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Characterizations of H, -sufficiency of jets

by Le Tien Tam (Hanoi)

Abstract. The aim of this paper is to investigate germs of maps in manifolds with boundary.
The main results are contained in Theorems 1, 2, 3.

1. Definitions and notation. Let R" denote the Euclidean space of
dimension n and E(n, p) the set of all gerrns of mups f/: R"— R?, f(0) =0,
J'(n, p) is the space of jets.

DerinviTiIoN 1. A homeomorphism o: R* — R" is boundary preserving if
c((OxR ') {OxR").

The set of all homeomorphisms of R" preserving boundaries will be
denoted by H, .

DeriNnimion 2. An r-jet weJ"(n. p) is called H, -sufficient if for every
f: "= R*, f(0) =0, and j(/) =w there exists e H, such that foo =w.
Given f: R"— R, let us put
: af, 0f; of; )
vl = (xli}_J{l;’ a—i,..., E\L,,)’ i=1,...,p.
THEOREM 1. An r-jet weJ"(n, p} is H,!-suﬂiciem if there exist a positive
number ¢ and a neighbourhood U of O such that
() d@y,...,vp) = clx|”"!
Jor every xeU.
Theorem 2. If we J"(n, p) is H, -sufficient, then there exists a positive
number ¢ and a neighbourhood U of O such that
(2) d{vy,....,v) zc|x"*!  for cvery xeU.

TuroreMm 3. Let weJ'(n, p). If there exist a positive number ¢ and a
neighbourhood U of 0 such that

(3 d(®y, ..., D) = c|xI _ for every xeU,
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18 Le Tien Tam

then w is H-sufficient for every i, where

ow; ow; ow; .
4) dii-(xla—xl—, x,,b;;,..., x"ax,,)’ i=1,...,p.

For manifolds without boundary, Bochnak [1] has shown that w is H,_ -

sufficient if and only if condition (1) is satisfied. The following example shows
that for manifolds with boundary condition (1) 1s only sufficient and not
necessary.

ExampLe. Let w(x, y) = x*+y%eJ?(2,1). Then w is H, and H,-
sufficient.

2. Proof of Theorems 1, 2, 3.

2.1. Proof of Theorem 1. For every f: (R". 0)— (R?, 0) and j"(f) = w.
let us put

F(x,t) =w(x)+1(f(x)--wix)) for {x,)e R"xR

and
P i Id

(2.1) Y{x, )= Y (0, D-v})INJ" 2N, = ¥ (fi--w)IN| 2N,
i=1 i=1

where

ox, = ox, 7 ox, = ot

/' OF(x,t) ¢F;(x, 1) oF;(x,t) &F;(x, O
£ (0, )

and N; is the projection of vf onto the space orthogonal to the space
spanned by o (x;,..., x,, 1) with j # i. Y(x, r) is the projection of (0,..., 0, 1)
onto the subspace spanned by of,..., vf.

d
Then
(2.2) Vix,t)=(V,..., Vos 1) =(0,...,0, )=Y(x, t)
is orthogonal to vf [or every i, ie,
xlgFlV,+f—?~h+ +%1-V,,+1 =0.
Write
(2.3) X(x, 1) =06, Vya Vyy oo Vor o).

Then X (x, ¢} 1s orthogonal io (0F;/x,,.. , ?F /ix,, 0F,/ct), i=1,...,p.
LemMA 2.1 [2]. In the notation of Theorem 1, we have

"dwf,..., o) = 4cix"!  for every xeU.
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Let us consider the differeniial equation

dx
-—= X(x, 1),

i (x, 1)

where X (x, 1} is a map from an open subset of R" x R containing B x [0, 1]

into R**1,

(24)

B} ={xe R" x| <&}.

Let us note that X (-, r) satisfies the following conditions:
(i) X{(x, t) is continuous for every (x, )e B? x [0, 2] = A4,,
o X (X, )= X(x, O ) :

(i) him l (}—)lxl——!{——’- = 0 uniformly with respect to ¢,

5 =0
(i) {X(x, 0, L,.,>>0 for every (x, 1)e A,.

In fact, by Lemma 2.1 we have
NI = df, .. o) = delx™Y i=1,..,p.

This implies that

P |
Yo, ) <2 Y |fi=w|— =o(x]).
Y (x, 1)] l_.=_,l|)'. !I|N,~| (IxT)

Hence V(x. 1) satisties conditions (1} iit). Thus X (x, ) does so. By (1], (24)
has the unique solution n(x. t; 7) satisfying the condition n(x, t, 0) =(x, t)
and

(a) 1 - n(x, t; ) is the unique solution cof (2.4) satisfying the condition
n(x, t; 0y = (x. 1) in a neighbourhood W of B} x[0, 1]x {0} c R"xR xR,

(b) 7(0, 0; 1j = (0, 1),

(c) (n({x =0} x R) W ~(R"x {1}) contains the point (g(x), 1),

(d) F is constant on n((x, 1) x R) W.

