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Doubly commuting operator representations of Dirichlet
algebras

by W. SzPUNAR (Krakéw)

Abstract. This paper deals with doubly commuting linear operator-valued
mappings of some kinds of spaces of continuous functions on compaets. In the case
where the mappings in question are representations of Dirichlet algebras one obtains
analytic construction of representations of their tensor products.

We present in this paper a method of constructing some linear
operator-valued mappings of tensor products of subspaces of spaces of
continuous functions on compacts. The mappings of those subspaces are
supposed to be doubly commuting. Our proofs are analytic and dilation
free. The questions which we discuss in the present paper have been
inspired by Sz.-Nagy’s papers [3], [6]. As to the basie properties of semi-
spectral measures and integrals we refer here to [1].

Suppose we are given a Hilbert space H with the inner produect

(fy9), f, ge H, and the norm |f| = V(f,f). Let L(H) stand for the algebra
of all linear, bounded operators in H. |V| denotes the norm of Ve L(H)
and I is the identity operator. Let 2 be a fixed set and It — the o-field
of its subsets. We say that the mapping ¥: M -L(H) is a semispeciral
measure on M if F(02) =1 and if for every ze H the function u,(0)
= (F(a)w, z) defines a non-negative measure on M. Let Ly (2, M, F)
stand for the class of measurable, almost everywhere F-bounded functions.
The uniquely determined operator ¢(u)e L(H), #e Ly, (2, M, F) such
that for every z,y<H we have (p(u)z,y) = [ud(F(-)z,y) is called
the semispectral integral of 4. In this case we write ¢(u) = f udF.

In what follows £, 2, etc. stand for compact Hausdorff spaces.

If A is a subset of C(R), then ReAd £ {v]v = Reu, ue A}. In further
considerations we need the following lemma, which esentially belongs
to Foiag [2]:

LEMMA 1. Let A be a subspace of C(L2) such that Re A = Cgx(L2). Then
every linear mapping ¢: A—L(H) such that |jp(uw)|| < |jul| for ue A and
¢(1) = I determines a unique semispectral reqular measure on Borel subsets
of 2 such that ¢(u) = [udF for ue A.

Two mappings ¢;: A4; = C(Q;)—~L(H;) are called doubly commuting
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if g, (u) @2(v) = @2(v) @1(u) and
?’1(“)9’2("7)* = ‘Pz(’”)*%(“) for every e A,, ve A,.

We can now formulate the following

PROPOSITION 1. Let A; (¢ = 1,2) be a linear subspace of C(R2,) such
that iEZ,. = Cr(4%2;). Consider the mappings @;: A;~F(H) such that
llps (us)ll < lwgll for w;e A; and @, (1) = I. Assume that ¢; and @, are doubly

commuting. Then the values of semispectral measures F, and F,, deter-
mined by ¢, and @, respectively, commute, i.e.

Fi(0)Fy(y) = Fy(y)Fi(o) for every oce B(L2,),ye #(£2,)

(B (2) stands for the o-field of Borel sets in Q).

The proof of Proposition 1 is based on the following inequality,
which holds for every regular semispectral measure ¥ on compact Q:

0 [ war)f < e

for we C(2), fe H, where u,(c) Z (F(0)f, 7).

The above inequality results from a well-known Naimark dilation
theorem and from the general properties of spectral integrals. However,
we shall now give a simple direct proof.

Let  be a simple function of the form u = )'a;x0;, where a;eC,
o;€ B(£2). (1) holds for simple functions, since, according to the Schwarz
inequality, we have: '

(Juars, g)| = | XF (e 5. )

< Yl (0}, Floig)l < D) laiF (o) fIIF (o0)g]

<Y/ Ylalt(E6f, 1) Y Y(F(a)g, 9) < ]/flulzdﬁ_f -ligll.

For any ue C(£2) we can find a sequence u, of simple functions such
that u, -« uniformly on Q, since 2 is compact. For every «, we have

| Y e B (aff|'< X2 (F (oS, f) = [ual?dpy.

