ANNALES
POLONICI MATHEMATICI
XLVIII (1988)

The regularity of convolution and restriction of distributions

by Ryszarbp Wawak (Warsaw)

Abstract. We considered in [4] local order functions of distributions and we proved a
theorem on the regularity of the product of distributions in terms of local order functions, which
corresponds to the well-known inclusion: WF(UV) c WF(U)u WF(V)U(WF(U)@ WF(V)).
In this paper we apply this result to prove a theorem on the regularity of the restriction (trace)
of a distribution Ue D'(M’) to M, where M is a C* submanifold of a C* manifold M’. We also
give a bound for the value of the local order function of the convolution of two distributions on
R” in terms of the values of the local order functions of its factors.

We first define the local order function of order p: 1 < p< + o0 for
U e D'(R"). The function, denoted by Of, is defined on the set R* xS"~! and
its values belong to the set R* consisting of the elements

t"={reRl r<t}, t*'={reRr<t} forteR

and the element 0 = R. The ordering in R* is given by the relation of
inclusion. If {z,},., = R* and, for some € R* 1t < 1, for ae A4, then we can

naturally define the minimum of the set {r,},., (denoted mint,) as the
acd
unique element 7,e R* with the following property: 7, < 7, for ac 4 and if

the same is true for some 75€ R*, then 14 < 7,. The operation of addition is
defined in R* by

STHt =sT+tT =57+t =(s+10)7,
st+tt =(+0%, tT+0o=t"'+0 =.

DEeFINITION 1. Of(x, I ) = lae R} there exist neighbourhoods Q of x and
L of [ such that (wU) (y)(1+y*)"?el?(I') for weD(Q)}, where Iy
={rd) AcL, reR*} and A denotes the Fourier transform.

Sometimes it is useful to define Of, on R x(R"\ |0!) by setting Of (x, 1)
= O0f(x, I/|l}) for (x, [)eR" x(R"\}0}).

In the case of a distribution U on a C® manifold M, one can localize
the problem and define Of in a natural way on T* M\0 (cotangent bundle
minus the zero section) or on the cotangent sphere S* M, since the notion of
Of is invariant under diffeomorphisms.
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1. Restriction. Given p, g with 1<p, g< +00 and 1/p+1/g>1, we
write:

M, ()= {(U, V)e D'(R") xD'(R")| Of(x, )+0%(x, —1)=0*

for all (x, 1)e R" x$"~ 1!
and

M(n) = {(U, V)eD'(R") xD'(R")| for every x €R" there exists
a neighbourhood Q, such that, for all w, Y €D(Q,), (wU) (Y V) el (RY],

where v is the inverse Fourier transform. We showed in [4] that
M, ,(n) = M(n). We define the product UV for (U, V)e M (n) as follows: for
every we D(Q,) we choose yeD(Q,) with ¢ =1 on suppw and define

(UW[@] = [(0U) yV).

Then UVeD'(Q,); piecing together (over xe R") we obtain a distribution
UV eD'(R") The correctness of the definition was shown in [1].
We proved in [4] an analogue to the well-known inclusion

WF(UV) c WF(U)u WF(V)u(WF(U) @ WF(V))
(see e.g. [3], Theorem 8.2.10 or [5], Proposition D1.2, p. 237).

THEOREM 1. Let p, q, r be such that 1 <p,q,r < +o and 1/p+1/q =
L+1/r. Let (U, V)eM, ,(n). Then:

v (x, k) = min( min (Of(x, 1)+ 0% (x, m), Of(x, k), O% (x, k))

(1.m)ek]
for (x, k)e R" xS"~ !, where [k] is the closure of the set:
k* = (I, m)eS"~ ' xS"!| there exist a, beR"* such that al+bm = k}.
We will use this theorem to get an estimate for the local order function
for the restriction of a distribution on R" to a subspace H of R" of
codimension ngy, ng <n. We take H = {xeR" x, =0, ..., Xn, = 0} and write
={leS" Y I=(,,..., Ings 0 -5 0)},
|H={leS" ! I=(,...,0, Ing+1s -5 L)} -

