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On the positivity of an invariant measure
on open non-empty sets

by Antoni Leon Dawipowicz (Krakow)

Abstract. The paper is a continuation of the author’s papers concerning the construction of
the measures which are invariant with respect to a dynamical system on functional spaces.

Introduction. This paper i1s a continuation of other papers by the author
on the construction of the measures invariant with respect to dynamical
system on functional spaces. The start point is paper [1] where the author
had constructed the measure invariant with respect to dynamical system
generated by the partial equation. In the present paper, the author presents a
new construction of the same measure. This construction is essentially
different from the one presented in [1]. Basing on this new construction, the
author can show that this measure is positive on the non-empty sets open in
the uniform topology, which was not shown in [1]. This measure is different
from the Rudnicki measure [3], because that one is concentrated on the
space of C'-functions and this one is concentrated on the space of functions
having the points of non-differentiabulity.

1. Formulation of the theorem. Let V' be the space of Lipschitz functions
on the interval [0; 1] vanishing at zero point. Let us consider the differential
equation

1 6‘—“+ %—/’u
B a Y-

when 4 > 1, with the condition

(2) u(0;x)=rv(x), reV,

Let us define the semidynamical system on ¥ by the formula
(3) To(x) = ult; x).

This formula in the space V considered with the topology of uniform
convergence generates the semidynamical system which can be described by



186 Antoni Leon Dawidowicz

the explicit formula

{4 Tr(x)=e"v(xe™).

TuroreM. On the space V. there exists the Borel measure p satisfving the
ollowing conditions:
4

(1) g is probabilistic,

(1) qis T-invariant,

{m) p(U) >0 for ecery open non-empty set U,

(V) g is ergodic,

(V) p(Eg) = 0, where Eq = jveV: 31 >0: Tv=vo).

2. Construction of the measure ;. Let us consider the probabilistic space

(Q:%: P) constructed as follows. Let {p,%, be a sequence of positive
numbers such that

™M
=
I

1l
=]

(5)
and

(6)

“M&

n 0

Let us define the probability on the cylindrical subsets of cartesian
product by the formula

(7) Plki=ki:i=1,....,n=][]p
i=1

From the Kolmogorov theorem, P can be extended to the probabilistic
measure on some a-algebra X of the subsets of @ = N~ From the estimation
(0) and the Borel-Cantelli lemma follows the following.

Livva 1 P@ng: Vo= ng k,<n)=1.

Now we shall construct the measure g satisfying the following condi-
tions:

(i) i is probabilistic,

(it) ¢ is T-invariant, where T= T,,,,

(1i1) fif U) > 0 for every open non-empty set,

(iv) T ' )=E=>u(E) €10; 1!,

(V) @(Ey) =0, where Eg = [veV: 3520, t >0: T, v = Tv}.

Analogously to paper [1], having this measure, we shall define the
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measure needed by the formula

] 2 ‘
(8) H(E) = 7! A(T " (E))dr.

In paper (1] the following lemma was proved.

Lemma 2. There exists a sequence of polynomials (a,' = o dense in V such
that the polynomials have a degree different from each other.

Let us define the sequence of the right inverses to T by the formulae

S 00 = 274 (2x). x €[0: 4],
127t e(M+o,2x— 1), xe[; 1.

and consider for some sequence (k;}i-, the set S, ...S, (V). All functions

from this set are equal to each other up to additive constant .on the interval
e o)

[27"7'; 1]. Hence, for a fixed sequence (k;} €Q, the set () Sy ...S; (V) has
n=0

at most one element. From Lemma 1 and formula (22) in paper [1] it follows

that P(card m Sy S, ()= 1) = 1.

Let Q, = {card ﬂ Skg-- Sk, (V) = 1} and let us define a map ¢: Q, -V
such that for k= ‘I»,,,‘” 1» @ 1s the unique function belonging to

a€x
N Sk Sk, (V). Let us now define the measure space (V; #; j):
n=0

B="AcV,d " (A)eX); [(A)=P(D '(4).

This is the same measure as that defined in paper [1]. Since we have the
following result.

Lemma 3. The measure i satisfies conditions (i_), (E), (E), (;).

It is sufficient to show that the Borel sets (in the sense of uniform
convergence) belong to # and pu satisfies (iii).

Let U =U(vg; &) = lveV: Jo(x)—vo(x)| <e Vxe[0; 1]}.

Lemma 4. For every voeV and ¢ >0, UeA.

Proof. Let us define three sequences of random variables:
(9) £, =2""[0, (205 (1] —[1o (27— 1o (27" Y],
(100 n,=  sup  127[0, (2" ' x=1) =g, (1)]

2-n"lgxgo™n
—[ro(x)=rvo(27"" 1)]} s
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() &= il 27 (2 x—1)—a, (1)]

2 n-lgxgan

—[vo(x) =10 (27" N]};

Cas Mn- G, as depending only on the one term of the sequence k are measur-
able. From this it follows that

Mat D Enl)
1

max | @, (x) — v (x)| — max max {6+ Y &als
n=1 m=1

x

is a measurable function of the variable ke€Q,, and in consequence, U is
measurable.

