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On generalized recurrent Kaehlerian manifolds of second order I*

by S. S. SiINgH (Gorakhpur, India)**

Abstract, Lichnérowicz [3] called a Riemannian space satisfying Ry, i = @ Ryizi Where
a;, i a non-zero tensor, a recurrent space of second order. Recently, Ray [4] considered a
generalization of such spaces. Our aim in {he present paper is to define generalized recurrent
‘Kaehler manifolds of second order and study some relations existing between them. We have
thereby generalized certain results of Hasegava [2] and myself [5].

Introduction. A non-flat Riemanian space V whose curvature tensor
Ry satisfies the relation

Ryijk,tm = Ruiji,t Bm+ Vim Ropijus

where f,, and y,, are not both zero, has been called a generalized recurrent
space of second order or a generalized 2-recurrent space [4]. If B, =0, the
space reduces to what is known to be a 2-recurrent space as named by
Lichnérowicz [3]. B,, and y,, are respectively called the vector and tensor of
recurence of the space.

The main purpose of the present paper is to define generalized second
order recurrent, Ricci-recurrent, H-projective recurrent and Bochner-recurrent
Kaehlerian manifolds and study some relations existing between them.

1. Preliminaries. Let M be a Kaehlerian manifold of real dimension
‘n (=2m) and (g, J) its Kaehlerian structure. That is, g is a Riemannian
metric and J a complex structure in M such that(%)

(1.1) ‘]ia nj = —5_',, J‘j = —Jﬂ, Jij.h = 0, (J,-j = g;,J‘j),

where g;; and J'; are local components of g and J respectively and the
comma followed by an index denotes the operator of covariant dlﬂ'eren-
tiation with respect to the metric tensor g;;.

* The content of this paper was presented as a talk at the Polish-GDR-Chechoslovakian
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It is well known that the holomorphically projective curvature tensor is
given by

1
(12)  Pup = Hhijk—m(Rnghh"'thgik'l'Hithk_th']ik_2Hh|' Jixhs

where H;; = R;,J%. This tensor Py, which is invariant under any holomor-

phically projective correspondence, corresponds to the Weyl projective curva-
ture tensor of a Riemannian space, and is called H-projective curvature
tensor.

As a complex analogue to the Weyl’s conformal curvature tensor
Bochner [1] (see also Yano and Bochner [8]) introduces the following
curvature tensor in a Kaehlerian manifold:

1
(13) By = Rhljk_m(Rijghk—thglk+HljJM_thJlk—thiij+
+ Ry gij— Ry gy +Hy Jij— Hy Jyy~ 2Hy J ) +
R
+m(9uym—gugu+J.-thk—thJak—2-];-.' J i)

Bochner introduced this curvature tensor using a complex local coor-
dinate system. We call this tensor the Bochner curvature tensor. The form
(1.3) of the Bochner curvature tensor with respect to a real coordinate system
has been given by Tachibana [6].

We shall consider in M a tensor Uy, given by

R
14 Usie = Ry — — (¢ — +J I —Tnidie— 200 J 1),
(14) hijk W) (Gi5 e —In G + I 13T — T nj T ni J jic)

which has been called the H-concircular curvature tensor. The H-projective
curvature tensor and the Bochner curvature tensor coincide with
H-concircular curvature tensor if and only if M is an Einstein manifold.

2. Generalized recurrent, Ricci-recurrent, H-projective recurrent and
H-concircular recurrent Kaehlerian manifolds of second order.

DerFiNniTioN 2.1. A Kaehlerian manifold M satisfying

(2.1) Ryigkam = Ruipi,t B+ Vim Riijes
and
(2.2) Ryoim = Ryt B+ Vim Ris |

where 8, and y,, are not both zero, shall be called generalized recurrent
Kaehlerian manifold of second order (or briefly G2 recurrent Kaehlerian
manifold) and generalized Ricci-recurrent Kaehlerian manifold of second order
(briefly G2 Ricci-recurrent Kaehlerian manifold) respectively.
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DeFINmION 2.2, A Kaehlerian manifold M satisfying

(2.3) Phiseim = Prijet Bm+ Vim Phijics
and
(24) Uijkim = Uikt B+ Vim Unijics

where B, and y,, are not both zero, shall be called generalized H-projective
recurrent Kaehlerian manifold of second order (or briefly G2 H-projective
recurrent Kaehlerian manifold) and generalized H-concircular recurrent
Kaehlerian manifold of second order (or briefly G2 H-concircular recurrent
Kaehlerian manifold) respectively.

Now, we have the following

Remark 2.1. A G2 recurrent Kaehlerian manifold is G2 Ricci-
recurrent, but the converse is not necessarily true.

From (2.2) it follows that
(2.5) Hyim = Hyt B+ Vim Hoe-

-Hence, in view of (1.2), (2.2), (2.5 and Remark 2.1, it is easy to verify the
following

THEOREM 2.1. A G2 recurrent Kaehlerian manifold is G2 H-projective
recurrent.

