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I7® spaces and their application to
elliptic partial differential operators

by MAGDALENA JArOszEwskA (Poznan)

Abstract. In this paper we give an application of the results obtained in {4], concerning
certain convolution operators leaving LP® spaces invariant, to homogeneous elliptic partial
dilferential equation.

The results presented here are of the same nature as those of Companato [1], Peetre [5]
and others (for references see, for instance, [6]). However, they pertain to spaces [*® with mixed
norms, for 1 < p; < oc, and to operators ol arbitrary order but for functions with compact
support only.

1. Let R be the set of real numbers, let m; be positive integers, and let
1<p,q, <. Let p,q,4,v,x,r,¢ be vector symbols, for instance
p=(py, ..., pn), etc. The index i is equal to 1, ..., n everywhere, unless other-
wise stated. Let &@; = @,(r;), r; > 0, be positive increasing functions. We as-
sume also that

Y ®;(2r) < k; ®;(r),
(2) j ]. n Q.._(mllpi)_“/") [¢. (Qi)]l/p‘ d& o dQ,,
w1 sl o1 ' e

n
X4 l—I*.-""'f”’-'"“’"’ [®:(r)]'7,  r;

i
i=1

=0

A

with ¢, independent of r,.

DeriniTion. We shall denote by [”® the space of locally integrable
functions f = f(x), x =(x,, ..., X,), X;€ R™, for which there exists a positive
constant M depending on f such that for every xo, r with x?eR™ and every
r; > 0 there exists a number ¢ depending on f, x,, r for which the following
inequality holds:

(3) | [ ] 1/ (x) =l dx, 2™ dxy .. ] dx,

|.r,,—x£|$r" E} --x?l%rl

< M ﬁ [®;(r)]"™".
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Then
(4) AW .0 = inf M

is a seminorm in L*®.

2. Let P,(D) be any homogeneous elliptic partial differential operator of
order k and denote by D* any derivation of ordgr k,

¢\ O\
Dk’: —_’--) ERE B N k=k1++kN, m1+...+m,,=N.
Xy ( Xy

We define a by d(&) = &¥/Py(&) where a denotes the Fourier transform, e.g.
we have

éN
Py (&)

Let u be any function k times continuously differentiable and with compact
support. Then we apply the theorem from [4] taking f = P,(D)u and find
that the operator

g(x) = T[Po(D)u] (x) = [a = Po(D)u] (x)
is continuous from I”® into I”®. We can verify that
ILa* Po(D)u] (x)| = |D*u(x).
From the above consideration it follows that
) 1D* ulll p,0 < €21l Po (D) ulll .0-
We consider a homogeneous partial differential operator of the form
(6) P(x, D) = Po(D)+ Y a,(x) D*.

Before proving the basic theorem of the paper, we will consider an
auxiliary lemma.

DeriniTion. Let M"* denote the space of locally bounded measurable
functions g such that

a(x) =(2m)~ N[ dE.

lg(X)—g(xo)l S cs h([] Ix—x71),  Ix—x)| <43,
i=1
where ¢, is independent of x and x,, and where

h( ﬂ r) = ‘lfll ro ™ b (r)] P x

i=1

1 1 n E -1
x{f L TT o e [0, (o)1 "—~Q'-..."Q"} .

r r i=1 1 <n
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LemMa. Let ge L nM" and let f eI’ ~17®. Then gf € [P n I7® and we
have for any R,0< R, <1, i=1, ..., n, the' following inequality:

) lllaflIIL,,,s[c4 wplo(lre, sup 120800
b A<R (I b= xP)

+[c.5 sup [g(x)|+¢c;  sup lg (J:)—g(xo)|
<R (T (= xP))
i=1

] WS oo+

J A1,

where cs, cg, C7 are constants that depend on R; while c, is independent of R,;.
Moreover, if

1

®) f...

