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1. Introduction. Let (M, g) be an n-dimensional connected Riemannian
manifold with metric tensor g. By 4 (4 =g¢"V;V;) we mean the Laplacian
acting on the space of C®-functions f on (M, g), where FV is the operator of
covariant derivation with respect to the connection induced by g, and we
assume that the indices h, i, j, ... run over the range {1, 2, ..., n}. Recently,
in [1], [3], [5], [7), the eigenvalues A of the Laplacian (4f+ Af = 0) were
calculated by an interesting method and the relations between A and the
curvature on (M2, g) and the Einstein manifold (M", g), n > 3, were studied.

Let (M, J, g) be a real n-dimensional (n = 2m) K&hler manifold with
complex structure tensor J and Kéahler metric tensor g.

The main purpose of this paper is to show the following result which
will be proved by a method similar to that used in [1].

THEOREM 1. Let (M, J, g) be a closed and connected Kdahler manifold of
complex dimension m. If the equation Af+ Af =0 admits a non-zero solution
and (2R;;—g;)f*f7 is positive semi-definite, then each eigenvalue satisfies

AZ4(m+1)x,,

where f; = J; f. and x, is the minimum of all sectional curvatures. The eqality
holds iff (M, J, g) is holomorphically isometric to the complex m-dimensional
projective space (CP™ J, g,) with the Fubini-Study metric g, of constant
holomorphic sectional curvature 4x,.

Remark. The first eigenvalue of the Laplacian on a complex projective
space (CP™ J, go,) with the Fubini-Study metric of constant. holomorphic
sectional curvature k is (m+1)k.

The second purpose of the paper is to obtain the following theorem by
means of the integral formula on a K-conformal Killing tensor.

THEOREM 2. Let (M, J, g) be a compact Kdihler-Einstein manifold. If
(M, J, g) admits a Killing vector field ' such that V,i¥ (=JYV,u;) is not
constant and W u™ Py, >0, then (M, J, g) is holomorphically isometric to
(CP™ J, go)
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2. Preliminaries. Let (M, g) be an n-dimensional Riemannian manifold
(connected and C*) with metric tensor g. In (M, g), if we put f; =V;V.f,
where f is a C*-function, then f; denote the components of the Hessian
Hess(f). Hence Af =g’f;;. If f satisfies 4f+Af =0, then it is called the
eigenfunction corresponding to the eigenvalue A. By R,;*, R;;, and R we denote
the Riemannian curvature tensor, the Ricci tensor, and the scalar curvature,
respectively.

To prove Theorem 1, we need the following lemmas obtained by Simon
(51 [6]:

LEMMA 2.1. Let f be a C*-function. Then f satisfies the equation

%A (fj.'fﬁ) =2 Z %.'j(ai—ﬂj)z +fﬁ Vj V.(4f)+

i<j
+ Vi fii VE [+ [T fR2p, Ry, —VR;),
where o, ..., 0, are the eigenvalues of the Hessian (with the corresponding
orthonormal eigenvectors E,, ..., E,) and »x;; is the sectional curvature of the
plane {E;, E;};,;.
LemMMA 2.2. Let (M, g) be closed (n = 2). Let f and h be C*™-functions.
Then

[ fiWdo—[AfAhdo+[R* f;hdo =0,

where do means the volume element of (M, g).

LEMMA 23. Let (M, g) be closed (n>=2). Then each eigenfunction f
corresponding to the eigenvalue A satisfies the equation

(n—1)A[lldfI*do =n[R¥ f; fido+( Y (6,—0)*do.
i<j
Next, we recall the definition of a K&hler manifold (M, J, g) and

identities which are necessary in the sequel. In (M, J, g), the following
identities hold:

]i"lrj = _5ij’ grsJi’st = Gij>
Vk J"j = 0’ Ji.i = —th ' Ri"’rj = —'}Rrsij"'s,
Where JU = J‘-'g’j.
The holomorphically projective curvature tensor P,;* is given by

1
Pkﬁ" = Rkjih"";,—_'_—'z(Rki 6jh_Rji 0+ Sy th_sji th+zskj Jh,

where S;; = J/R,;. A necessary and sufficient condition for P,;* = 0 is that
the manifold is a space of constant holomorphic sectional curvature ¢, i.e., a
space whose curvature tensor R,;" takes the form

[
Rkj."' = Z(gji 51;"‘9&:' 5jh+in Jnh—Jm' th_z‘lkj',ih)-
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The following theorem, that was announced by Obata [4] and proved
by Tanno [9], plays very important roles in the proofs of our theorems.

