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Oscillatoriness of solutions of a second order
differential equation

by PaveL Sorteés and Eva SvibroNova (KoSice, Czechoslovakia)

Abstract. The present paper contains theorems on the oscillatory behaviour of solutions
of the equation

(2) (rXY+p@) f(x)h(x) =0,

which are a generalization of certain oscillation theorems of [1] [4]. The paper consists of two
sections; the first section deals with conditions under which a solution x(r) of (2) with h{x) =1
cither is oscillatory or satisfies lim x(t) = 0. The second section is concerned with the same

{~x

question under the additional condition p(r) > 0.

Bobisud [1] and H. Onose [2] have 'discussed the oscillatory behaviour
of solutions of

x"+a(t) f(x) = 0.

In this paper we shall investigate the properties of solutions of the
equation

(H x"+a()x'+b(t) f(x)h(x) =0,

where a(t)e Co(J), b()e Cy(J), f(x})eCo(R), h(y)eCo(R) and J = {1y, ),
R=(—o0, ), tgeR.

Throughout this paper we assume that h(x) >0 for all xeR and
f{x)sgn x>0 for x#0.

If we denote

r(f) = exp["[ a(s)ds],

o
then equation (1) can be written in the form
(2 (r@x)+p@) f(x)h(x) =0,

where p(t) =r(t)b(t). In the sequel we assume that the solutions of (1) are
defined on J. A solution of (1) is said to be oscillatory if it has arbitrarily
great zeros.
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I. In the first section we assume that h(y) = 1; thus we investigate the
oscillatoriness of solutions of the equation

3) (r@xy+p@) f(x)=0,
where r(t)e Co(J), r(t) > 0, p(t)e Co(J) and f(x)e C, (J) i1s a function satisfy-
ing assumptions as above.

THEOREM 1. Suppose that the following conditions hold:
1° f'(x) 20 on (— o0, 0) (0, ©) and for every ¢ >0

fd_“m fd_"@o
f@ =T W

2 0 < lim { p(s)ds for sufficiently lagre zo;

t—a zQ
3° there exist a function @ (t)e C,(J), @(t) > 0 and a constant kg, such that
for every tel

lo (O r (0 < ko;

a oG

ds
4 J(p(s)p(s)ds= jgo(s)r(s) = 4+ 00

Then for every nonoscillatory solution x(t) of equation (3) we have
lim x(¢) = 0.

t—wx

Proof. Let x(t) be a nonoscillatory solution of (3). Then there exists ¢,
> t, such that x(t) # O for every t >t,. Suppose e.g. x(t) > 0. Integrating (3)
from ¢, to t =>1t; we get

t t

r()x'(8) r(t) X' (t1) f'(x(s))r(s)x'z(s)d j~ o
fx@) S (x(@) f FEIET0 I LA

5| f

Taking into consideration Hypotheses 1 and 2 we obtain for sufficiently
large t

r{t) x'(¢) < r(e)x'(t,)
f(x@) — f(x@))

4)

Thus there exists t; = ¢, that one of the following two inequalities holds:
1° x'(t) = 0 for every t > 1t,,
2 x'(1) <0 for every t >1,.
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Dividing (3) by f(x(t)), multiplying by ¢(t) and integrating from ¢, to
t=1t,, we get

erx'(1) e(t)r(tx)x' () pr'(f)r(S) x'(s)

fx@) fx(ty) f(x()

ds+
t2

t t

@(s)r(s) X% (s) ' (x(s)) o
j 12(x(s) ds+ j @(s)p(s)ds = 0;

t) 2

hence we have for ¢t > t,

p(O)r@)x'() @(t)r(e) x'(tz)

® ko) F(x(t2)

t 1

@' (s)r(s) x'(s)
B j—f(Wd” J‘P(S)P(S)ds <0.