0

o7 P[P (e)] 1P d_gl . 4o

e < Q0
1 01 On

Q e,

then cs -0 as R, —»0.
Proof. Let x? and r; be given. For any ¢ we then have

® J={ | [ [ lgxfx-

|xn—x’?1$r,, Ix,,—x(l)lSrl

_g(xo) O'IPI dxl)Pz/Pl dxz .. _]P,JP,.— 1 dxn}l/pn

<{ | [ § lgtortifo-

Ixn= 501 <rp Ixy ~xJI<ry

—olPtdx, P2Prdx, .. ]PWPa-1dx, }!Pn

+loly | [ jo |g(x)_g(x0)|mdxl)pz/mdxz,_,]p,./p.,-xdx"}i/m._

Ix,,—xglsr" lxg —x{lsry

Taking into account that ge L® ~n M* and &, are increasing functions, we get
after some transformations

(10) J < suplg(x)| x

x{ | [ } | f(x)—olPtdx,P2P1dx, ... ]PwPn-t dx, /P4

L= xQ1 <7y Ixy - x{l<ry
n n -
‘o H B 1_[ r)  sup Ig(-:) ‘ g(xo)l .
i=1 i=1 l.xi"‘iols"' h(n |xi_x?l)
i=1

First, let r, > §R;. Then we take ¢ = 0 and get
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(1 J<sup g IS, < ¢ suplg(x)lﬂ[¢(r)]””[¢;(R,)]"""

i=1
<cg [T [®:r)"™sup lg(x) 1111,

=1
Next, let r; < $R;. Applying (3) and (4) we get

a | o [ 0 | f(x)—afPrdx, P21 dx,. ]P.JP. tdx,! P

— 0 Mg
I.::'I .t,,ISr" le .rII\rl

<{ | [ i |f(x)— ot dx, "1 dx; . ..]"‘j""“‘ dx, )"

Ix, _x°|<2r Ix, -x°|$2r

<M, pe ﬂ [(:(2r)]'" < cy0 ﬂ (@: (3™ LS o

Now let us hnd an estimate for |o|. We consider
(13) I‘L,=2'r,-, l=0, l,....S.
where r; .y < 'R; < ri;.

Let us denote by o, I =0, 1, ..., s, the successive numbers constructed
by the above procedure (in particular, o, = 0).

Applying the idea originating from Morrey (see e.g. Campanato [2] or,
in the case of mixed norms, Jaroszewska [3]), we get

6, =014 11"t < 21 lo —f (X)W1 + 200 | f(xX)— 64410,
Integrating both sides of this inequality with respect to x; on |x, —x}| <r,,
and raising them to the power p,/p,, we get

01— 0141172 < 222(r}) " ™P2P1 x

(] @=aludx )™+ [ 1f()=a.rda "),

N 1 N Y
¥ = xlsr,, lxy ==l <y

Repeating this procedure with respect to all variables x,, ..., x, suc-
cessively, we obtain

(14)  loy—0,4y <2 ] (i)™ ™" x

it 0[O 1fCa=alrrdx, P PP d,) P

- < . _ 0
Ix, = xal <7, [x, —xjl<€ry

+ | _l' [( _|' L f(X)—064 (™ d.\',)”zm' d.\(z...]P"'p""dt,,,'p }

— 1< - x% <
mi+1 Ie = xqlsey 4y
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Hence. by (13), it follows that

(15 loy—06,44l <2 n (2"’,—)_"'5/"-' x

{0 f Ll 1 —aldx, P dx,. ] dx, ) e

Ix, - x5l 2, tx, - x]1< 2,
p PP, _ 1/p,
+ f [ ( I [f(X)—=a, 4P dxl)(" 1d"z---] WP ldxn} "}.
Ix,—xgl <2t [x, —xl|<z‘“r