THEOREM A. Let (M, J, g) be a complete connected Kdhler manifold of
complex dimension m. In order for (M, J, g) to admit a non-constant function f
satisfying the following system of differential equations of order three for some
positive constant c:

(2.1) 4V, V; fi+c(2figji +f; 9ui +f 9ii —];' Jui —];ka) =0,

where ]; =J/ f,, it is necessary and sufficient that (M, J, g) is holomorphically
isometric to the complex m-dimensional projective space (CP™, J, g,) with the
Fubini-Study metric of constant holomorphic sectional curvature c.

Lemma 24 ([12], p. 88). If, in a compact Kdhler manifold, the form
(2R,;—Agi)ff is positive semi-definite, then fi=J" f, is a Killing vector
for a solution of the equation Af+ Af = 0.

3. Proof of Theorem 1. First we define B(f),; as
A
(3.1 B(fhji = Vi Vifi+ m(zﬁ 9ji +J; 90 +1i 9 =TI —F Ji)s

whence

2
(32) IB(sll* = 11V V,-f.-llz—;l_—zlz lldf 11>,

On the other hand, by the assumption that (2R;;—Ag;;) f*f? is positive semi-
definite, Lemma 2.4 implies that 7 is Killing. So we have
(3.3) V. Vfi+/" Ry = 0.
Transvecting (3.3) with J.*, we obtain
JV, Vj]i' —fr Rrkji =0.
Applying V7 to the above equation. we get
AN Z Vifi+ R, fis— Rjestf ny—fir R,;i—f"(ViR,;,—V,R,) =0.
Moreover, contracting (3.3) with J',g*, we obtain
(34) VIV, f,+f Ry =0,
whence
SEITE(=V (ff R+ R fis—Rjpst f7) -
~fY " R =¥ f" (Vi R; =V, Ry) = 0.

Consequently, we have

fkif'(ZVk R,;—V,R;)=0.
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Therefore, by (3.2) and Af+Aif =0, the formula from Lemma 2.1 can be
rewritten as follows:

’ 2

35 0= J[2 > %u(a.-—01)2—lllfj.-llz+|IB(f)u.-I|2+m12lIdfllz]dO-
i<j

In this way, making use of (3.4) and the Ricci identity, we obtain

(3.6) Rﬁfjfi = %M'df”z,

which together with Lemma 2.2 yields

37) 0= [OISfll> = AN 1>+ Ry f1f ] do = (LIl fll* — 3 Alldf 11?1 do.

Similarly, putting (3.6) into the equation in Lemma 2.3, we get

(n—1)A[lldf||* do = glIIIdflldeHZ (0;—0;)* do,

i<j
whence
(3.8) (n—2)Aflldf||*do =2 Y (6:—0,)*do.
i<j
Putting (3.7) and (3.8) into (3.5), we obtain

™

-2
0= ] Tzigjxij(ai_aj)z"'”B(f)kji”z—2?n+2)

A%|\df Ilz]do

V‘[— }' -
= ] _l.;j (zx‘i—n_”>(ai_aj)2+“B(f)kﬁ“2J do

. 1 .
Z ] gj(2"0"n__‘_z>(ai—"'j)2"‘”B(f)k_ﬁ”z-J do,

which implies 2x,—A/(n+2) <0, i.e,
AZ22(n+2)xy =4(m+1)x,.
If the equality holds, we have
O0=B(hi=ViVifi+ro2ig;i+/igu+/i gkj_fj"ki —]:ka)-

Applying Theorem A, we see that (M, J, g) is holomorphically isometric to
the complex projective space (CP™, J, go). Thus, the proof of the theorem is
completed.