2 2

Let 1° hold. Then according to (5) and the hypotheses of the theorem
we get

t x(1)

e(ty)r(ty) x'(t3) du
pr(s)p(s)dss y jf_(u_)<

1 x(t2)

a0

for every t > t,, which leads to a contradiction with Hypothesis 4.
Now suppose that 2° holds and lim x(t) = C > 0. From (5) we obtain

for t > 1, o
t x(1)
e(t)r(t)x'(r) @ (t2)r(t) x'(t5) du
LA A Rl ds < . —k ==
O ,[ PP < ) ° J )
12 x(t3)
x(13)
o (t)r(t) x'(t,) du
k kel
ST ) ° j faw =%

in view of Hypothesis 4 it follows that

WX @ _
t>o f(x(t))
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Therefore there exists t; > t, such that for every t >t; we have
x'(r) <- 1 ’
flx@) = o@r()

(6)

and this implies
x(1) !

J <o
f@ = Jer®
x(t3) 3

In limit as ¢ — oo, the last inequality contradicts Hypothesis 1, and so
C=0.
A similar argument is used in the case where x(t) <0 for every t > t,.

Remark 1. If r(f) =1 and ¢(¢t) =¢, then from our Theorem 1 we get
Theorem 1 of [1].

The rest theorem is a generalization of Theorem 2 of [1] and Theorem 2
of [2].

THEOREM 2. Suppose, in addition to assumptions 1°, 3° and 4° of Theorem
1, that

Z0 -0
7 I J M %, lim j e,
1m - , -
'c_.o“' f(u) e—s0t f(u)

Jor every zy > 0.
Let @' (1)r(t) be differentiable on J and

(@' O r (@) > 0.

Then every solution x(t) of (3) is oscillatory.

Proof. Let x(¢) be a nonoscillatory solution of (3) and let e.g. x(1) >0
for every 1t 2 1t, 2 t,.

One of the following three cases necessarily occurs:

1° x'(1) =2 0 for every t 21, >1¢,,

2 x'(t) <O for every t >1t, 2 1t,,

J° x'(t) is oscillatory on (¢,, o).

Proceeding as in the proof of Theorem 1 we show that case 1° is
impossible.

Let 2° hold and let lim x(r) = C > 0. From relation (5) we get for r > ¢,

t o x(f)
e()r(t)x'(¢) o(t)r(t) x'(t2) du
_— ds < —k —

Fwy j POPOE <) ) Fw
2 x(t3)
x(t3)

@(t2)r(ty) x'(t2) . du
fleiy) R m j fw =%

x(t)
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and hence, in view of Hypothesis 4, we have

L eOrOx @ _
toa f(X(t))

Taking inequality (6) and Hypothesis 4 into account we obtain

x(t3) @
lim J du >j ds - w
—a ) S ] o)r(s)

x(1) L5}

But in view of (7) this is impossible.
Now consider case 3°. Inequality (5) implies

x(1)

eOr(MX (1) @t r(ts) X (t2) du
8 — -0 et
O Ty T Sy OO0 j fwt
x(t3)

t x(s) t

, du
+ j([q) (s)r(s)) J —)ds+ ‘[(p(s)p(s) ds < 0.

S ()

ty x(13) 2

We first prove that lim x(t) = 0.
Suppose that li;11 Tnf x(t)=C > 0. If, according to (8), we choose ¢,
large enough in ortdc:'o that
e(Or®)x' () @()rt)x'(t2) J p
f{x(0) P I A
12
R d R d
< ko f(—z)+[q”(f)r(t)-fp'(tz)r(tz)] J}T‘:‘) < 0,
cj2 (o]
:for t > t,, then

prHx® _ _

rlior:: f(x (t))

This is a contradiction, because of the same reason as before. Therefore
lim inf x(1) = 0.
t—xo
Assume that lim sup x(t) = C; > 0. Then from (8) we obtain for suf-
t— a0

ficiently large t,
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H

o) r()x'(t) @(t)r(ty)x'(t2)
— d
£ x(0) Fx(2) +J (s ds
2¢ 22cl
d du
o f—(';—)— m[m)r(t) @ (t2)r(t3)] < o0,
0

and this again leads to a contradiction.
Consequently lim x(t) = 0.

t—a

Applying once more relation (8), we get

{

+ fcp(S) p(s)ds

2

Pr(x (1) e(t)r(t) ¥ (ta)
f(x®) f(x(t2)

ff( )+[fp Or()—¢'(t2)r(t2)] Jf_(—) < o,

which yields a contradiction. This completes the proof.