Remark 2.2. The converse of Theorem 2.1 is not necessarily true.

THEOREM 2.2. In a G2 H-projective recurrent Kaehlerian manifold the
relations

1
(2.6a) Rijim—Riji Bn—Vim Ri; = " (Rim— R, fm—7m R) gy,
or equivalently,

1
(2.6b) Hij.lm'_ H.‘j.tﬁm"}’tm Hu =";(R,lm_R.lﬂm_ylm R)Jij

hold.
Proof. A G2 H-projective recurrent Kaehlerian manifold satisfies

(27 Piijim = Prigct Bm = Prijg Vim = 0.
Substituting the value of P, from (1.2) in (2.7) we have
(2.8)  Rpipe,tm = Ruijuct B — Yim Riij
= Tj-—Z Inic (Rij tm = Rijt B = Vim Rij) = Gix (Rij,im— Rug1 B — Vim Ri) +
+J e (Hijam— Hig B = Vim Hi) = i (Hyjim = Hij B — Yim Hap) —
— 20 3 (Hpt,tm — Hpiyt B — Yim Hii)-
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Transvecting (2.8) with g and after some simplifications we so obtain
relation (2.6a).

TueoreM 2.3. A G2 H-projective recurrent Kaehlerian manifold satisfying
the relation

(29) R.lm—R.lﬂm—'ylm R =0,

is G2 recurrent.
Proof. In view of Theorem 2.2 and condition (2.9) we have

(2.10) Rijitm = Riji B —Yim Riy = 0.
Transvecting (2.10) with J/, we have

(2.11) Histm = Hig1 B — Vim Hiy = 0.
Using (2.10) and (2.11) in (2.8) we obtain

(2.12) Ruijic,om = Ryigit Bm—Vim Ru = 0, -

1.e., the manifold is G2 recurrent.

In view of Theorem 2.1 and Theorem 2.3 we have the following

THEOREM 24. A necessary and sufficient condition for a G2 H-projective
recurrent Kaehlerian manifold to be G2 recurrent is that

(2.13) Rin—RiBn—7ymR =0

holds.
From Theorems 2.2 and 2.4 follows

THEOREM 2.5. A necessary and sufficient conditon for a G2 H-projective
recurrent Kaehlerian manifold to be G2 recurrent is that the manifold be G2
Ricci-recurrent.

This result can also be stated as
THeOREM 2.6. If a Kaehlerian manifold satisfies any two of the properties
1° the manifold is G2 H-projective recurrent;
2° the manifold is G2 recurrent;
3° the manifold is G2 Ricci-recurrent
then it must also satisfy the third one.

THEOREM 2.7. The necessary and sufficient condition for a Kaehlerian
manifold to be G2 H-projective recurrent is that the manifold be G2 H-
concircular recurrent.

Proof. We assume that the Kaehlerian manifold M is G2 H-con-
circular recurrent. We then have

(2.14) Usigisim= Unijit Bm—Yim Upigp = 0.
Substituting from (14) into (2.14), we get
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1
(2.15) Rhijk.lm — Ryijx.i B~ Vim Rhijk = m (Rim—R ;Bn—%im R) Shijh

where Shijk =g,-jg;,k—ghjglk—J,-_,-J;,k—JMJ",—ZI;,,-ij. Contracting (215) with
g"™, we obtain '

1
(2.16) Rijim— Rij.l Bo—Vim R;; = ;(R.im —R;fm—"mR) gdij-

Substituting from the right-hand éide of (2.15), we find that
Piijiim = Prigit B —Vim Pyjp = 0.

Hence the manifold is G2 H-projective recurrent.

Conversely, let the manifold be G2 H-projective recurrent. Then we have
(2.6a) and (2.6b).

Further a G2 H-projective recurrent manifold satisfies relation (2.8).
Substituting from (2.6a) and (2.6b) into (2.8), we obtain

(2.17) Rhijk,lm - Rhijk.l B —Vim Rhijk = n(n _:_ 2) (R.lm —R, Bn=7mR),
ie.,

(2-18) Uhijk.lm - Uhijk,l le —ﬁxm Uhl‘jh =0.

Hence the manifold is G2 H-concircular recurrent.

3. Generalized Bochner recurrent Kaehlerian manifold of second order.
DerFiniTiON 3.1. A Kaehlerian manifold M satisfying

(3.1) Byijk,tm = Bhijit Bm+ Bhiji Vimo

where f, and 7y, are not both zero, will be called a generalized Bochner

recurrent Kaehlerian manifold of second order (or briefly a G2 Bochner
recurrent Kaehlerian manifold).

THEOREM 3.1. A G2 H-projective recurrent Kaehlerian manifold is G2
Bochner recurrent.

