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To determine the optimum structure of a system of elements with
respect to the characteristics of systemreliability the following two criteria
- may be used: (I) the structure is called optimum if it maximizes the mean
working time of the system or (II) the structure is called optimum if it
maximizes the system reliability in the initial working period of the system.
In practice, Criterion I may be used where the designed system works
till it breaks down and where the damaged systems are exchanged by
new ones. Criterion II is better in situations where the designed systems
do not have to work till its breakdown but only in a short time interval
and where breakdown of the system means the failure of the whale project.
Criterion IT may be used also to evaluate the reliability of constructions
the elements of which break down owing to pressure (cf. Kopocinski
and Kowal [4]). Criteria I and II are not equivalent in complex reliability
systems (cf. Kopocinski [3]).

The object of our study is the class of two-terminal series-parallel
structures under assumption that two types of failure described bezllow
are possible. The structures of this class were discussed in detail by
Hiomnicki in [5] where they were called simple structures. In section 3
of that paper essentially parallel and essentially series structures were do-
fined and these two classes will be later used in treating our problem.
The optimization of these structures in the sense of Criterion I present-
ed in [6] where the practical importance of two kinds of breakdown
was additionally stressed. In this note we intend to analyze the opti-
mality of structures in the considered class with respect to Criterion II.

Let us suppose that the structure elements are identical and inde-
pendent with exponential reliability with parameter 4, and that breakdowns
may be of twofold kind: with conditional probability p — there are break-
downs to operate — and with conditional probability 1 —p — there are
breakdowns to idle (cf. X.ommicki [5]). In -the terminology borrowed
from electrical problems, p is the conditional probability of open-circuit
failure and 1—p is the conditional probability of closed-circuit failure
(cf. Barlow and Proschan [1]). The probabilities of breakdown to operate
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and breakdown to idle in the time interval (0, ¢) are equal to

(1) a=p(l—e? and b=1-—p)(l—e),
respectively.

Table 1 shows all possible two-terminal series-parallel structures
for » =2, 3,4 and 5 elements (cf. [6], Table 1).

Let us number the structures elements by ordering series substruec-
tures before parallel substructures. Let X; (¢ =1,2,...,%) denote the
Boolean representation of the ¢-th element: it equals 1 if the element is
able to operate and it equals 0 if it is damaged. We define a minimal
critical path as a set of those elements whose breakdown makes the
structure break down even though other elements operate, but ceases
to be a path when any of the elements of this set operates.

If we have a structure and the Boolean representations of its elements,
then it is easy to find the Boolean representation of system reliability
with respect to failure to operate and with respect to failure to idle. The
Boolean representations of reliability of the essentially series-type strue-
tures with respect to failure to opcrate are given in Table 2 (cf.[5], Table 1).
The expressions of multiplication in the Boolean representation of a strue-
ture of essentially series-type form a minimal critical path with respect
to breakdown to operate. The expressions of summation in the Boole-
an representation of a dual structure of essentially parallel-type form
a minimal critical path with respect to breakdown to idle. The mentioned
duality is as follows: by changing multiplication into addition, and vice
versa, we obtain from the essentially series-type structure the dual es-
sentially parallel-type structure, and vice versa.

If we have the Boolean representation of system reliability, then
it is easy to find the probability «(a) of breakdown to operate; however,
with the duality argument we find the probability v(b) of breakdown to
idle (cf. [6], formula (1)): »(b) =1 —u(1—b). The probability of struc-
ture breakdown in the time interval (0, t), e. g. the distribution function
of working time of the structure, is equal to F = u(a)+v(b).

Expanding the function F in a power series with respect to ¢, we
have
(2) F = wk(p)tk+wk+1(17)tk+l+ cos

The power index in the first expression of this expansion is called
the range of the considered structure. For any n, the class of all possible
structures built from n elements divides into subclasses of structures
with the same range. Because the structure reliability for ¢ — 0 depends
mainly upon the first expression of the asymptotical expansion (2), there-
fore optimum structures with respect to Criterion II have range as great
a8 possible and among all structures of this range have the smallest
coefficient in the first expression (¢f. Gnedenko et al. [2]).
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TABLE 1. Series-parallel two-terminal nctworks

Number| Essentially series-type Essentially parallel-type
of Number Number
N
elements str of ure etwork e Network
1 2 3 4 5
|| o= | L
3
s | L
2 i 2 e
__/
e/ ]
~EF | v |-L"F
4 3 3 Y,
| LlF | e | L
-/
L
5 “‘E:Hj} ° _r.
1 ot oS — —S /5 1'
V4
, /
5 2 OJ_/—/‘D} 2 e A
/]
__/_l
' / )
5 °_/_/‘B5L° 3 i AR




12 B. Kopocinski

TABLE 1 (continuation)
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The range of the considered structures for n — 2,3,4 and 5 may
be read from Table 2 for 0 < p < 1. In extremal cases for p = 0, the opti-
mum one is the essentially parallel-type structure no. 1’ and for p=1
the optimum one is the essentially series-type structure no. 1. They

are structures of range » with working time distribution funetion
F = (11—,
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TABLE 2. Reliability of two-terminal series-parallel structures

.