4. Proof of Theorem 2. In this section, making use of the integral
formula on a K-conformal Killing tensor which was introduced in [11] by
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Yamaguchi, i.e., a K-conformal Killing tensor is a skew symmetric tensor field
u;; satisfying

Viup+Viuy = 200 9i;— 0 gjx — j g+ 3(8; Jju + @ in)s

where

1
=——V'u. and g =J"o,,
Ql n + 2 ul’l Ql 1 Q"

we study the relation between the K-conformal Killing tensor u;; and the
holomorphically projective curvature tensor P;;* and we prove Theorem 2.
In [11], the following theorem is proved:

THEOREM B. In a compact Kdhler manifold (M, J, g), dim M =n = 2m,
the following integral formula is valid for any skew symmetric tensor u;;:

JL(7" V, u;— R wj — Ry + 0oy + 0 —
—30,"Jij+308,:J)u + 11| 4;4l1*1do = 0,

where
1 r
0 =5 ViV s
g =Jj 0= 3(n+2)J’s(V" Viths + ViV, us0),
and

Aij = Viup+Viuy—20.9i;+ 0 gi + 059 — 3 (0 Jju + 8 )

Let us show the following

THEOREM 4.1. Let (M, J, g) be a compact Kdhler manifold with a parallel
Ricci tensor. If (M, J, g) admits a Killing vector field v and u* u™ P;, > 0 is
satisfied, then V;u; is a closed K-conformal Killing tensor field.

Proof. We now put

T;j =V Vr u.'j—R,"uj,—R ',-j‘u,,+ng,-j+Q,-,-—3§,'J,-j+3§,,-JJ-’.

Let us calculate u” T;;. As ' is a Killing vector field, we have
Vi VJ uk+u' Rrijk = 0,

which means that V;u, is closed. Putting V;u; = u;;, we get

Qij = —;'_"_—2“." Rrj9

~ 1 rs ~ rr 1 str
erJij = —murthsJ Jij’ QriJj = _mur‘RtsJi Jja

7 ~ Colloquium Mathematicum XLIX.2
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whence

uu Rijrs —ut R/ u jr + (n—1) u' Gij— 3u' e J i 0niJ j')

N W

@1) WuIT;=

3 .. 2 . .
B 5 [uu w Rijr.v + ;;-}-—-2 (u” urj Rir +u u" Jrs JU' R“ + -

+ulu"J2J,;R,) J

On the other hand, after a straightforward calculation we get

uk" u‘h ijih = uk', u"’ Rkjih + (uk" ulj Rki + ukj uih J"’ "jh R,.,' + ukj ui" Jk' Jih Rr]) .

n+2

Therefore, comparing (4.1) with this formula, we obtain

. 3 ...
uU 7:, =§uk"u.thﬁh.

We can see by Theorem B that u; is a closed K-conformal Killing
tensor field.

As a corollary to Theorem 4.1, we can prove Theorem 2.

Proof of Theorem 2. According to Theorem 4.1, we see that V;u; is a
closed K-conformal Killing tensor field. So, we get

2Viup—Viuji = 204 9i;— 0 g — 0 Gix + 3 (0  ju + @ J ) -
Since the left-hand side is equal to 3V, u; + V,u,;+V,u;; and (M, J, g) is an
Einstein manifold, we obtain

Viup = — (U gij—uj g + 200, J j + 18 Ty + 6 J ).

n(n+2)

If we put = V,i¥, then it is easy to see that f is a solution of (2.1) because
V.f = —(2R/n)ii;. Hence our proof is completed by Theorem A.
As a consequence of Theorem 1, we have

CoROLLARY. Let (M, J, g) be a closed and connected Kdihler-Einstein
manifold of complex dimension m. If the equation Af+(R/m)f =0 admits a
non-zero solution, then

Xo < R
°=dmm+1)
The equality holds iff (M, J, g) is holomorphically isometric to the complex m-
dimensional projective space (CP™, J, g,).

Remark. Using Theorem 2 we can give another proof of the above
corollary. Namely, since the equation Af+(R/m)f= 0 admits a non-zero
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solution, f* (= J f)) is a Killing vector field for which V; f* is not constant.
Consequently, if f*/ f* P, ;, > 0, then we obtain the desired result by means
of the properties of P,;" and Lemma 2.3.
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