We consider the distribution 6y D'(R") defined by
ou[¥]= [Py for YeD(R".
H

‘Let UeD’(R"). If (U, dg)e M (n), then there exists the product Udy and
the restriction Ulg of U to H given by the formula
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Ulgle] = Udy[®] for ¢eD(H),

where @ e D(R") is such that @|; = ¢. It is obvious that the expression does
not depend on the choice of @.
A simple calculation shows that

Of (x,I)=00 iff x¢ H or I¢lH forq 1<qg<+oo,
0§, (x, 1)=(—no/q)~ for xeH, le LH, q: 1 <q < + o0,
o5 (x, 1) =0* for xeH, le 1H.

Thus we have: f 1 < p,g< +o0, I/p+1/g =1 and Of(x, I)+{(—ne/q)~

> 0% for xeH, le LH, then (U, éy)eM(n) and the restriction U|y, exists.
It is not difficult to prove the following:

Remark 1. If 1<p< +o, UeD'(R") and Of(x, I)+(no(1/p—1))”
> 0" for xeH, le LH, then Uly exists and

Of 1 (x, k) = Oy, (x, k) +(no/p)™ for xeH, ke|H,

where the function Of,y is considered as a function on R " x§

n—ng-1

THEOREM 2. Assume the conditions of Remark 1. Then U|y exists and

Ofu(x, k) = min Of(x, )+(no(1/p—1))”

lek+ 1H

for xeH, ke||H, where k+ LH is the set of all leS"™' which can be
represented in the form | = ak +bn for some a,b>0, ne 1H.

Proof. The theorem is a simple consequence of Theorem 1 and
Remark 1 in the case where Of (x, [}+(—no)” = 0" for xeH, le LH. In fact:
taking r = p, g = 1, we have from Theorem 1:

Oy, (x, k) > min (Un?'r[l” (0F (x, )+ 0}, (x, m), OF (x, k), O}, (x, k))

= min Of(x,l)+(—ny)~ for xeH, ke||H;
lek+ LH

so, applying Remark 1 we obtain

Ofu(x, k)= min Of(x, [)+(no(1/p—1))- for xeH, ke|H.
lek+ LH
In the general case where Of(x, I)+(no(1/p—1))” =20 for xeH,
le L H, the assumptions of Theorem 1 are not satisfied. In this case Theorem 2
can be proved directly. Since the proof is rather long, we omit it.

Theorem 2 can be reformulated for the case of C* manifolds. Let M be
a C™ submanifold of a C® manifold M’, of codimension ng, no <n, n
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= dim M’ (this means that M can be defined by the equations x, = ... = x,,
= 0 in local coordinates). The natural injection i of M into M’ defines linear
maps i¥: T*M' — T*M for xe M. The kernel of i¥ is the conormal space
N*M to M at x. The set-theoretical union of the linear spaces N¥ M for
xe M is the conormal bundle N* M.

THEOREM 2. Let M be a C® submanifold of a C® manifold M’, of
codimension ng, no <n, n=dimM'. Let 1<p< +o, UeD' (M) and
O (x, &) +(no(1/p—1))” 20" for (x, £)e N* M\O. Then U\, exists and

Ofym(x, ) > min O (x, &)+(no(l/p—1))"

gei o T(m)
for (x, n)e T* M\O0.

As a consequence of Theorem 2' we obtain the well-known property of
Sobolev spaces (see [5], Proposition 7.1, p. 72):

ProperTY 1. Let M, M’ be as in Theorem 2'. If U eH;,.(M') for some

5 > ng/2. then Ul exists and belongs to HK"OIZ(M).

We note that Theorem 2’ corresponds to the following:

PrROPERTY 2. Let M, M’ be as in Theorem 2. If Ue D'(M') is such that
WF(U)nN*M = @, then Ul exists and

WF(Uly) < i(x, eT*M| 3y, eWF(U), y =x, i¥(§) =n)

(see [2], Theorem 7 and Theorem 9 Chapter IV, or [3] Theorem 8.2.4 and
Corollary 8.2.7).