THEOREM 3. Suppose that f'(x) =2 € >0 on (—o0, 0)u(0, o) and there
exists a function @(t)e C,(J) such that ¢(t) >0 and

- o) 2
juwds =K < .
@ (s)
10
Suppose, moreover, that Hypothesis 4 of Theorem 1 is true. Then every
nonoscillatory solution x(t) of (3) satisfies lim x(t) =0

I—a
Proof. Let x(t) be a nonoscillatory solution of (3), i.e., let x(t) # O for
each t > t; > t,. We now define the function

_e)r()x'(1)
v(t) = —#f (x (t))
It is easily verified that
o SO L e
) v (t)+(p(t)r(t) (- o) v(t) = —o () p(r).

Since for each real number t we have

2
at*+bt > ——,
4a



Second order differential equation 267

with suitable constants a and b, a > 0, from (9) we see that

1 ¢2Wr()

"< — t)p(1).
v (1) y—r @) p(?)
Integrating the last inequality from ¢; to t >, we get
e(nr)x'(1)

f(x(t)) — — 0 as t — 0.

Thus there exists t, > ¢, such that x(1)x'(t) <0 for all t > t,. We now
proceed exactly as in the proof of Theorem 2.

Obviously, we have

THEOREM 4. Assume that the hypotheses of Theorem 3 are satisfied. If (7)
holds, then every solution x(t) of equation (3) is oscillatory.

From the proof of Theorem 3 we get as a consequence:

THEOREM 3'. Suppose that f'(x) =& >0 on (—o0, 0)U(0, ) and there
exists a function @(t)e C,(J) such that @(t) > 0 and for arbitrary constant
ki >0

a

@2 (s)r(s)
k ~_ = —
j [ ) ¢(S)p(s)]ds o,

and

a

J‘_ ds o
@) .

Then every nonoscillatory solution x(t) of (3) satisfies lim x(t) = 0.

t— o
THEOREM 4'. Assume that the hypotheses of Theorem 3’ are satisfied. If (7)
hold, then every solution x(t) of .equation (3) is oscillatory.

Remark 2. It is evident from the proofs of Theorems 2 through 4’ that

instead of the assumptions ¢@(t) >0, r(t) >0 it is sufficient to assume
@@)r(t)>0 for teJ.

II. The purpose of this section is to study the oscillatory behaviour of
solutions of equation (2) under the assumptions p(t) =0, r(t) > 0 for teJ
and

w—ds—._
r(©) = + o0.

THEOREM 5. Let f(x) be a nondecreasing function on R and let r(t)

5 — Ann. Polon. Math. XLV.3
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=ro>0 for each teJ. Suppose that there exists a function @(t)e C,(J),
¢(t) > 0 such that

(10) T {@'(9)}+r(s)ds =K < 0.
If
(11) o) p(s)ds = + o0,

then every solution x(t) of equation (2) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (2). We may assume that
x(t)>0 for t > 1t, =>t,. Now it follows from (2) that

r(e)x'(z) < r(t) x'(ty).
We distinguish the two cases:
1° x’(t) > 0 for each r >1¢,;
2° there exists t, > t, such that x'(t) <0 for every t >1t,.
In case 2° we clearly obtain

1

x(1) < x(ty)+r(ty) x'(t,) Jr% —- —00 as f— 0.

