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DETERMINATION OF AN INTERPOLATING QUINTIC SPLINE
FUNCTION WITH EQUALLY SPACED AND DOUBLE KNOTS

0. Introduction. The descriptions of two procedures interp5l02¢f
and interp5102d13cf, which determine the interpolating spline functions
With équally spaced and double knots, are given. Those functions satisfy
conditiong (i)-(iv) and (i)-(iii), (iv’), vespectively, which are given below.

1. Procedure declaration. Let n be a natural number (n > 2). For
given real numbers y; and y, (i =1,2,...,n) We determine an inter-
Polating quintic spline function s such that

(i) seC*[1,n];

(i) in each subinterval [{,4+1] (i =1,2,...,n—1), s is a quintic
Polynomial;

(iii) s(4) =y, and §"(G) =y, (i =1,2,...,n). »

Additionally, the functions, determined by conditions (i)-(iii), in
the case of procedure interp5l02¢f satisfy the boundary conditions

(iv) §"(1) = 9" and s"'(n) = y,";
and in the case of procedure interp5102d13¢f the conditions

(V') (1) = y; and &' (1) = 9},

Where ", 4", and 4, are given real numbers.
Remark. In the procedure interp5l02¢f, n is required to be even.
Data,:
7 — number of knots of the function s;
y[1:m] — array of values of the function s at knots o, =4 (i = 1, 2, ...
ceey M)
Y2[1:n] — array ’of the second derivatives of the function s at knots
z=1(=1,2,...,n);
Y13, yn3 — values of the third derivative of the function s at knots

number 1 and number n, respectively (in the case of proce-
dure interp5l02¢f);

Y11,y13 — values of the first and third derivatives of the function s
, @t knot number 1 (in the case of procedure inierp5102d13cf).



134 E. Neuman

precedure interp5102¢f(n,y,y2,y13,yn3,a,b,c,d,e,1);
xalug n,y13,yn3;
iniezexr n;
zeal y13,yn3;
array y,y2,a,b,c,d,e,f;
begin
integer 1,11,n1;
real k1,k2,k3,11,12,13,8,81,82,v,v1;
arxay al,r[2:n),ul1:n-1];
Af (n+2)x2én
lhen 29 ko exit;
nls=n-1;
k1:=y[1];
k2:=y[2];
k3:=y[3];
11:=y2[1];
12:=y2[2];
13:=y2[3];
v:=11413-12-12;
8:=360.0%(k2+k2-k1-k3+12)+60.0%v;
81:=6.0%v;
v1:=6.0%(12-11-y13);
8l[2]:=v1-,6666666666T=a8+2,666666666Txn1;
uf2]:=82:=1,1666666667=81-, 1666666666Txs;
k1:=k2;
k2:1=k3;
113=12;
12:=13;
for i:=3 gfep 1 untdl nt do
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LTe=1+41;
k3:=y(11];
13:=y2[11];
ve=11+13-12~12;
=360, 0% (k2+k2-k1-k3+12)+60. 0%V}
81:=6.0%v;
al[1]:=82+1.3333333333%81~.33333333333xs;
ul1):=p2:=1,166666666Tx81-,1666666666T=s;
k1:=k2;
k2:=k3;
11:=12;
12:=13
angd i;
al[n):=82-6.0%(yn3+11-12);
8:=81:=.5;
r[2]:ak1:=a1[2];
Zox i:=3 gtep 1 until n1 do
hegin
r{1)imkls=sx(alli]-k1);
8:=1.0/8
end 1;
rln)i=k11=-.66666666667%(alln]-k1);
for 1:=n1 step -1 until 2 dg
hegln
r{1]:akisasixki+r(i];
uli):=ufi]-k1;
81:1=1,0/81
end 1;
ul1]zm.5%(v1-k1);
k1:my[1];
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11=y2[1];

81=y13;

Lor 1=1 gtep 1 until n? do

hegln > -
11:=141;
k2=y[i1];
12=y2[11];
s2=y3[11]);
s=11-12;
a[il=k1;
b[1])=k2-k1-,35%11-, 15%12-,05%81+.03333333333%82;
cl1]=.5%11;
d[1)=k3=.1666666666Txs1;
e[41]=~.25%8-k3-.08333333333%82;
£[1])=. 1%s+.05%(81+82) ;
k1=k2;
11:=12;
81=82

end 1

and interp5102d13cf

Results:
a,b,c,d, e f[1:n—1] — arrays of coefficients of the function s.

In each subinterval [i,i+1] (6 =1,2,...,n—1) the function s
is of the form
(1) 8(z) = a;+ bt ¢+, +et* +f;¥°, where t = x—1.

2. Methods used. We begin with the description of the method used
for determining the function s described by conditions (i)-(iv).
Let M, =s¥(+) (¢ =1,2,...,n—1), and N, =s®(i—) (i =2, 3,
..., n). In [2], the function s is described by the expression
(2)  s(@) =y do(1 —1)+ ¥ 1 Ao(®) + 95 A1(1 — 1)+ 3, 4, (8) +
+M;A3(1—1)+ Ny, 4,(0),

where ze€[¢{,1+1] (¢t =1,2,...,n—1), t =2—4, and
(3)  Ao(t) =¢, A,() = (F—1)/6, A,(t) = (F—1)/120—A4,(1)/6.
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axocadura interp5102d13cf(n,y,y2,y11,¥13,8,b,c,d,0,f);
Talue n,y11,y13;
inieger n;
zeal y11,y13;
arxray y,y2,a,b,c,d,e,f;
kegin
dntegar 1,11,n1;
xeal k1,x2,k3,11,12,13,s,81,82;
arxay y3(1:nl;
nt=n-1;
¥3[1)=s1:=y13;
ki=y[1];
k2=y[2];
li=y2[1];
12=y2[2];
¥3[2)=82=30. 0% (k1-k2+y11)+10.5%x1144,5%12+15%y 133
Lor i=2 giep 1 untdl ni do
hegin
11=141;
k3=y[11];
13=y2[11];
¥3[11)=5=81430. 0% (k2+k2-k1-k3+12) +4.5%(13+11-12-12);
k1=k?2;
k2=k3;

