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1. Introduction. Let i, @, and o, be, respectively, the unit vector
along a line of the rectilinear congruence, the principal normal unit vector
of A relative to a curve C: & = x(s) on the surface of reference 8: 2 = x(u")
{(a =1, 2) and the binorinal unit vector of 2 relative to C. In two of our
earlier papers [4] and [7] we have considered the planes spanned by the
pairs of vectors (4, ;) and (4, @,) which have been called the intrinsic
osculating plane and the relative rectifying plane, respectively. In the cases
when the tangent, the prinecipal normal or the binormal to the curve C,
lie in these planes, we have called the curve in question an a-, -, - and
T,-, N;-, B;-curve, respectively. In this paper we define the relative normal
plane as the plane spanned by @, and @,. In the cases when the tangent,
the principal normal or the binormal to the curve C, lie respectively in
this plane we define and study three types of curves. Incidentally, the
results show that these curves arc not new but the well-known curves,
viz., hypernormal curves [1], hyperasymptotic curves [2] and union
curves [5] respectively. Thus in this paper we give new definitions to the
known curves. We study some properties of these curves by obtaining the
expressions for the curvature and torsion of these curves. )

Throughout this paper we shall assume that the functions involved
are continuous and differentiable up to the required order.

2. Prerequisites. At any point P(x) of S, the unit vector ) may De
expressed as
(2.1) 3 =p'z.+al,
where p° are the contravariant components of a vector in §, x , is used
for 9z/0u’, N( =&, X2 ,/lx, Xx,) stands for the unit normal to S
at P and ¢ is a W-scalar (¢' = sgn|du” /0u’|g). &, may also be regarded
a$ the covariant derivative of # with respeet to «* based on the first fun-
damental tensor g, = z, 24 of S.
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Differentiating (2.1) with respect to s and applying the Gauss and
Weingarten equations

@5 =dsN and N, = —d,g"z,
we geb
(2.2) dhjds = (ppm o+ rp N)u,
where
(2.32) te = Plp— qdp g™
and
(2.3b) Vg = Q5+ P dop,

d,p being the second fundamental tensor of §.

Nirmala [3] has defined Frenet formulae for the vector field }:, with
respect to a curve € in a Riemannian space, which, in particular, for the
three-dimensional Euclidean space read as follows:

dijds = K,b,,
(2.4) didy[ds = Kyiy— K, A,
divylds = — K 6,

where K, is the absolute curvature of the congruence and K, is the abso-
Iute torsion of the congruence with respect to the curve C.

3. Union curves. We define the relative normal plane as the plane
spanned by the vectors o, and w,.

A curve C is said to be a union curve if its binormal lies in the relative
normal plane.

Thus, by definition, we have for a union curve

(3.1) (dfds % &p[ds®)- (w4 X 0y) = 0,

where dz/ds is the unit tangent vector to € and @’ z/ds® gives the direction
of the principal normal to C. Since

”~ A ~
wl X(Ug - )’.,

dzfds = @ 0™
and

(3.2b) #z/ds* = 2,0+ kN,
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therefore equation (3.1) after simplification leads to

(3.3) Capt (90" —knp?) = 0,

which is the equation of a union curve [5], where e, = 2, X2, .
To obtain the alternative form we express dz/ds x d’m/ cls2 a.s follows:

(3.4) (dx|ds) x (d'-'gldr) = K, (w,cosp+ w,8inyp),

where I, is the curvature of union curves and p is the angle between
the binormal to the curve ¢ and o,.

Multiplying equation (3.4) by ®, and w,; respectively, in the sense
of inner product and applying equations (2.1), (2.2), (2.4), (3.2a) and
(3.2b) we obtain after simplification '

(3.53!) 'KIKIJ CoSy = euﬂ ’u"a u’ﬁ(Q‘ﬂ Vs — knﬂg)
and
(8.5D) K, Kysiny = pou' (ugs 0” + 95 k) 10/ — B prgsu'? 0,

where [2]:

/l‘,ﬂd = gﬂﬁlug
and

(3.6) ke = °Pat Qhy.
Squaring equations (3.5a, b) and adding we get
(8.7) K Ky = {ept " u” (0" vs— kb)) ¥ +
A { Dot (115 0° -+ g Rop) U™ — oo iy w® u'°)2,

Equation (3.7) is the alternative form of the differential equation of
union curves in the three-dimensional Euclidean space.
Since for a Bj-curve [7] we have

(3.8) €ap u' ' (oPvy — km“g) =0,

therefore equation (3.5a) leads to K, H,cosy = 0, which implies

THEOREM (3.1). The necessary and sufficient condition for a union
curve fo be a B,-curve is that it satisfies one of the following conditions:

(1) the absolute curvature of the congruence vanishes,

(ii) the curvature of the union curves vanishes,

(iii) the binormal to the curve C is orthogonal to .