2
Taking this and the condition x(z) > 0 into account we arrive at a
contradiction.

We now show that also case 1° is impossible. Multiplying (2) by ¢(1),
integrating from t; to t and using the hypotheses we get

(st b8 [ 009 p(91ds < o0 re ¥ 14" 110 o,
f 1

where fie < 0, T_(H)Tx@> is 2 number such that h(B) < h(x'(t)) for all ¢ > ¢,.
\ 0

Letting t > + oo in the last inequality we get a contradiction.
The theorem is proved.

THEOREM 6. Assume that the hypotheses of Theorem 5 are satisfied but
instead of assumption (10) let us now suppose that

a0

(10) J‘wd5=l( < 0.
@l(s)

Then every solution x(t) of (2) is oscillatory.
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Proof. Let x(t) >0 and x'(t) >0 for t >t,. From equation (2) we
obtain

f

PO r@Ox' (1) < o(t)rt) x'(6,)+ J

31

and according the Bellman’s lemma we see that

@' (8)) +
o(s)

@ (s)r(s) x'(s)ds

t

e@r(t)x' (1) < C, exp j

where C, = @ (t,)r(t,) x'(t;). In view of this, equation (2) implies

{.n' 1
@' (s)} + ds < C, K,
@(s)

b4

o ()7 (1) X' (O +f (x () h(B) J 0(5) p(s)ds
'y

t t

sG j{¢’(s)}'+ r(s)x'(s)ds< C,+C, K j"{q,,(S)}*’ ds
@ (s)
n ‘l

= Cl + Cl Kz < 0.
This together with the fact that x'(t) > 0 and condition (11), gives a contra-
diction and the proof is complete.

Remark 3. Theorems 5 and 6 generalize Theorems 4 and 5 of [3] and
also Theorems 2 and 3 of paper [4].

The following theorem is a generalizaticn of Theorem 4 of [4].

THeoreM 7. Let f(x)eC,(R), f'(x)=0 on (—o0,0)u(0, c0) and r(t)
=ro > 0 for each teJ. Suppose that there exists a function @(t)eC, (J), @(t)
> 0 such that

lo' (1) r(t)] < ko < .
If (11) holds and for any € >0 we have

- @®

wﬂl—<oo —du—<06
f(u) ’ f () ’

then every solution x(t) of equation (2) is oscillatory.

Proof. It is evident that if x(r) > 0 then x'(f) >0 for t >¢,. From
equation (2) we get
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r " 12 7 !
12) cp(t)r(t)x(t)+J¢(s)r(s)x () f (x(s))d

S{x@®) 7 (x() + pr(s) p(s) h(x'(s))ds

1y 31
t

_e)rt)x () Jco’(s)r(s)x’(s)
S (x(ey)) S (x(s))

ds,

31
from which we see that
t x(r)

e (t)r(t)x'(ty) d_u
b8 [ 0p01ds < LTI [

‘l x(t 1 )
where fe ( 0, M
\ To
Relation (12) implies

p)r(nx'(r)
f(x(®)

and this contradicts the fact that x'(t) > 0.
Thereby the theorem is proved.
Also the following theorem is a generalization of Theorem 4 of [4].
THeoreM 8. Let f(x)eC,(R) and let f'(x)=0 on the set (—o0,0)
v (0, o). Let, further, r(t) = ro > 0 for every telJ.
If there exists a function @(t)eC,(J), ¢(t) > 0, such that

j @2 (s)r(s)
@ (s)
then every solution x(t) of equation (2) is oscillatory.
Proof. Let x(t) > 0, x'(t) = O for ¢t > t,. From the relation (12) we get

e(rx () X'(s)
f(x(®) J ©r ()(f( ())> b

n
¢ t

X () Q1) (0) X (1)
pr(s)r(s) o jcp(s)p(s)dss e

> is a number such that h(f) < h(x'(1)) for all t > ¢,.