Numer of | Number of Boolean representation Distribution function
elements | structure
2 1 X, X, 2pz+(—p—p*+ (1 —p)?)a? + o (x?)
3
1 X, X, X, 3pz+(—?p—3p2) x2 + o (x2)
3 1
2 X, (X, + Xp) pa+ (—?p+p2+ 2(1 —p)‘-’)m2+o(aa2)
X XX, X, 4px + (— 2p — 6p2?) 22 + o (x2)
2 X, X, (X;+ X,) 2px — px® + o (x2)
1
4 3 Xy (Xp+ X3+ Xy) Pw+(—?p+3(l—p)2):c2+o(w2)
1
4 X, (X, + X3 X)) Pw+(—§2’+2pg+(1—1’)2)-’172‘!'0(%2)
5 (X, + X,) (X3 + X,) (2p2 + 4(1 — p)?) 22 + o (22)
5
1 X, X, X, X,X, 5pa:+(—-2— p+10p2) 22 + o (22)
3
2 X, X, X (X, 4+ Xp) 3px+(—?p—2p2) % 4 o (x2?)
X, X (X + X+ X5) | 2px+ (—p—p?)a 4o (x?)
X, X, (X3+ X4 Xg) 2pz + (—p + p?) 2% + 0 (22)
' 1
6 X, (X4 X,) (X4 + Xp) P“’+(—3P+2P2) x% + o (x2?)
1
6 X, (Xp+ X+ X, +X) P“’+(——2'P+4(1 —P)z) x% 4 0 (x?)
i 1
1
8 X, (X,+ X, X, X;) |pz+ (—;p +3p% + (1 —p)2) x2+0(x2)
1
9 Xl(Xz+X3(X4+X5)) pw+(—3p+p2+(l—p)z)x2+o(a;2)
1
10 X, (Xp Xy + Xy Xy) P‘°+(—'§P+4P2) #? + o (a?)
11 (X + X)) (X3 + X, +X5)| (p2+6(1—p)2)a2+o(x?)
12 (X, + X)) (X+ X, Xp) | (3p%+2(1 —p)?) 2% + o (x?)
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The evaluation of the system reliability we describe now on the
example of structure no. 8 for n = 5. The Boolean representation of the
system reliability with respect to failure to idle has the form

XI(X2 ‘|‘X3X4Xs) = X1X2+X1X3X4X5y

therefore the Boolean representation of reliability of this structure with
respect to failure to operate has the form

X1+X2(X3+X4+X5) = X1+X2X3+X2X4+X2X5-

In the considered structure we have 4 minimal critical paths with
respect to failure to operate, namely the sets of elements {1}, {2, 3},
{2, 4}, {2, 5}, and 2 minimal critical paths with respect to failure to idle,
namely the sets of elements {1, 2}, {1, 3, 4, 5}. Hence and from the Inclu-
sion-Exclusion Theorem we have

u(a) = a-+3a%—6a3+4at —ab,

v(b) = b?+ bt —Dbo.
If
(3) w(a) =c;a+ca2+cza’+...
and if x = At, then

-]

(4)  wla) = p D (1) kI+2e,p Y (251 —1)a*(—1)*[k! +
k=1

k=2
+30,p° Y (351 —2% 1) ot (—1)FH K ..,
k=3 ’
so that in our case we have

u(a) = pr—$pax®+3p3c?+ o (2?),

v(b) = (1—p)*2*+o(a?),
therefore
F =pz+(—3p+3p+ (1 —p)Ya?+o(a?).

The initial terms of the asymptotical expansion (2) of the distribution
function of the system working time for the essentially series-type struc-
tures considered in this note (also the above-mentioned estimation) are
given in the last column of Table 2. The estimations of the distribution
functions of the system working time of the essentially parallel-type
structures may be obtained by substitution of 1 —p in place of p. These
estimations may be used to compare the structures with respect to relia-
bility and determine the optimum ones.

The conclusions from Table 2 are as follows. For n = 2 we have 2
structures, and structure 1 of the essentially series-type is optimum for
small p (0 < p < 0.5) while structure 1’ of the essentially parallel-type is
optimum for large p (0.5 <p <1). For » =3 we have 4 structures:



Series-parallel system reliability 15

structure 2 is optimum for small p and structure 2’ is optimum for large p.
For n = 4 we have 10 structures with 2 structures of range 2; strueture
5 is optimum for small p and structure 5’ is optimum for large p. For
n =5 we have 24 structures with 4 structures of range 2. In this case
each structure of range 2 is optimum in some interval of the parameter p.
These intervals and the corresponding optimum structures may be found
in Fig. 1 which presents the graphs of the functions w = w,(p)1732 e. g.
the characterization of the first expression in (2). Notice that for 0 < p < 1
the structures of range 3 arise in systems built from n = 9 elements.
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The above-mentioned structures optimum with respect to Criterion IT
differ from the structures optimum with respect to Criterion I obtained
im [6]. Criteria I and II are thus not equivalent in the considered model
of the systems reliability.
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B. KOPOCINSKI (Wroclaw)

PEWNE OSZACOWANIA NIEZAWODNOSCI SYSTEMOW
0 UKLADZIE SZEREGOWO-ROWNOLEGLYM

STRESZCZENIE

Rozwazmy systemy elementéw o ukladzie szeregowo-r6wnoleglym, o jednostko-
wym, wykladniczym rozkladzie czasu pracy elementéw, przy zaloZeniu, ze awarie
elementé6w moga byé dwojakie: z prawdopodobienistwem p — sg to awarie polegajace
na blednym dzialaniu elementu — i z prawdopodobieristwem 1—p — 83 to awarie
polegajace na niespodziewanym dzialaniu elementu, gdy nie powinien on pracowaé
(por. Lomnicki [6]). Moga byé brane pod uwage dwa kryteria optymalnoéci systemu:
(I) maksymizowanie &redniego czasu pracy systemu albo (II) maksymizowanie
niezawodno&ci systemu w poczatkowym okresie pracy systemu. Systemy optymalne
w sensie kryterium I rozwazal Lomnicki w pracy [5]; systemy optymalne w sensie
kryterium II sg rozwazane w tej pracy.