Applying (15), we get

s—1 s=2 n
(16) ol < Y loy—oe il <2) [](2'r) mix
=0 1=0 i=1
X “ J [ N I |f(x)—a" dxl)pz/p‘ .. -]p"/p"‘ dxn}up"+
Ixn—x,?IQZ'r. Ix, —xl|<21
0 LT =0 Prdx, P ] dx,) ) 4
Ix,~xpi <2t tp, lx, = x]1< 2 1p,

+2 H (227 tr) miPix

x{ Ll e P L )

(] -
Ix,—xgl<2° " Ir, le—xl|<2’ 'l

+2 [T )~ mm 111,
i=1

From (15), by (1), (3), (4) and (13), we deduce

ol < ¢y Z H(2'r)' i [, (2'r) 1Pl 0+ ﬂ R7™™ 111 )
=0 i=

with ¢,; independent of R;.
Then, applying a suitable substitution to the first term of the right-hand
side of the above inequality, we obtain

. d d
(17) lalsc,z{.f. | [Lermmo.en Q‘...fflufml,.

+ TR,
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Now, inequalities (10), (11), (12), and (17) yield (18)

(8 J<lciosuplgti+es - sup LLQOCLLWlle

== sI<R R (TT 1 —xP1)

i=1

r"[ [&,(r)]"7 +
=1

+{c9sup|g(x)|+c.z-8- sup LD 79(xo) }ufu,,x
Ix,- x| <R, h(l_“x —x?)
< T1 10,01
i=1
where
(19) —h(H r)
n R, R, » d dQ,.
H rP [P (r)] TR I ﬂ ™% [P, (r)]”"g—--- o
i=1 r, r i= 1 n
R,I Rl n
sup [T o "L, ()1 22 . 22
r< %R‘ r r i=1 1 Qn
1 1 n -1
x{f Il'[g.-""-"’-w.-(a,-)]”"-dﬂ..."-"’—"} <
r, roi=1 @t Cn
and

0 B=h([]r) [1 R ™" rie @, (rp]"
i=1 i=1

1

<1l R J 11 o000 ‘-"...den}’ <.

RJ2  R2i= &1 On
From (18), (19) and (20) we obtain (7).

THEOREM. Let the coefficients a,(x) of the operator P(x, D) given by (6)
belong to M". Let &, satisfy (2) and let u be a function k times continuously
differentiable with a compact support.

There exists a number 3, = 8o(Po(D), ®;) such that if 6 <y, where
Y. sup |a (x)| if (8) holds,

S = max [Z sup |ak (x)_ak(xo)i ' Z sup |ak[x)|J, otherwise,

h( l=_[1 1% —x7|)
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then we have the inequality

D" ulll .0 < c13 (1P (x, DYulll 0+ D 1D ull,,)
where ¢, is independent of u.
Proof. We have from (6)

1Po (D) ulll .0 < NP (x, D)ulll 50+ llla, D*ulll ;0.

Then, applying (5) to the left-hand side of the above inequality, applying the
lemma to the second term of the right-hand side and taking into account the
assumptions of the theorem, we get

D% ulll 0 < c2lIP(x, D)ulll 0+ cradlIID* ulll y0+cys D I1D*ull .

Hence, with é < 1/c,,, we get the theorem.

References

[1]S. Campanato, Equazioni ellittiche del 11° ordine e spazi L**, Annali Math. Pura Appl. 69
(1965), p. 321-382.

[2] —. Proprieta di Holderianita di alcune classi di funzioni, Annali Scuola Norm. Sup. Pisa 17
(1963). p. 175-188.

[3]1 M. Jaroszewska, Holder's condition for some function spaces, Comment. Math. 15 (1971),
p- 75-86.

[4] —, On convolution operators in I»® spaces with mixed norms, Functiones at Approximatio II
(1976), p. 75-81.

[5] ). Pectre, On convolution operators leaving LP* spaces invariant, Annali Mat. Pura Appl. 72
(1966), p. 295 -304.
[6] —., On the theory of L™* spaces, J. Functional Analysis 4.1 (August, 1969), p. 71-87.

Regu par la Rédaction le 20.03.1979