By passing to the limit we complete the proof of (1). In further con-
siderations we shall need also the following

LEMMA 2. Let F be a reqular semispectral measure on #(2). If A 1is
dense in C (), then for every finite set of vectors fy, ..., fre H and for every
ce B(82) there exists a sequence {u,}, u,e A such that

Uu,,dF)f,. sF(a)f;, i=1,2,...,k ceB(Q).
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k
Proof of Lemma 1. The formula u(s) = Z(F(a)f,-,fi) defines

i=1
a regular measure on # (). Since C(R) is dense in L,(2, #(Q), ,u), then
for every ce #(12) there exists a sequence {u,}, u,e A = C(£2), such that

M = fl'u’n_Xaizd;u%O-
According to (1)

|(Jund): —F (o)1,

" = ([t — zo)aB) i

< f'u‘n_Xolzdi“fgflun—Xulzdﬂ =7, >0,

which completes the proof.

Proof of Proposition 1. Since ¢; are doubly commuting, for every
Uy, e Ay, Uy, v,¢ A,, we have:

[y +9,)aF, [ (uy+7,) AP, = [ (uy+3,)aF, [ (u, +7,)dF,.

Since Red; = Cp(2;), we infer that 4; = {w|w = u; +7;, u;, v;¢ Ay}
is dense in C(£2).

According to Lemma 2 for every e #(£,),ve A,, fre H, f, = (f'vsz) i
there exists a sequence {u,}, u,< A, such that:

([undFs)fy > Pi(0)fis
] undFl( | 'vsz) £, — Fl(cr)( ] 'vszfl).

For u,c A,,ve A, we have

Ju,aFy( [vaFy)f, = | vdFy [ u, dF,)f,

and, by passing to the limit, F,(o)(fvdF,)f, = ([vdF,) F,(o)f,. Applying
Lemma 2 to f,¢ H, f, = F,(0)f, we can find a sequence v, ¢ A, such that:

(f”nsz)fl = Fy(7)f1s

([oudF,) Fy(0)fy > Fo(3) Fa(0)fy-
It follows that
Fy(o)| [0udFy) f; = ([vadFs) Fy(0)fy
and consequently
Fy(0)Fy(y)fy = Fo(y) F1(0)f2
for every f,e H, i.e. F (a)F,(y) = F,(y)F,(0).
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We can now formulate the following

THEOREM. Consider A;, ¢; (i =1, 2) as in Proposition 1. Assume that
@; are doubly commuting. We claim that there exists a regular semispectral
product measure F on (2, x ;) such thal ¢,(u,)@, (%) = [uu,dF for
‘ufiE Ai} ’l, = 1, 2.

Proof. We define

A = {o(wy, 05) [0(w3, 05) = D wa(10)2(w3), w1 0 (D), e C(2,)}-

According to Stone’s theorem, 4 is dense in C(£, X £,).
Let us define the mapping ¢ on A in the following way:

oD wa) =Y otwa) = Y [wdF, [=dF,

1

where F,; stands for the semispectral measure determined by ¢;, + =1, 2.
The mapping ¢ is well defined. Indeed, suppose > u;z; = 3 u;z;, i.e.
7 T

Zui(wl)zi(wz) = Z’ uy(w,)2; (wy)  for every w;e 2;, i =1, 2.

Let us fix w, and integrate the above equality with regard to
measure F,. We then have

D us(wy) [2(wo)dF, = D wi(wy) [2(ws)dF,.
Let us now fix w, and integrate with regard to F,. We get
D i) Py [ 2w By = 3 [ui(w,)ak, [ 2 (w;)aF ..

It follows that
w(z w2, )= quidlf‘lfz,-dlf‘z - Zf w dF, fzész

=¢ (2 fu;-zé).

The mapping ¢ is linear and ¢(%,2,) = I. We shall check that |jp(v)]|
< |wl forv = Yu,;z;. We shall prove the inequality [l¢(v)[|< vl for v = uz.

In the general case the reasoning is analogous. For every & > 0 one
can find 4 > 0 such that for every partition of «(£2,) X 2(£,) by a finite
number of Borel sets of diameter smaller than é we have

| b, [ ab,— 3 uEa(E Fuioh By | < e.
i,k
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Since, by Lemma 1, F, and ¥, commute, the following estimates
hold true:

(3 w(he (e (e (e, o)
i,k
= | Du(EDz () (F2 () Fo(a)} f, (Fa (o) Fo(D)ig)
.k

< luzll D) (F1(0}) Fo(aR)||[(F1(ch) Fa(ad))ig]]
4k

< luely 3 (D) (Fo(o}) Fy (o), f) (Fa(ah) Fy (o) g, g))
i k

= luzll ) X ( D Fa(d) Fa(a)f, ) (Faled) Fi(od) g, 9)
3 k

= Y Y (Fa(oh)f, /) (Fa(eDg, 9) = Il Il gl

By passing to the limit |{¢(u2)f, g)] < luzll-|fli- gl

Going back to the general case, by the Foias lemma there exists
a regular semispectral measure F on #(£2; x 2,), such that for every

v = ) w;2; we have
p(v) = [ [ oaP.
.01 Xaz

Moreover, @,(u;): ¢s(%s) = [#,u,dF for u,e A,, u,e A,. Notice that
the measure F of our theorem satisfies

(2) F (0, %X 0,) = Fyi(0,)Fy(0,), 01 B(2,), 03¢ B(82,).

