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ON LOCALLY MOST POWERFUL RANK TESTS OF INDEPENDENCE

; st
1. Introduction. The result of Hijek and Sidak {2] on locally mo
bowerful rank tegtg (

LMPRTs) of independence of two ranqom Varl&b;z:
I8 extended to the case of 4 random variables. The precise St}?tencllon-
of the problem i given in Section 2. Note that Shirahata [4] ;ﬁT for
sidered a more generg] Problem of testing and derived an LMP those
it. However, it useq slightly stronger regularity conditions thand'tions
required in thig baper. We present these additional Tegu%anty oo ; and
in the case of two models of dependence: one described in Se_cum.l te de-
the other which is a straightforward generalization of the blva,ftll? E the
bendence mode] considered in [2]. It is interesting tf’ observe t af e
Same test ig LMPRT When the alternatives are described by one ~Ob1 S
above models. The known test of independence of n randonfl vara tﬁis:
based on Friedman’g statistics, is a special case of tests derived in
Paper. : of

It should algq be said that the authors did not know the paper

Shirahata [4] while working on this problem.

2. Preliminaries anq formulation of the problem. Consider the problem
of testing i of » random variables X,, ..., X,,. SuPﬁose
Ple of N n-dimensional vectors (Xgy Xaggy ooy n;)’
Was drawn. We can present data in the form of a tWO-tW fl
YOWS and n columns. Let the vectors X, Xp,.., X, 8 anf
for the columng of the layout. Moreover, let Rij stand for the raﬂg 0)
the i-th Component of x. and denote by R; the vector (R;,, R;,, ..., B;y)-

Consider the followijng model of dependence of X,, ..., X,. Assume
that there exigg 4k (1<i<k<n) such that

X, =X;4+42, X,=X!+42,
While
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where X%, ..., Xy, Z,{Z}}.,,j # i, k, are mutually independent. More-
over, it is assumed that the random variables X}, ..., X, have densities
Sis --.s Ju with respect to the Lebesgue measure, while Z, {Z;}7._,, j # 1, ky
are arbitrary identically distributed random variables with distribution
function M (2), such that 0 < Var Z < oo. Therefore, the density of the
joint distribution of X,,..., X,, say ¢4, is of the form

(L) QA(-'DH ceey By)

n

= D m[fﬁ — 42)f (@, — A2) AL (2) ]17 [ fi(2,— de)aM (2),

=1 k=i+1 i=1 R
j# ik

where 0 < ¢; <1 are fixed and
n n

G,;k = 1.
=1 k=1+1

Denote by ¢, the density n fi(2;). In the next section we obtain the

locally most powerful test for testmg H :q, against K:q,, 4 >0, in the
class of rank tests, i.e., tests based on R,, ..., R,. For the sake of com-
pleteness let us recall that a test is called locally most powerful for H
against K at some level o if it is uniformly most powerful at level a for
H against K, = {q4, 0 < 4 < ¢} for some &> 0.

Before formulating the main result we state the following

THEOREM 1. The most powerful a-level test of H against some simple
alternative q, ts given by
1 if QA(R] =T1,...,Rn=’rn)>0,
(2) ‘lp(’l"l,...,’rn) - ‘y ’if QA(RI =r1,-.-’ ,n='rn) =C’
0 if QuR, =1y, ..., R, =1,)<C,
where

Qis(B, =1y, .. f fHQA Briy eeey Bp;) ALy ... A2, ,

o =1

,,,,,, ={R,=71,...,R, =1,},
while C and y are determined by Egzy(R,,...,R,) = a.

The proof of Theorem 1 can be easily obtained by repeating the
reasoning of Hajek and Sidak (see [2], p. 52).

Moreover, the following lemma is used in the next section (see [2],
p. 76):

LEMMA 1. Assume that f;(®) ewist, are continuous almost everywhere, and

[Ifi@ldo< oo, j=1,...,m
R
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Then for arbitrary i, k (1 < i < k < n) we have

lim 47 [ ffi(“’i— A2) .\, — A2) A M (2) —
4-0 R

— [ filw— 42)aM (@) [ fi(,— A2)AM (2) ]
R
’ = (VarZ)f; (@) fi(@) -

3. Locally most powerful rank tests of independence. Denote by

Ty the rank statistic

N =n n
2 2 cika’N(Ril’fi)a'N(Rkhfk)’

where the scores ay(ry,f,) are given by

f;(Xst)
fs (Xst)

THEOREM 2. The test with critical region {Tn = t} is the locally most
powerful test for H against K at the appropriate level.

O (Tots fo) = _EH{ By =’rst}7 1<s, t<m.

