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1. Introduction. Let M be a compact complex manifold with complex
structure J. Let g be a Hermitian metric on M. The fundamental 2-form
@ of g is defined by

®(X,Y) = 3g(JX,Y) for X,YeTM,

where TM is the tangent bundle of M. The Hermitian metric g is called
a Kaehler metric if d® = 0. For a Kaehler metric g on M, the cohomology
class o represented by @ is called the fundamental olass of g.

For any Kaehler metric g on M and any closed (1, 1)-form y on M such
that &+ y is positive, @ 4 y induces another Kaehler metric § on M with
@+ p a8 its fundamental 2-form. In particular, if y is exact, the Kaehler
metrics ¢ and § have the same fundamental class. This fact shows that
there are many distinct Kaehler metrics on M with a preassigned funda-
mental class. In the following, two Kaehler metrics on M are said to be
cohomologous if they have the same fundamental class. By a complex
space form M™(c) we mean a Kaehler manifold with constant holomorphic
sectional curvature c¢.

In the following, a Kaehler metric g on a complex manifold is called
a BK-metric if its Bochner tensor vanishes. In [2] the first-named author
is able to classify all compact analytic complex surfaces which admit
BK-metrics. In [3], he proves that a compact complex manifold with
vanighing first Chern class admits a BK-metric if and only if it is covered
biholomorphically by C".

In this paper* we shall prove the following results:

THEOREM 1. Let M be a compact complenw manifold which admits a BK-
metric §. If g 18 any Kaehler metric on M with constant scalar curvature
such that g and § are cohomologous, then (M, g) and (M, §) are equivalent.
In particular, g i8 also a BK-melric and § has constant scalar curvature.

* Partially supported by National Research Council, R.0.C.
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THEOREM 2. A compact complex manifold M 48 biholomorphically
equivalent to a complex projective space CP™ if and only if M has positive
ferst Chern class and it admits a BK-metrie.

THEOREM 3. A compact complex manifold M is covered biholomorphically
by the umit ball D" of C" if and only if it admits a BK-meiric g such that
the first Chern class o, satisfies ¢; = aw for some consiant a < 0, where
denotes the fundamental class of g.

2. Basic formulas. Let M be a Kaehler manifold of n complex dimen-
sions. Let 6%, ..., 6" be a local field of unitary coframes. Then the Kaehler
metric is written as

_& $ ozt L at ot
y—£22(0®6+6®0)

and the fundamental 2-form is given by *

which is a harmonic form. Let

be the curvature form of M. Then the curvature tensor of M is the tensor
field with local components Rj;, which will be denoted by R. The Rieci
tensor S and the scalar curvature g are given by

. 1 =
S=-§Z(Ri;0‘®6’+Rﬁ-6‘®9’) and e=22R¢z,

where R;; = 2 Rf;. The Bochner tensor B is a tensor field with local
components

1
(2.1) Bjy = Bj— 2n12) (B 05+ By 8+ 8y Bz + 0y By3) +
4
+ in—1)(n—2) (04 85+ 845 81) -

We denote by ||B|, ||S|| and ||B|| the length of the curvature tensor,
the Ricci tensor and the Bochner tensor, respectively, so that

IRI® = 16 ' RfizRlz, ISIF =2 )'RsR;z, |BIR = 16 Y Bl Bl;.
It is easily seen that

8
2 — 2—.—_
(2.2) IBIF = |\BI| o 8+ mrD)B+2) e
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If g is another Kaehler metric on the manifold M, we shall
denote the corresponding quantities associated with § by adding ~ on the
top of them. For example, we denote by dV and dV the volume elements
of g and g, respectively.

3. Proof of Theorem 1. We first prove two lemmas.

LeMMA 1. Let § be a BK-metrio on a compact complex manifold M and
g any Kachler metrio on M which is cohomologous to §. If

(3.1) [erdV < [2av,

then [o2dV = | 5*dV amd g is also a BK-metric.
Proof. Since g and § are cohomologous, their fundamental classes

o and @& are the same. In particular, the first and second Chern classes
satisfy

(3.2) "6} = @"%¢i and " ¢y = A" ley,

where n denotes the complex dimensions of M.
Let y, and y, be given by

V-1
(3.3) "= D %
1
(3.4) Ve =§§2(9;A93-9:AQ;).

Then ¢, and ¢, are represented by y,; and y,, respectively.
From (3.2), (3.3) and (3.4) we see that there exist two (2n — 1)-forms
y, and y, such that .

(3.5) &Iy} = B A+ dny,
(3.6) D" 2N yy = B" AT, + dns.

On the other hand, by direct computation we have

1
n—2 2 _ 2\ "
(3.7) D" 2A yl Ton—T)m (e*—2118I" &",
1 .
. n—2 — 2__4 2 2 »
(3.8) O = ooy (O AISI IR @

Therefore, using (3.5), (3.6) and Stokes’ theorem we obtain
(3.9) [(e*—2181)av = [(g*—2181)d7,
(3.10) J(e*— 4181+ IBI) 4V = [(5*—4I81F + 1B a7 .