Proof. A G2 H-projective recurrent Kaehlerian manifold satisfies re-
lations (2.6a) and (2.6b). Now from (1.3) we have

(3:2)  Bupijkum— Buijk Bm— Bhiji Vim = Raijic,im — Riiju,i B — Rpijk Vim—

1

ntd G (jo.lm—Rij.tﬁm—)’rm Rij)—Gin (Rhj,im = Ryt B — Vim R} +
+J e (Hijym—Hijot B = Vim Hip) = J ik (Hpj i — Hpj1 B — Yim Hij)—
—z-fjk(Hme—th.zﬂm—}'xm Hh.')+glj(th,zm“'th.zﬁm"?lm Ry)—
—9ny (Rik,im = Riky1 Brn = Vim Ry) +Jij (Hpe,tm— Hpg Bon— Vi Hit) —

— Iy (Higim— ik.zﬂm—?:mH.‘k)—z-]m(ij,tm_ij.tﬂm—Hu}’tm)}.'*'

_ Shk b poa
(n+2)(n+4)(R"rn R Bn—=7mR),
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where S;,Uk=gugh‘k_gpu'g"‘+Jithk—JuJ“‘—‘ZJ,"-JJk. USing (2.3), (2.63) and
(2.6b) in (3.2), after some simplifications we obtain

(3.3) Bwk,:m"Bwk.tﬂm—)’lm Bhijk =0.
Hence the manifold is G2 Bochner recurrent.

Remark 3.1. The converse of Theorem 3.1 is not neccessarily true.

THeEOREM 3.2. The necessary and sufficient condition for a G2 Bochner
recurrent Kaehlerian manifold M to be G2 H-projective recurrent is that
equation

1
(34a) Rijim—Riji Bn—ymRi; = ;(R.lm — R Bn—=mR) gijs
or equivalently

1
(34b) Hij.lm_Hlj,lﬁm_ylmHij =;(R.Im lﬂm ‘ylm us
holds.

Proof. That the conditon is necessary follows from Theorem 2.2,
Conversely, we assume that a G2 Bochner recurrent Kaehlerian mani-
fold satisfies condition (3.4). In view of (3.1) and (1.3) we have

(3.5) Rhiljk,!m - Rmk,l Bm—Vim Ry
=i 1Gnk (Rijoim = Rij.1 B = Yim Rij) = 91x (Rpj.tm = Rijot B — Vim Rij) +

+ i (Hijim = Hij1 B = Vim Hij) = i (Hpjim~ Hpjt B — Vim Hj) —
=2J 3 (Hysim— Hyiy Bm— )’:mHm)'*'g.,(Rnum Rt B = Yim Rie) —
= Gnj (Rik,im = Ri1 B = Vim Ri) +J i (H st — Hset Bn = Vim Hi) —
~J i (Hiim = Hityt B = Vim Hi) ~ 2J 4 (H jy i = Hypet B — Vi Hp) } —

o Swx p _pa
(n+2)(n+4)(R""' R Bn—7mR).

Using (3.4a), (3.4b) in (3.5), after some simplifications we get

S,
(3.6) Ry; Jkodm = RhUk.l Bm— RhUk Yim = n (nhj-k2) Jam zﬁm Yim R).

which implies

(3.7) Usipioim = Unijit B = Vim Unigic-
By Theorem 2.7, the manifold is G2 H-projective recurrent.

References

[1] S. Bochner, Curvature and Betti number, Ann. of Math, 50 (1949), p. 77-93.
[2] I. Hasegava, H-projective recurrent Ktihlerian manifolds and Bochner recurrent Kihlerian
manifolds, Hokkaido Math. J. 3 (1974), p. 271-278.



On generalized recurrent Kaehlerian manifolds 1 27

[3] A. Lichnérowicz, Courbre, nombres de Betti ct espaces symétrigues, Proc. Int. Congr.
Math. 2 (1952), p. 216-223.

[4] A. K. Ray, On generalized recurrent space af second order, Bull. Acad. Polon. Sci. Sér. Sci.
Math. Astronom. Phys. 3 (1975), p. 259-265.

[5] S.S. Singh, On Kuthierian recurrent and Ricci recurrent spaces of second order, Atti. Acad.
Scienze di Torino 106 (1971-1972), p. 509-518.

[6] S. Tachibana, On the Bochner curvature tensor, Natural Science Report, Ochanomizu
University 18 (1967), p. 15-19.

[7] —., and S. Ishihara, On infinitesimal holomorphically projective transformations in
Kaehlerian manifolds, Tohoku Math. Jour. 12 (1960), p. 77-101.

[8] K. Yano and S. Bochner, Curvature and Betti numbers, Ann. of Math. Studies 32 (1953).

[91 K. Yano, On complex conformal connections, Kodai Math. Sem. Rep.

[10] —, Differential geometry on complex and almost complex spaces, Pergamon Press, 1965.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF GORAKHPUR. -
GORAKHPUR, INDIA

Regqu par la Rédaction le 10. 12. 1978