2. Convolution. Now we recall a sufficient condition for the existence of
the convolution of two distributions. To this purpose we introduce some
useful definitions.

For A = R" and § > 0 we denote the set {£ée R dist(, A) < d} by A;.

. We say that two sets A, B  R” are compatible if for every compact set
H = R" the set

H=H(A, B, H) = {(a, b)| ac A, beB, at+becH)}
is bounded.
We denote, for A, B R", xeR". 6 > 0:
Z.(A,B)=ANBy, and Zi(4, B)= A (B
where B,m = (eR" x—¢eB).
It is not difficult to show the following

LemMAa 1. The sets A, B c R" are compatible iff, for every xe€R", é > 0,
the set Z2(A, B) is bounded.
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Remark 3 (see [6], Theorem 1, § 15 p. 123). If the supports of
distributions U, Ve D’'(R") are compatible, then there exists the convolution
UsV of U, V.

Let U, Ve D' (R"). We write, for simplicity,
Z.(U, V) = Z,(supp U, supp V') = supp U "supp ¥y,
and
Z3(U, V) = Zi(supp U, supp V) = supp U N (supp ¥;(,),

for xeR", 6 >0, where 17,(,, denotes the distribution V(x—-). Since the
supports of U, V are closed sets, we see that if the supports are compatible,
Z.(U, V) and Z3(U, V) are compact and Z, (U, V)= (\ Z3(U, V).

. 6>0

THEOREM 3. Assume that U, Ve D' (R") and the supports of U, V are
compatible. Let 1 <p,q,s< +o and 1/p+1/q=1/s. Then

Y (x, 1) = min (Of(t, 1)+ 0% (x—t, 1))

teZ ((U,V)
for xeR", leS" 1.
Proof. Let us fix xeR", leS"!. We first show that
Opw(x,1)= min (Of(t, )+0%(x—t,1)) for 6 >0.

rezdu,vy

Fix 6 > 0 and assume that

a* < min (Of(t, 1)+ 0% (x—t,1)) for some aeR.
122U, v)

For every teZi(U,V) there exist numbers u, v, u' <Of(t, 1),
v <0} (x—t,1) and open sets Q,, L, such that

teQ, <R, leL <SS! u+v=a
and
u /2

(@U) W (L+y)* el?(Iy) for ¢eD(Q),
WV) A +yy)" elP(Iy)  for ¥ eD((Q))-

The family {Q'}:eziw.w is an open covering of the compact set Z%(U, V), so
we can choose a finite subcovcr Qis--er Om.

Let L= (\ L;, Q= U Q;. Let P be a compact set such that
Zi(U,V)c Pc Q and dist (Z"(U V), CP) =¢, > 0. We take a partition of

v/ 2

unity {4,};=1...m such that the function A= Z A;j equals 1 on P and
j=1
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suppd; =Q; for j=1,...,m It is obvious that the number e,
= mindist (supp 4;, CQ)) is positive. Let ¢ = fmin(e,, ¢,, ).

J
For j=1,...,.m we can find functions #;eD(Q;) such that
dist (supp 4;, supp(1—7#;)) > &. Let

() =A;(x—"), m()=ni(x—-) forj=1,...,m
and

A()=Alx—).
Let w eD(B(x, €)). We show that
Vxw(z) = (X' Vyxw(z) for ze(Zi(U, V)),.
In fact:
AV x0@)=AV[w(-—-2)]=Ax=-)V[w(-—2)] = V[ilx—")o(--2)].

Notice that suppw(-—z) = B(x—z,¢). If {€B(x—z,¢), then A(x—¢)
= A(z+0), where |gl <e. Since ze(Z4(U, V), then z+o€(Z3(U, V),
< (Z3(U, V), € P, so A(z+¢) = 1. Hence A(x—")o('—z) = w(-—z). Thus

I V)xw(z) = Vxw(z) for ze(Z(U, V)),.