— —00 ast— o,

ds=K < oo,

1 1
Hence for t > ¢, we obtain
oOrx® o)X ) 1 (o,
AN N7 h <
ey A j PIPEds < ——F0 1) +4ej o0

(3] 51
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The last inequality implies that x'(t) <0 for sufficiently large t and this
contradicts the hypethesis. Thus the theorem is proved.
In the following theorems we assume that

R ds

THEOREM 9. Let inf h(y) = hy > 0 and suppose that there exists a function

yeR
(e Cy{J), @(t) >0 such that |¢'(t)r(t)) < kg < 0 and

j @(s)p(s)ds = J

oore) "

If (13) holds, then any nonoscillatory solution x(t) of equation (2) satisfies
lim x(r) = 0.

t—
Proof. Let x(r) be a nonoscillatory solution of (2) and let e.g. x(t) >0
for t > t; > t,. Then from equation (2) we have

r(6)x' (1) < r(t)x'(ty).
Thus the two cases are possible:
1° x'(t) = 0 for every t > t;;
. 2° there exists 1, > t; such that x'(t) < O for every t >1t,.

Suppose that 1° holds. According to (13) there exists a number k; > 0
such that for every t > t,

x(t) < x(1) < k4.
Since f(x)e Co(R) there exists a number ae (x(t,), k,;> such that for every
t=1,

0 <f(w) <f(x(®)

From equation (2) we obtain

{ I3

(14)  oOr@)x'(0)— [ @' ) ()X (s)ds+f (@) ho [ @{s) p(s)ds
ll ’l
< @(ty)r () x'(ty),

and so

f (@) hg . (s)p(s)ds < ‘P(H)r(fx)’?'(tl)'*'ko(kl —x(fl))-

51
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The last inequality contradicts the assumption
[@(s)p(s)ds = ©

for sufficiently large t.
Now suppose that 2° holds and let lim x(¢) = C > 0. From relation (14)
we get o

(O r ()X () +f (@) ho [ @(5) p(s)ds < @ (tx) r(t2) X' (t2) + ko (x(ty) —C) < o0,
2

where a; € (C, x(t;))>. It is easy to see that lim ¢(t)r(t)x'(t) = — o0, since
| Rndls o]

x(t) > 0, we have a contradiction for every t > t,. This completes the proof.

THEOREM 10. Let f(x)eC,(R) and f'(x)=& >0 on (—o0, 0)u(0, o).
Let, further, r(t) = ro > 0 for every teJ. If there exists a function @(t)e C,(J),
@(t) > 0 such that

ao

ds
pr(s)r(s) =K<

o
and for arbitrary constant k; >0 we have

a

1 2
J.l:kl fP(S)P(S)—EfP(f(—);).(S)]dS = + 00,

then every nonoscillatory x(t) of equation (2) satisfies lim x(t) = 0.

t—a0

Proof. Suppose that x(f) > 0 for t > t; > t,. Proceeding as in the proof
of Theorem 8 we get

t

o)X (1) ! <p'2<s)r(s)] o(t)r (1) %' (1)
eWrox@ _Let0re | 4 o :
7Gx 0) +H Bre@ P - —0e %< )

f
hence it follows that

L eOrOxw
e SO

This shows that there exists ¢, > t, such that for every t > 1t,

x(1) t

Jﬂ<_j ds
) o)r(s)

x(t9) 5)
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If lim x(t) = C > 0, then from the last inequality we obtain

t—=a ' iy
foe |
P(s)r(s) Sy’

and we have a contradiction because of f(x)eCy(R), f(x)>0 for
xe (C, x(ty)>.

The last theorem is quite evident:

THEOREM 11. Assume that the hypotheses of Theorem 10 are satisfied
and that, moreover,

zo —20
lim Jd—u<w lim J du < 00
e—-0% f(u) ’ e—0t f(u) .

Then every solution x(t) of equation (2) is oscillatory.

Remark 4. From the proof of Theorems 5 through 8 and Theorem 10
is easy to see that the assumption r(t) > ro >0 can be replaced by the
condition inf h(y) = hy > 0.

yeR
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