Proof. The proof consists in showing the equality

(3) lm A7*[Q4(R, =17y, ..., R, = 1,)—(N))"]

4-0
N n n

- Y;Tf)i 2 Z 2 oikaN('rih i)a'N(rkl’fk)

=1 i=1 k=i+l

which guarantees that for sufficiently small A the rejection region {Ty = i}
coincides with the rejection region of (2) for some C. Denote by L the
left-hand side of (3). To prove (3) let us observe first that

n n

where
Fia(@y) = I Ti(wy; — A2)d M (2).
R

Using this fact and applying the formula
N N -1

N N
”a‘i_ ” b; = ;‘ (a;—by) n b, ” s

i=1 s=l+1 g=1
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for a; = q4(®y .-, @pg) and b; = j” fia(®;;), we obtain
=1

L = Lnj 4~ f fZ{[QA(wm oo wn,)—Hj}A(w,-i)] X

X n I—[fm1 Bps qu(wls,... ,)}dwl...d.’nn.

8=l+1 p=

Replacing now ¢, by (1) we get

(4) _hme f{z Z ¢ 472 X

4-0 i1 B S =1 k=i+1

X [ ffi Ty — 42) fk(wkl_ A2) A M (2) — f4 (mz'z)fka(af'kz)] X

X nfjd ;1) ” ”pr ps) HQA Trgy « oy s)}dwl'“dwn’

j= 8=l+1 p=
j#1, k

Since the calculation of the limit under the integral sign can b
justified by the same reasoning as in the case n = 2 (ef. [2], p. 77), from (4)
and Lemma 1 we obtain

N
L = (VarZ) Z Z 2 Cire X
[=1 i=1 kmit1

N
X f . f [fi (@) fie (@) [f s (@) fi(@10) ] ”fj (@), ... de,

Bty j=1 s=1
N =n n
= (VarZ)Z 2 Z czk{ f [fz 1l)/f1 il ]nft is d.’L'}
1=1 i=1 k=i+1 {R; -r;}
N
X { f [fe (@) [fie (%32 ]nflc (s dﬂf‘k} n f n (@5,) de; .
{Rp =y} ::/:zlk {R;=;} s=1
Since
N
[ Ua@a)lfal@)] [ | falao) das
{Rg=7g} 8=1

= N!)—IE{[f; (@) [fa(@a)] | R, = 1.}
—(N D" an(ras fa), a=1,...,n

(see [2], p. 38), we have
N n

= (N!)™"(VarZ) 2 2 Can O Ty i) an (g, fr)

=1 t=1 kmi+l
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4. Remarks. 1. The following model of dependence is special case
of the model considered by Shirahata [4]:

X, =X;+4Y, k=1,...,n,

where X%, ..., X*, Y are mutually independent. Moreover, it is assumed

that X*,..., X* have densities f,,...,f, with respect to the Lebesgue

measure, while 0 < Var Y < co. Then the density p, of Xyyeeey Xy 18
given by

Pal®yy eeey @) = fﬁfi(wi—Az)dM(z)’

R i=1
where M (y) is the distribution function of Y.

It BY =0, then the first and the second derivatives with respect
to 4 can be taken under the integral sign in p, and

&
ff Wpd(w“ ceey B,)AD, ... du,

&
‘_>f..'f Wpd(m17 e mn) ‘A._:od‘xl cee dmn

holds for ¢ =1, 2 and 4-0. Then, by Theorem 2 of [4], one can obtain
(cf. [3], p. 590) the LMPRT which coincides with the test derived in

. -1
this paper for H : ¢, against K : 945 4 > 0, where ¢;;, = (72" . It is a quite

rare case that the LMPRT’s for two different alternatives are the same.

Moreover, note that the test derived in this paper can be obtained
after long but elementary calculations from Theorem 2 of [4] when one

assumes that g, satisfies the same regularity conditions as those given
above for p,.

Ob.serjve al§o that for n = 2 both models of dependence presented
here coincide with the bivariate dependence model proposed in [2], P- 75.

2. One can see that the test with the critical region {Ty > t} is equi-
valent to the test of independence based on Friedman’s statistics (see [1],

n -1
Chapter 13) when ¢; = (2) and the observed random variables have
the logistic distribution because then a, (Rt fg) = 2R, (N +1)—1. Note

also that Friedman’s test is a straightforward generalization of the
well-known Spearman rank correlation test.

3. Note that the test statistic T, is a linear combination of test
statistics of LMPRT’s of independence of pairs of random variables
(cf [2], p. 76). Therefore, in the case of independent and identically dis-
tributed X,, ..., X, the moments and the asymptotic normality of Ty for

3 — Zastos. Mat. 18, 1
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commonly used fs can be immediately obtained from appropriate results
for n =2 (see [2], p. 112-114 or 167). The asymptotic normality of
T, under some alternatives can be investigated by using the results of
Ruymgaart and van Zuijlen [3].
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