206 BANG-YEN OHEN AND HUEI-SHYONG LUE

Hence we get

8 2
1)) [ (1B o I8+ s )av

" 8 n—2 ~ nt—n
= L 2 o2 24V,
- f("R" ars BF—5s @ )dV+ (n+1)(n+2) Jeav

By the assumption that § is a BK-metric, (2.2) and (3.11) imply

f IBIFdY = (n+n12)?n”+2) (f ‘-’W_f gaai),

whence we see that if (3.1) holds, then g is also a BK-metric and [¢*dV
= [ §2dV. This completes the proof of the lemma.

LEMMA 2, Let g and g be two cohomologous Kaehler metrios on a compact
complex manmifold M. If g has constant soalar curvature g, then

[erav < [gav.

The equality sign holds when and only when § has constant scalar cur-
vature. '

Proof. Since the Kaehler metrics g and § are cohomologous, we have

(3.12) o" =a" and o"lo, = @™ o,.
From the first equality we have
(3.13) fav = [av.
From the second equality of (3.12) and (3.13) we find
(3.14) f 0dV = [av.

Combining (3.13), (3.14) and the Schwartz inequality, we have

@as) ([av)([ &) = (feav] = (Jaa7) < ([a)(fera7),

which implies the lemma, since the inequality in (3.16) becomes equality
when and only when g is constant.

From Lemmas 1 and 2 we see that both g and g are BK-metrics and
they have the same scalar curvature. By a result of [7], this implies that
both (M, g) and (M, §) are either complex space forms or they are locally
a product of two Kaehler manifolds of constant holomorphic sectional
curvature H (H > 0) and — H, respectively. Thus, M is covered biholo-
morphiecally by CP", C", D" or CP™ x D*~™, Since g and § are cohomologous
and (M, g) and (M, §) are Kaehler manifolds of above types, (M, g) and
(M, §) must be equivalent. This proves Theorem 1.
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4. Proof of Theorems 2 and 3. Let - M be a compact complex manifold
of » complex dimensions. If n = 1, every Kaehler metric on M is a BK-
metric. Thus Theorems 2 and 3 are reduced to some well-known results.

Now we assume that » > 1 and M admits a BK-metric ¢ with funda-
mental class w.

If the first Chern class ¢, of M is positive, there is a (1, 1)-form »
on M which represents ¢, and ¥ is positive definite. By a well-known result
of Yau [10], there is a unique Kaehler metric § whose Ricci form is ¥ and
whose fundamental form is w. Since § has positive definite Ricci form,
a result of Kobayashi [6] shows that M is simply connected. Moreover,
a compact Kaehler manifold with positive definite Ricci form being Hodge
(see [6]), § is a Hodge metric. Since g and § are cohomologous, g is thus
also a Hodge metric. Theorem 2.2 of [8] then implies that (M, g) is holo-
morphically isometric to the complex projective space CP" with a standard
Fubini-Study metrie.

If M admits a BK-metric g whose first Chern class satisfies

(4.1) 0 =a0, a<0,

then ¢, is negative. By a theorem of Yau [10], we know that M admits
an Einstein-Kaehler metric g. Since § is Einstein-Kaehlerian and ¢, is
negative, we have

(4.2) 6, = bad

for some b < 0, where & is the fundamental class of g. By Theorem 2
of [4], we have

(4.3) S0y [M]> —

2(n+1)
Equalities (4.1) and (4.2) give & = (a/b) ». Thus, (4.3) implies

"t [ M].

n— i n—
(4.4) () ’o,[M] = m-{-—l)’ /) in[M].
On the other hand, from (3.7) and (3.8) v;'e have
—2)!
(«5) =) = SR [ (- zismay,
(4.6) ooy = B2 [ (o1 gy + 121 AV
' 2 32n2 )

Since ¢ is a BK-metrie, (4.6) implies

- (n—2)! n(n-+-3) 4n
oalM] = f((n+1)(n+2) 9"m"“"’)‘“"
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Combining this with (4.6) we find
4.7) @20 [M]— ——— o™ 2 [ M]
' 2 2(n+1) !

B (n—2)n
T 32(n+1)(n+2)n?

[ (e2—2n1s1)07.

Since ¢? < 22 ||8|* and equality holds if and only if ¢ is Einsteinian [4],
(4.4) and (4.7) imply that g itself is an Einstein-Kaehler metric. Conse-
quently, g has constant negative holomorphic sectional curvature. There-
fore, M is covered biholomorphically by the unit ball D® in C".

Conversely, if M is covered biholomorphically either by CP" or D",
then the standard Kaehler metrics on CP™ and D" give the desired BK-
metrics. This completes the proof of Theorems 2 and 3.
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