Indeed, let o,e Z(R2,), 0, #(2,). There are sequences u,e C(£2,),
v, e 0(£2,) such that

([ #adP, [0,dP,f, f) = ([ 0adFof, [T dF\f) > (Fy(02) Fo(00)f, ).

Thus, it suffices to show that the sequence ([ u,dF,fv,dF,f,f) has
the limit (F(o; X 0,)f, f)-

We have

F(0y % 0)f — [ undF; [0,@Fof = [ [0, 40y AFf — [ [ v, aES

= ff(x"l —uﬂ)x,,zde-l- (ff(la; '—u’ﬂ.)XUzdF) f’
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Consider 4, = ([ (z,, — %) 2o, 4F) f.
According to (1) and (2) we have

1402 < [ [ 1o, — ual2A(Ef, £) = [ Ia, — ual2d(Fsf, f)

and thus 4,—0.

Similarly one can show that f f (X0, — Vn) 4 dFf—0 which completes
the proof of (2).

We can formulate Proposition 1 for the general case » > 2: Consider
Q,, A; and ¢; as in Proposition 1 for ¢ =1, 2, ..., n. Assume that ¢, are
pairwise doubly ecommuting. Then the values of the semispectral measures
Fiy.oony F,, determined by ¢,,...,q9, respectively commute also, i.e.

Fi(0)) Fo(0s) ... Frloy,) = Fil(o'il)Fiz( Gyy) - Fin(o'-in)
for every o;e B(£2).
The proof is similar to that for n =2.

COROLLARY. If A; are Dirichlet algebras and ¢; are representations,
then ¢ (u) = fud(Fy x - FyXx ... xF,), when restricted to A, @4, ... ® 4,
18 a representation.

The analytic method used in the present paper permits a slight
extension of a well-known theorem of B. Sz. Nagy [5] in the case of =
doubly commuting contractions.

Consider for example a finite set of operator sequences {T®}, i = 1,
2,...,k, n =0, £1, 42,..., such that

TH = ["dF;,
K

where F,, ..., F, are Semispectral measures on #(K). K stands here for
the unit circle on a complex plane. Moreover, assume that 7% are doubly
commuting, i.e.

o TPTY =TT,

3 NP .
©) TOTY® = TO°TH  for m,m =0, 41, +2,...,n % m.

The set of real parts of analytic polynomials is dense in C(K;). Define
the mapping ¢; on A; (a copy of the disc algebra) in the following way:

daf .
gi(ef) = [ZdF., i=1,2,...,k;
and for polynomials let us set

%’(Zasz) = fZakz::‘dFi = Zakfz?dFi = ZGMP(Z?)-
k K k k

‘Thus ¢; is linear and ¢;(u,) = F;(K) = I, where ui(z;) = 1.
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It follows that

<[ 2wt

Since T{ are doubly commutmg, so are ¢;, i =1,2,...,n. By
Lemma 2 this implies that F; commute also and, according to our Theorem,
there exists a product semispectral measure F.

We write ¥ = F,; X ... xF,.

Consider the polynomial of k variables (2,25, ...,2;):

q?.‘( akz )

21 ... 2k,

v,a‘il "'ik 1 A

125) =
Define w(J) in the following way:
w() S w(T®,..., T = Na, , T o TGP,

We have, by (1),

W(Ryy Zgy -

Jw(yN sup]w(zl,zz,...,zk)[.
\ K"
The above formula gives in particular the von Neumann inequality
(see [4] for references) for » doubly commuting contractions.
Indeed, consider n contraction operators T,,T,,..., T, such that
T,T, = T,T; and T, T; = T; Ty.
By the Sz.-Nagy theorem ([4], Theorem 4.2, p. 13) for every k there
is & unique semispectral measure ¥, on #(K) such that

Ti:fz"dFk for s = 0,1, 2.
K

Since {T;} doubly commute, we are in a position to apply the previous
arguments.
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