Multiplying equation (3.4) by XN in the sense of inner product and
using (2.1), (2.2), (3.2a) and (3.2b) we obtain after suitable calculations

(3.9) K.k, = K (vsu’ cosyp + 0" ubw' siny),
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where
(3.10) kg = €, 0.

Equations (3.5a, b) and (3.9) are the alternative forms, which represent
the curvature of the union curves.

If we denote the unit binormal veetor or a union curve by 5, then
equation (3.4), when differentiated with respect to s, yields:

(3.11) rb-‘fl. = —_ﬂ:chos':p —(Ky+9") ((Blsinvp —égcos'y;) )

where T, is the torsion of union curves and % are the components of the
principal normal such that # = 1/K,(d*z/ds®).

Multiplying equation (3.11) by # and applying equations (2.1), (2.2),
2.4), (3.2a) and (3.2b) we obtain

(3.12) 1, = — kK cosp— (Ey+v' ) Ey{(ftap 0°+Fp7p) 0P siny —
— bap (D" 4y — 9"’ v, + 40 p5) 0 cos 9},
which is the expression for the torsion of union curves.

4. Hyperasymptotic curves. A curve C is said to be a hyperasymptotic
curve if the principal normal to the curve ¢ lies in the relative normal
plane.

Thus by definition we have for a hyperasymptotic eurve

(4.1) @2 |ds* w0, X w0y = 0.
Equation (4.1), in virtue of (2.1) and (3.2b), leads to
(4'2) i Qa+qkn = 0!

which is the equation of hyperasymptotic curves as obtained by Mishra
[2].

To obtain an alternative form we express d*z/ds* as
(4.3) d*w|ds* = I,(w, 0089+ w,5ing),

where K, is the curvature of the hyperasymptotic curves and ¢ is the
angle between the principal normal to the curve ¢ and w,.

Multiplying equation (4.3) by ®, and w, respectively and using equa-
tions (2.1), (2.2), (2.4), (3.2a) and (3.2b) wc obtain after simplification

(4.4a) K K, co8¢ = (fa, 0+ 7, Fp) 1t
and

(4.4b) K, K,5ing = e,u ("0 v; — qo® i — %, 0" i3).
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Squaring equations (4.4a, b) and adding we get
(4.5)  KiE; = {eu” (¢"D rs— q0" 4l — Reu’ 1) +
+ {(#ay " F 7, p) w2,

Equations (4.4a, b) and (4.5) are the alternative forms of the curvature

and also equation (4.5) is the alternative form of the differential equation

of hyperasymptotic curves in the three-dimensional! Euclidean space.
Since for an N,-curve [7] we have:

(4.6) Moy 0+ gy, =0,

therefore equation (4.4a) leads to K, K cosg = 0, which implies:

THEOREM (4.1). A necessary and sufficient condition for a hyperasymp-
totic curve to be a N,-curve is that it satisfies one of the following conditions:

(i) the absolute curvature of the congruence vamishes,

(ii) the curvature of the hyperasymptotic curve vanishes,
(iii) the principal normal to the curve C is orthogonal o w,.
Since for a f-curve [4] we have:

(4.7) et [0 0% — b (q0” — Enp®)] = 0,
therefore equation (4.4b) leads to K, K, sing = 0, which implies:
THEOREM (4.2). A necessary and sufficient condition for a hyper-

asymptotic curve to be a fB-curve is that it satisfies one of the following condi-
tions:

(1) the absolute curvature of the congruence vanishes,
(ii) the curvature of the hyperasymptolic curve vanishes,
(iii) the principal normal to the curve C is parallel to w,.

Multiplying equation (4.3) by N in the sense of inner product and
using (2.1), (2.2), (2.4) and (3.2b) we obtain

(4.8) Kk = K, {v,u”cosp+ e,p" b sing}.
Similarly, taking the scalar product of (4.3) by z, o we get
(4.9) Ky kg = Kp{ug o’ u’ cosp+ €qp 0° u'(p’ Yy — quﬁ) sing}.

Equations (4.8) and (4.9) are the expressions for the curvature of hyper-
asymptotic curves.

Differentiation of (4.3) with respect to s, gives, by (2.4), the following
relation:

(4.10) dz/ds’ = —};Iflcoqu—*—(I)I(K;,COSfP—KPSin(p'(P’_Kgsin¢)+
+a,(K,sing + K,cosep ¢’ + K,cosp).
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Let 7, be the torsion of the hyperasymptotic curves; then

(4.11) Tp = Elz‘ (dwfds -z [ds* x d*z[ds’).

y
Equation (4.11), in view of (3.2a, b) and (4.10), takes the form
(412) =, —F[Pau'“{(lfﬁ-qa K,) (I, cos2p + I, sin%g) +
+ K, (K, — K,)sing cosp} — p,, 4 °u'? Ksingcose -
+ I, 0082 @e,p (9 95 — quaf) w1,

Thus equation (4.12) represents the torsion of the hyperasymptotic
curves in the three-dimensional Euclidean space.