From conditions (a}{d} it follows that the map ¢ is a homeomorphism
suct: that fo¢ = w. It remains to show that o= £x,.

In fact,

X(x. 0y, o =10, V,, ..., Vo) =X, (X, 1),

where x = (0, x,,..., x,)
We have
dF (X', i) CF (X, 1)
Nl et AL TR G LSt 7 |
Cxy 2 7 Vaser =0
On the other hand, since X (x, r) satisfies (i)-(ii1). X (x". t) does so. This
implies that the equation

(2.5) I _ x, e
dt
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has the unique solution n,(x', t; ) satisfying the condition n,(x’ t; 0)
= {(x', 1).

By the continuity of n(x, t; ) we infer that n(x, {; 7)|,, o is a solution
of (2.5).

Thus

(2.6) n(X, 15 D, =0 = Ny

Since 75, induces a homeomorphism o,: R"'— R""!, we have by (2.6)
0ly =0 = 0,. Thus o preserves the boundary. '

2.2. Proof of Theorem 2. We first prove the following claim, under
the hypothesis of Theorem 2:

(dy,) For every f: U— R’ fe(’, and j'(f) = w and for every sequence
Yalienc R a;—> 0, a;#0, f~!(f(a;)) is a topological manifold with
boundary of codimension p and the boundary of f~'(f(4)) is the
intersection of f~'(f(4;)) with the hyperspace x, = 0.

To prove (d,,), we need the following lemma, which is an immediate
consequence of Lemma 1 [1].

LemMA. Let U, V be open subsets of R* and R', respectively, F: U xV

— R? be a C*-map and B be a countable set of R” contained in the set of all
regular values of F and F|, =0.

Then there exists a point yoe V such that B is contained in the set of
regular values of both F(x,,..., X, yo) and F(0, x,,..., X, Yo).

Applying this lemma we can prove (d,).

Let a;, 0, a;eR"\ {0}, and f: R"— R” be a ("-map, with j(f) = w.

Consider the map R" x R” —» RP defined by

Fy(x, ) =wj)+y;Ix*, j=1,2,....p;
obviously, f(a;) is a regular value of both F(x, y) and F(x, Ws,=o0-
We now show that condition (d,,) implies Theorem 2.

Indeed, if it is not the casc then there exists a sequence [g;}: g; # 0,
a; — 0, such that

d(vy(a),..., v (a)) = o(lal"*).

Then by [1] there are linearly independent vectors if,..., A7 satisfying
the conditions:

(a) The vectors v§(¢)+45,..., v¥(a)+ A% are lineary independent,

(b) v§(a)eSpan{vy(a)+43,..., vi(a)+A%},

(©) 1] =olal™* ") k=2...., p.

Since w(x) is H, -sufficient, w(x)l, .o is H-sufficient in R""'=
OxR"'cR"
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Indeed; let f: R°"'— R” be a map with J'(f) = w(x)};, =0
Write w(x,, X3,..., X,) in the form
WXy, Xz5.000 X) = WXy, Xg5000y Xlgj =0+ X1 @(Xg, X25..004 Xy).
Put g = f(x,3,..., X))+ X; @(x;, Xa,..., X,). Then ‘
J@G) =7 ) +7 (X1 90) =Wl =0+ (X1 0) = w.

Since w is H,’-sufﬁciem, there exists oge H, such that

(2.7) goc =w, goe = foo+(x, @)oo.
From (2.6) we get

(2.8) goo| =0 =W(xp,..., Xplls, =0-
By (2.7)

(2'9’ g00|!1=0 = f06|21 =0+(x1 (p)oo'lll=0 = foo|:1=0 = fOU.’
where o, = 0|, -o-
From (2.8) and (2.9) we have
fOO“ = W(Xy,..., xn)lxl=0'

Thus wi, .o is H-sufficient in R"™'.
Since w|,, -0 is H-sufficient, by a well-known result, there exist ¢ > 0
and a neighbourhood U of 0 in R"~! such that

d(Pyw(x),..., Pow(x) 2 clx ' ZclxT*, X' =(0, xz,..., X,).
On the other hand,
d(V,w(x),..., V,w(x)) = d(v},..., Up)lx, =0
Therefore, considering d in the hyperspace x, =0, we have
dvy,...,vp) = cix'*t  VxeU.