This and the property: suppU nsupp(Vx(we)) = Z3(U, V) for o D(R"
imply:

w(U *V)[c] = U[Vx(we)] = U[(X 0} *(we)] = (AU)[(A V) x(wa)]
= (AU)* (A" V) [we] = o ((AU) * (2’ V))[a].

So,
o (U V) =w(AU)x (X' V).
Hence,
OUsN =0(LAU)(E 5V) =0 ¥ @U)*EY)
i= j=1 ij=1
=w Z (AU «(niA;V Z ((l U) *(n; 4; )),

i,j=1 iJ=1

and thus

m

(@U*V) = ¥ ox((&U) (4 1))

L“Wji=1

Since 4;e D(Q;) and n;Aje D((Q:)yx) we have

4 U) 01 +y?) " e 12(Iy)
and

V) () (1 +yY)7 e (I,
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and this implies that
LU )@ AV ) +yH)el3(y)  fori,j=1,...,m.

We write for simplicity f;;(y) = (4 U) () (V)" (y) for i, j=1, ..., m. Let L
be a neighbourhood of ! in $"~! such that I = L. We show that

(@ * [ (1 +y*? e L(Ty).

Observe that weS(R"), f;;€ Op(R"). Denoting by xr,. the characteristic
function of the set I';. and by s’ the number satisfying the condition 1/s+1/s’
=1, we have

[ U= fiil (1 + T dy
r

< (1A @No (=2l (1 +y»2 xr,. () dz] dy

< G ([fIf@I U+ Y xr, (1 +(y—2)*)" 2 dz]*dy

Ce (L1040 +yD xr, )1+ =2)) " dz ({(1+(r—2)?) " dzf* ] dy
Ce My [1£5@F [+, (1 +(y —2)°) < dydz

for sufficiently large ke N,.
It is not difficult to show that there exist ke Ng'and C > 0 such that

[A+y 2 (1 +(y—2?)""dy < CA+2)*2  for zel,

<
<

and

f@F [A+y a1+ —2)%)dy < C(1+2%)™"  for z¢T}.
Then

{ O * £ ) (1 +y>)7*Fdy
Iy

SM[[1f@F0+222dz+ [ (1+2%)7"dz] < + .

rp cry,
Hence
(@(U V) ()1 +y* e X(Ty)
and since a® < 0} (x, 1), we obtain
Opw(x,1)2 min (Of(, [)+0%(x—1,1)) for 6 >0.
tezd(w.v)
Now we can finish the proof of the theorem. Let ae R and

«* < min (Of(t, I)+0% (x—t, I)).

teZ(U,V)
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Assume that a* > 0}, (x, 1). Using the inequality just proved we infer that

> min (Of(t, 1)+ 0} (x~t,1)) for & >0. So there exists a sequence
wezéw.y)

(1) such’that 1,eZ} (U, V)—Z, (U, V) and a* > O} (t;, 1)+ 0% (x—t,, I} for
i=1,2,... Since all the sets Z}*(U, V) are compact for i=1, 2, ..., the
sequence (t;) (or a subsequence, denoted for simplicity also by (¢;)) has a limit
toe N ZY(U,V)=2,(U, V). At the same time, a* <Of(ty, [)+
i=1
+0%(x—tg, ). So there exist numbers «,a,, af <Of(ty, 1), a3
< 0% (x—to, 1) with a; +a, = a. The definition of the local order function
implieS‘ ay < Of(¢, I), a{ < 0% (x—t;, 1) for sufficiently large i. Thus
at <Of(t;, 1)+ 0% (x—1;, 1) for large i. This contradiction finishes the proof.

Remark 4. Assume the conditions of Theorem 3. Because of symmetry
we can write:

b (x, )2 min (Of(x—t, I)+0%(t, 1)).

teZy(V,U)

CoroLLARY 2. Let U€E'(R"), VeD'(R", 1 <p,q,s< +0o0 and 1/p+1/q
= 1/s. Then

Oy (x, 1) > min (Of(t, 1)+ 0% (x—1, 1))

tesuppU

for xeR" leS" !,
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