To complete the proof it is sufiicient to claim that z(U) > 0. This claim
is based on the following lemma.

LemMma S. Let G(n;e) = {veV: Vxe[0; 27"} |v(x)] <&). For every e >0
and neN, g(G(n;e¢)) > 0.

Proof. It is obvious that, for ¢ <¢', G(n;¢) <« G(n;¢) and {J G(n;eg)
£>0
= V. Thus fi(G(n:¢)) is an increasing function of the argument ¢ with
positive value for some & > 0. Suppose that, for some ¢ > 0, a(G(n;¢) =0.
We can take an ¢ > 0 such that (G (n;¢)) =0, p(G(n; 2%¢)) > 0. From T
invariance of j it follows that

A(G(n+1;¢) = g(T ' (G(n; 2*¢)) = &(G (n; 2*¢)) > 0.
Since G(n+1;¢)= |) G(n+1;¢), there exists an ¢ <g, such that
t'eQ
g(G(n+1;¢)) >0.

From the density of {o,} it follows that there exists an n’ such that ||g,||
<¢—¢'. Since that values of @, on the interval [0; 27" '] depend only on k;
for i > n+2, the events \k,., =n'} and {®, €G(n+1;¢)} are independent.
Consequently,

0= p(G(n;¢)) = P(PeG(n; &) = P(P€G(n+15¢), kpuy = 1)
=ji(Gn+1;¢€)) py
which is impossible. Thus, in fact, z(G (n; ¢)) > 0.

3. Proof of the theorem. To firish the proof it is sufficient to prove that
U (vg, £) includes the subset whose measure j is positive. Let K, be the
Lipschitz constant for v,. Let us consider an n such that K,2 " ! <1l¢ and
an ¢ >0 such that ¢ <le. Let

A=1lveV: veG(n;¢), IceR: Vx 227" Ho(x)—vo(x)—c| <&'}.
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Clearly,

n—1
A2 G e)n N {[@=ro= B2 Ytrg(2 ™ )|

m=0

[2*"!*1:2"M] <

<€/(n+ 1),
Since

”¢k“voﬁ¢k(2_m_ l)-'_"‘0(2_’"_ l)“[z*m*lzz—ml

depends only on the mth term of sequence \k,}, from the density of {s,] and
independence of the functions of different coordinates in Q, follows that
r(A4) > 0.

Now, it is sufficient to prove that A < U (vy; ¢).
Let ved. For x<g2™ !

[0(x)—vo (X)| S [0(X)|+|vo(X) S+ Kox<e+Kp2 " ! <.

For x > 27" ! there exists a ¢ €R such that |v(x)—v,(x)—c¢|] <¢&'. This ¢ is
common for all x > 2"~ ! First, we shall estimate this ¢. It is obvious that
R " Y)—ve(27" ) <& +ie <3¢, and from this it follows that |c| < 5e.
Thus

0(x) = U0 (X)] < [v(x)—vo(X)—c|+]c| <&'+3e<e
which completes the proofl of the theorem.

4. Remarks. This result may be generalized to the case of the quasi-
-linear equation of the form
(12) 0u+ o F(u)

— +x— = F(u),
ot Ox
where F satisfies the same assumptions as in paper [2].

The most interesting is the case where F is a quadratic function. It is
also interesting that the measure constructed in the present paper is concen-
trated on the functions whose derivatives vanish at zero. The Rudnicki
measure [3] which is different from this one has the same property.

Remark. If {T;},.o is the semidynamical system defined on V by
formula (1) and g is the probabilistic measure on V invariant with respect to
it, then u is concentrated on the set of functions whose derivatives vanish at
zero.

Proof. Let

_ —v(x
Pr = limﬂ for veV.
x=0 X
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Clearl)}, P is well defined. Moreover,

At —t =t
— — ev(xe™) o U(xe =
PTv=Ilim —— =e*"]lim ——— ) _ e~ Py,
x—=0 X x-0 Xe
Hence the diagram
y It .,y
(13) JI‘ ]P
R oA— 10 R
1S commutative.
Moreover,
= —1v(x)
P '((—oc;s])={veV: llm-Lss}
x-0 X :
=N U lveV:v(x)<e'x Vxe[0;d]} €A.
g>£6>0
£eQ 0eQ

Thus the measure defined by the formula i(4) = u(P~'(A)) is the probabil-
istic Borel measure on R invariant with respect to multiplicity operator for
every positive multiplicator. The unique measure on R satisfying these
properties is the Dirac measure d,. From this follows that u({v: Pv = 0})
= 1. Analogously, it can be proved that

im Y™ ol 2
(2 of)-

which completes the proof.
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