5. Hypernormal curves. A curve € is said to be a hypernormal curve
if its tangent vector lies in the relative normal plane.
Thus by definition for a hypernormal curve we have

(5.1) dz|ds @, X, = 0.
Equation (5.1), in virtue of (2.1) and (3.2a), leads to
(5.2) P =0,

which is the differential equation of hypernormal curves obtained by
Bhattacharya : [1]. However, the word “hypernormal” has been used
by latter authors.

To obtain an alternative form we express de/ds in the following
form:

(5.3) dz/ds = w,cos 0+ w,sin,

where 6 is the angle between dz/ds and o, .
From cquation (5.3) we can easily obtain

(5.4a) chos‘ﬂ = pgpt“u’”
and
(b.4b) _ Klsmﬂ = Cap u “u'? (pPr, —qub).

Squaring (5.40, b) and adding we get
(6.5) (a0 u?) + {eagu ™ (p" v, — qub) "} = K}.

Equation (5.5) is the alternative form of the differential equation of
hypernormal curves in the three-dimensional Eueclidean space. This
also gives the absolute curvature of the congruence relative to a hyper-
normal . curve.
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Since for a Tj-curve [7] we have:
(5.6) Poat*u”? =0,

therefore equation (5.4a) implies K,cos 8 = 0, which leads to

THEOREM (B6.1). The necessary and sufficient condition for o hypernormal
curve to be a Tj-curve is that either the tangent to the curve is orthogonal to
@, or the absolute curvaiure of the congruence vanishes.

The equation of the intersector net of the developables of the congru-
ence is given by Springer [6] in the formn
(5.7) eqp 0w (pPv, —qul) = 0,
which, when used in (5.4D), implies K ,8in® = 0. Thus:

THEOREM (5.2). A hypernormal curve also satisfies the equation of

the intersector net of the developables of the congruence if and only if it
satisfies either of the following:

(i) the absolute curvaiure of the congruence vanishes,
(ii) the tangent vector to the curve C is parallel 10 @,.
Differentiating equation (5.3) with respect to s we obtain

(5.8) P ds® = — AK,cos0— (0" + I,) (@ sinb — @, c0s0).
Squaring (5.8) and putting K, = |d*z/ds?| we get
(5.9) K} = (K,+0')*+Kjcos* 0,

which gives an expression for the curvature K, of hypernormal curves.
For 0 = 0, equation (3.9) reduces to

(5.10) K} = K14 X3,
which yields:
THEEOREM (5.3). If a hypernormal curve C, whose tangent is parallel
lo @,, satisfies any two of the following conditions:
(i) the curvature of the hypernormal curve is - zero,
(ii) the absolute curvature of the congrueéwc_a 18 zero,
(iil) the absolute torsion of the congruence is zeré,
‘then it satisfies also, the third one. _
For 6 = =/2, equation (5.9) leads to K, = K,, which implies:
TEEOREM (3.4). If, for a hypernormal curve its tangent is orthogonal
to- w,, then its curvature is equal to the- absolute torsion of the congruence.
For IL’1‘ = 0, equation (5.9) implies:

(5.11) 0 = (I, —K.).
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Thus:

THEOREM (5.5). If, for a hypernormal curve C, the absolute curvature
of the congruence vanishes, then the rate of change of the angle between the
tangent to the curve C and w, is the difference of the curvature of the curve

and the absolute torsion of the congruence.
From equation (5.8) the normal curvature and geodesic curvature

are calculated by multiplying it by N and z,,0°% respectively, in the sense
of inner product in the following form:

(5.12) K.k, = (Ko— 0"){(emsp" i’ cos § — vz1'?sin ) — g K, cos 6
and
(5.13) K,k = (Ey+ 0") {ups 0’ u?sin 0+ (65, 0°0%n, 0" +
+ gegs b go°)cos 6} — pp® K, cos 6.
Differentiating equation (5.8) we get after suitable calculations,
(5.14) dz/ds® = 3K (K,+20)sin 0 — K;cos 0} —d, {(6" + K2+
+K2)cos 0+ (K, -+ 0")sin 8} +a, {(K,+ 6'")cos 6 — (K, + 6')*sin 6}.

Let 7, be the torsion of the hypernormal curve; then we have
(5.15) T, = % (dz|ds- Bz |ds* x &z [ds?),
11
which, by (5.3), (5.8) and (5.14), leads after simplification to

(6.16) T K, 6'){K,(K,+26)sin6 — X, cos 6} +

1
“x I(
+ K, cos 0sin 8{(6% + K} + K3) cos 6 + (K, + 6”)sin 6} +
+ Iy cos? O{(K,+ 6”) cos 6 — (K, + 6'\2sin 6}].

For 6 = =/2, equation (5.16) gives K, = t;,, which implies:

THEOREM (5.6). If, for a hypernormal curve its tangent is orthogonal
o w,, then its torsion is equal to the absolute curvature of the congruence.

Remark. Some properties of these curves can be studied by taking
normal congruence and the congruence tangential to a one parameter
family of curves. Also some results may be obtained in relation to other
curves.
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