Thus a;; # O for every i.
Write the vectors i, k =2,..., p, in the form

j*:. = (ai.l 3 ﬁi.z, ceny ai,u)'
Since
vy (a)e Span{vy(a)+43,..., vp(a)+ A’,f} .

we have

ow cw
Vywia) = (Ef (@), ..., a—xl(a;))
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ah, aw cw N
eSpan{(—( aj+-2L ' Iy z( a)+as,, ..., a‘;»z-(a,-)‘l-a'z,,,),...

cw . a; 1 ow i )
o (BT:’\aiH e FN Ha)+ap,...., i*“p-)f
Let us put

..................

Then we have |A| = o(laf™Y), k=2,..., p.
In fact, since |4l =ollal*?), k=2,..., p and

A: = (ai,l’ ai.l" AR ] ai.n)’
we get |aj | = o(lal’*"), j=1,2,..., n. On the other hand,

. ak,l
lak,,| = la;,] | =

and |aj | =o(al*?);
an

we get

(2.10) laus) [222{ = o (la" ).

|l

Since Iaul/lallz < Ia“[/la“lz = 1/'(1“! — o, we have

|a;,]

lim -—; = .
i—~x 'ailz
Thus from (2.10) we obtain
aj _
2l = ofjal" ™).
a;y

Since |o | = o(lal"” '), we have |4 = o(la)”™ "), k =2, ..., p. Finally, we get
p - - -
gradw, (a;) = z o, (grad w(a)+4), 1A = olal)™").
k=2
Repeating the proof of Theorem in [1], we conclude the proof of Theorem 2.

23. Proof of Theorem 3. Assume that f: R"— R?, f(0) = 0 and j (/)
=w. Let us show that there exists a homeomorphism

6: R"—> R, o{xeR" x;=0c{xcR" x; =0}

such that fyoo = w.
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Put
(3.1) F(x, t) = w(x)+1(f (x)—w(x)).

We first show that the inequality d(®, (w),..., @,(w)) = cx|" for every xeU
implies

(32) d(®,(F),..., ®,(F)) > scxf, VxeU and Vi,
where
oF, oF, oF,
8, (F) = (xi e d )
o -an ”'a'r"'a}";“
&, (F) _(xla-l...., "'ax,,"b?)

In fact, consider @,(w) as a vector of the (x, )-space. Since the last
components of the vectors are zero, we get

(33) B (F)— D (W)

' Oft 6“’& 0 awk +1
= e T N o X',
’(’ X1 \axl (e}xl )’ ’ [xn( ) fk Wy : €y |x| s
P . P
(3.4) lz A d’i(F)l = I Z A d’i(“‘){ - l Z 4 (¢E(F)—'¢i(w))l‘
i=1 i=1 i=1
Fix k, 1 <k <p, and i, (x, t) =0; we have
2 (P (F)— B, (W) [Py (F) — Py (W)
N aemw  |ew+ Y A4 1w)|
i i*k
~ Cyq !x|r+l c‘.i}’!:: — f-'_l I VI-

d(Dy (W), ..., P,(w) cixI'

For A, (x, t) = 0 the inequality is obvious. From (3.3) and (3.4) we infet
that
(3.5) lim |} 4, @ (w)| " [ A(®,(F)— &, (w))| =0
i i

uniformly with respect to ¢,
Thus by (3.4) we have

IZ 4 P, (F)l 2 ’HZ A (W)|

when x is sufficiently smaill. Thus (3.2) is proved.
To continue the proof of the theorem, we put

(3.6) Y(x.0)= Y ((0, 1) &:;(F)IN}|*N;
i=1
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where N, is the projection of the vector @;(F) onto the space spanned by
@,(F), j# i

Note that Y(x,t) is the projection of (0,.... 0, 1) onto the subspace
spanned by &, (F),..., ?,(F).

Thus

X,(x,)=(0,...,0, )-Y(x, 1)
is orthogonal to @, (F),..., ®,(F). Note that

oF, OF, OF,
‘p.(F) = (Xla—Xl,..., XRE, E‘* .
Thus il we put X,(x, 1) =(X,,,,..., X1 0 Xy n+1), WE have
oF oF JoF
xlaf'xl'l"’ o oo +xn$f'xl,,+a—:'xl',+1 =0

for k=1,..., p. Let
X(x’ f) =(xl Xl.lv X2 Xl.zv"\ xnxl.m Xl,n+l)-

Then X(x, t) is orthogonal to VF,, k=1,2,..., p.
From (3.6) and (3.2) it follows that

lim|x|]"'Y(x, ) =0.
x—0
Thus the vector X, (x, t) has properties (i), (ii), (iii) occurring in the proof of
Theorem 1. It is easy to see that X (x, t) has properties (i), (it), (iit).
Repeating the last part of the proof of Theorem 1, we obtain the proof
of Theorem 3.
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