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ON THE JOIN OF EQUATIONAL CLASSES
OF IDEMPOTENT ALGEBRAS
AND ALGEBRAS WITH CONSTANTS

BY

J. PLONKA (WROCLAW)

We will consider algebras of a given type z = (n,, n,, ...) with corre-
sponding fundamental polynomials f;(zy, ..., @4 ), fo(®1y ..., Zp,), ..., Where
n,>0fork=1,2,3,...

We say that an algebra U is ¢dempotent if f,(z,...,2) = 2 for
k=1,23,...

Let 2", be an equational class of idempotent algebras and 5, be
an equational class of algebras in which any polynomial f, is a constant,
e fu(@1y ooy ®ny) =Fi(Y1y ey Yny) Let HyvIt, be the join of 7, and
Xy, i.e. the smallest equational class containing >, and ,. In this
paper we describe algebras from X';v2¢, by means of algebras from
X, and X,.

First we define a construction of algebras.

Let Wy = I f1yf2y-..» be an idempotent algebra and let {A;| A;
= {X;; f1yfay -+, tel} be a family of algebras in which all f; are con-
stants. Let us denote the constant operation f;(z,, ..., Tp,) iD an algebra
A; by k(z).

Now we define a new algebra of the same type 7, namely “51, ;, as

§QI£ = <H X5 f1 fo °-°>9

where UI X, is the disjoint union of the sets X;, and if a,eX;, a,¢X,),
ayeXy, ..oy ay e X, , then fi(ay,...,a,) = k(fi(i1s 2y -+ey ia,)), Where
Ju(%yy ..oy 8y,) i8 taken in the algebra .

THEOREM 1. Let A = (X;fy,fs,...> be an algebra of type v. Then
the following three condilions are equivalent:

(C1) We X 'yv Xy, where K, i8 an equational class of idempotent alge-
bras, and X, is an equational class of algebras im which any polynomial f;
ts a constant.
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(C2) U satisfies all identities of the form
(1) fel®ry oons @) =fk(fk(m1’ ooy @py)y ooy Ji(®Bry ooy “’nk))
=fk(fl(-’1"1’ y @1)y Ji(2y oovy @),y .. oy Ji(@ny s « -’a"nk))
(C3) A = §QI¢, where Wy is an idempotent algebra and in any algebra

A; any polynomwl fx 18 a constant.

Proof. The implication (Cl)=(C2) follows from the fact that (1)
is satisfied in 2", because of idempotency, and also in X", because in
algebras from 2, any f, is a constant. Thus (1) is satisfied in o, v o ,.

(C2) =>(C3) Let us define a relation R in X by putting aRb<f,(a,..., a)
= f,(b, . . The relation R is obviously an equivalence. We shall show
that it is a, congruence in A. Let a;RY;, j =1,2,...,n,. Thus, by (1),

fl(fk(alr ceey ank)’fk(a’u ceey Op)y ooy Ju(@yy ooy “nk))

=f1(fk(f1(a1’ cory G1)y f1(gy o0y @), °"’f1(ank7 ceey “nk)); cevy
fk(fl(al’ AR a’1)7f1(‘127 ey Bg),y --°1f1(ank7 seey a,,k)))

=f1(fk(f1(b17 veey 01)y f1(bgy -ty ba), --~’f1(bnk7 ceey bnk))9 ceey
Felfa(®ay oeey B2y Fi(bey oeey Do)y ooey Filbrgy +vvs b))

=f1(fk(b17 sey bnk)7fk(b17 seey bnk)9 ooy Ju(byyoeey b,,k)).

Thus R is a congruence. By (1) we have
fi(@,y ...y @) =f1(fk(a"7 ceey @)y euny frl@y oany w))7
whence zRf,(z, ..., 2), what means that %/R is an idempotent algebra.

Write A/R =Wy = {IL;fysf2y.--), where I is the set of indices of
congruence classes of the relation E. We shall show that any congruence
class X; is a subalgebra of U, and any function f, is a constant in ;.
Let a,, a,, ..., @, ,be X;. Then, by (1), we have

Fi(Fie(@rs oees @n)y oeey £ (1 -oey @)
=f1(fk(f1(a'17 ooy O1)y fr(@gy ...y Bs), "-9f1(ank’ secy ank))’ AR

fk(fl(a’ly veey @p)y Jr(agy ...y ag), "'7f1(a’nk’ ceey “nk)))
= folfel By ervy B)y eees 1By oeey D)y weny Siclfu(By vvs B)y oeny fu(Dy -0y B)))
= fu(fe(dy ooy B)y ceny fie(by oony B) = (D, ...y D).

Thus fi(@4, ..., 6, )Rb and X; is & subalgebra.
Further,

Je(@yy ..oy ayy) =fk(f1(“1’ . ,“1 y f1(@gy <eey Ba), «.. ’fl(“-n,,’ ’ank))
= fulfa(b, ... v fu(by ooey B)) = fu(, .

and so f; is a constant in X,-. Denote this constant by k(¢).
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Let a,eX;, ayeXy,, ..., a,,keXink. Since R is a congruence relation,
we have fi(ay, ..., ) ‘ka(il---u‘n,)’ but

Je(@yy ..oy a,,k) =fk(fk(a17 seey a,,k), ooy Ju(@ay ooy a,,k)) = k(fk(":u seey i“k))'

(C3)=(C1). Let X", be the equational class generated by U,, and
X, — the equational class generated by all algebras ;. Let ¢ = p be
an identity in ;v . ,. Then it follows from the definition of ‘S“‘II,; that
‘§QI,'€ X 1V A 2
0

In fact, if we substitute arguments in the identity ¢ = y, then the
value of ¢ and y must be in the same X;, and then ¢ = y for an arbitrary
choice of arguments if and only if the most external polynomials in ¢
and y are equal in .
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