). In the second
part we shall investigate projective collineations in CS,-spaces. Notation
is the same as in [5].

2. We put for brevity

(3) M = AsAs7
1

P=——

(4) M@1—n)

1

n(n—1)(n— 2)

1
(R‘"R,,, S Rz) ,
n

(5) Tpiie = —ME,;,— RA;(Argip —4;9xp) +

1
+ n—#—(n 3 ME(9i9ip — 959kp) + Ay(AL Ry, —A;Ryp) +
1 1
-+ ’;b_———l M(R,-,gkp —R,-kg,-,,) - 7-1-——2 M(ijgik_Rkpgij)7

(n—1)(n—2)

where A4; # 0 is a gradient vector field.
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we have, by transvection with R°;, in view of (6) and (13),

m 1
(15) R™,Rop R’y = — n(n—1)(n—2) RPA(A9p—A,900) +
1
+ Py RA,P(A,g;—A;94) +——n(n—2) RMP(949;p— 94 Goi) +
1 1
+ n(” — l)R(-Rif-Rkp _-Rik-pr) + n _' '—lPAp (‘RijAk _R‘lk'Af) _MP‘Rpfjk .

By virtue of (5), the comparison of (14) and (15) yields the relation
PT,;; = 0 which completes the proof.

LEMMA 2. If the curvature tensor of a CS,-space with the constant
scalar curvature and definite metric form satisfies equations (6) and T, = 0,
then the space is mecessarily symmelric in the sense of E. Cartan.

Proof. Since, by virtue of (5), Ty = 0 and MR, — MR, =0,
we have

1
;R(AkApgij —A;A;9,)+(A;A; Ry — Ay A Ry) — M (9, By — Ry g1p) = 0.

This, by contraction with g%, gives R; = Rg,/n.

Now, since one can easily verify that a conformally symmetric Ein-
stein space is necessarily symmetric in the sense of E. Cartan, we have
our lemma.

LEMMA 3. If the curvature tensor of a CS,-space with the constant
scalar curvature and definite metric form satisfies equations (6) and P = 0,
then the space is symmetric in the sense of E. Cartan.

Proof. Since P = 0, relation (12) yields
1
which, by covariant differentiation, gives
1
(17) Rsm,pst +'Rst8]',p == ;Rij’p.
On the other hand, contracting (2) with ¢" and using (1), we have

the equation

Riy—Ry; = (958 x— guR ;)

2(n—-1)
which leads immediately to

(18) R, = Ry ;.
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Interchanging now in (17) the indices m and p and substituting (18),
we find that

(19) E Ry, = RspRsi.m'
Because of (18) and (19), the last relation can be written in the form
Rsm.st,p = RspRsi,m = RspRm,j = st.Rm,p.
This, together with (17), gives
1
(20) R, Ry, = %RR

mj,p°

Transvecting now (20) with A™ and using (7), we obtain RA°R; , = 0,
whence we see that either of the two following cases holds: R = 0 or
A°R,; , = 0.

8j,p

It follows easily from (16) that the assumption R = 0 gives R R,, =
which, because of (1) and (2), leads immediately to R,;.; = 0.
In the second case, since P = 0, (13) can be written as

1
Rstsi:ik = ,'7:—1 (Rinkm _Rikij)7
which, by covariant differentiation, gives

1
(21) Rsm,pRsijk +Rsm Rsijk,p = n_—l (Riy',kam —Rik.pRJ'm) +

+ ] (Bij Byn, p —Rix B, ) -
Making now use of (1) and (2), we find that
1 1
m) R(Rmk,pgij mJ pgzk) + (‘R‘IJ' p-ka R;k pR m)’
which, ‘together with (20) and (21), yields

Rstsijk’p ==

1
-Rsm,pRsijk = — mR(Rmk,pgij_ij,pgik) -
1 1
- (n _1)(n I 2) (RiJ kam 'R‘lk pR ) n——l (Rinmk,p _‘R‘ikij,p) .

Transvecting the last equation with A™A¥, and using (7) and A°R,; ,
= 0, we obtain MRR; , = 0, whence B =0 or R;, = 0. But the first
relation leads to our first case and, consequently, to R, = 0. The
same holds for RB; , = 0.

Combining lemmas 1, 2 and 3, we have the following

THEOREM 1. If the curvature tensor of a C8,-space with the constant
scalar curvature and definite metric form satisfies (6), then the space ts
necessarily symmetric.
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3. Let a Riemannian space V, admit a projective collineation with
respect to the vector field »*. Denote by L the Lie derivative with respect
to this field. Then we have [4]

(22) L J-ik = (S;.A.k"}- 6‘;614], LR' jkl: 6;CAJ',Z— 6§A‘j,k’
(23) LR;, = (1 —n)A4;,,

where P}k are the Christoffel symbols and 4; # 0 is a gradient vector.
Applying to Ricci’s tensor the well-known formula

(LTjk),m_L(Tjk,m) = _TstFzm_TskLF;m
and making use of (22) and (23), we get

LRjk,m =(1—mn) Aj,k,m - 2RjkAm _ijAk —RmkAj ’
whence

(24) L(Rj—Rim i) = (m—1)A R, —Rj A, +R , A,

 Suppose now that the considered space is a CS,-space with the con-
stant scalar curvature and definite metric form. Then, because of (24)
and (18), we find that

(n _1)A3stkm - 'R]kA’m _'ijAk'

Since every symmetric Riemannian n-space -admitting a projective
collineation is a space of constant curvature [3], we have, by (25) and
Theorem 1,

THEOREM 2. If a CS8,-space with the constant scalar curvature and
definite metric form admits a projective collineation, then it is of constant
curvature.

Since in a CS,-space with the definite metric, which is not conformally
flat, the scalar curvature is constant [2], there do not exist CS,-spaces
with the definite metric, which admit projective collineations and are not
conformally flat.
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