11=12;
12=13;
s1=p82;
82=n
end i;
kt=y[1];
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11:=y2[1];

Lor i:=1 giep 1 uptil n1 do
hegin
al1]:=k1;
11:=3+1;
k2:=y([11];
'12==y2[11];
s:=r[i1];
s1:=u(i];
b1]s=k2-k1-.1666666666Tx(11+11412)+.01944444444x8+

«02222222222%81}
c[i]:-.le%;
d[i]z-.16666666667~(12-11)-.027777777788:—.05555555556x
8l;

e[1]:=.0416666666Txs1;
7{1]:=.00833333333%(s-81);
k1:=k2;
11:=12

end i;

exit:
end interp5102cf

The numbers M; (¢ =1,2,...,n—1) and N; (¢ =2,3,...,7)
satisfy the following system of equations (see [2], equations (4.2)-(4.6)):

e

(4) 2M,+ N, = 6(?/'2'—'.'/;’—?/1 = Gy

(5) 8(M;+N,)+T7(M;_y+ N;,,) = 360(y; —A%,_,)+604%y,_, = a
(i=2,3,...,n—1),

(6) 2(M;+N)+(M;_,+N;y,) =64y, =b;, (i=2,3,...,n—1),

(7) Mn—1+2Nn = 6(y;l.’—1—y;l+yn ) =0y

In [2] it was proved that the system of equations (4)-(7) has exactly
one solution (for n even). In [3] a description of the method for solving

the system (4)-(7) is given.
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Let w, = M,+N;, and v; = M, ,+N,,, (¢ =2,3,...,n—1). Equa-
tions (5) and (6) are equivalent to the following ones:
8u;+Tv; =a; and 2u,+v,=b; (t=2,3,...,n—1).
Hence we obtain u;, = (—a;+7b;)/6 and v, = (a;,—4b,;)/3. The
system of equations (4)-(7) can be written in the following way:
2M,+ N, = ¢,
M;4+N,=u; (1 =2,3,...,n—1),
M, \+N;py=v (¢=2,3,..,n—1),
M, ,+2N, =oc,.
Eliminating the unknowns M,, M,,.
N,—2N, = ¢, —20,,

.., M,_, we obtain

‘NZi—l_-N2'i+1 = Ug;_1— Vg (7: =2’37-'-7(”‘“2)/2)’

-Nzi—-N2i+2 = Ui — V21 (7: =1’27'--7(n_2)/2)7
N, ,—2N, =U,_,—C,.

The matrix of this system is tridiagonal. For determining the un-
knowns N,, N,, ..., N,, the decomposition LU can be used (see, e.g., [1],
equations (2.1.20)). In virtue of (4) and the above notation, the unknowns
M;(i=1,2,...,n—1) are determined by

-M1=(01—.N2)/2, Mi=’u/i—N1- (i=2’3’ ...,’n—l).
The coefficients a;, b;, ¢;, d;y e,y f; (¢ =1,2,...,n—1) of the func-
tion (1) are derived from (2) and (3). Hence we obtain
a; =Y bi=Y—Y— (2?/;,+?/;';-1)/6+(8Mi+7-Ni+1)/3607
¢; =9 2, &= [’!I;’-u—y;' —(2M;+N,,,)/6]1/6,
e; = M;[24, f; = (N —M;)[120.

Now we present the method used for determining the funection s
for which conditions (i)-(iii) and (iv’) are satisfied. It is known (see [2])
that for z e [¢,4+1) (¢ =1,2,...,n—1) the function s takes the form

(8) s(@) = Y; Bo(1 —1) + 9,1 B,(t) + ?/;"B1(1 —t)+ ?/;I+1B1(t) —

—?!'i”Bz(l —1) ‘]‘?l;"-(:1B2(t)’

e rrr -
an—1),y;, =s

wheret =z —i (¢t =1,2,.. () (¢t =1,2,...,n; a num-

ber y," is given), and
By(t) =1, B,(t) = (**—1")/10+3(t*—1)/20,
(9)

B,(t) = (85 —1%)/20 +(t —*)/30.
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rre

The numbers y; (¢ = 2,3, ..., n) are determined as follows (see [2],
equations (2.5) and (7.1)):

17

¥y = 30(y,—ya+y1) +10.59; +4.5y5 +1.59;",

1117 1

Yo1 = Y1 +30(y; — Ay, ) +454% (6 =2,8,...,n—1).
Hence and from (8) and (9) we obtain

a =Y,y by =Y —y;—(7 ?/;‘l =+ 33/;‘;1)/20 + (2?/;:1 _3?/;'”)/607
¢ =92, d;=y;"16, e =W a—v:)4— 2y +yi )12,

et rre

fi = (¥ — 94 104+ (y;" +9i1) /20,
3. Certification. Let the quantities £I and E2 be defined by

E1 = maxmax(ly;,—s(3)l, ly; —s" (9)),
1<ig<n

B2 ={ 3'l(we—s @) +oi' —s" @}

In the following examples the values of 1 and E2 are given for
various values of n.

Example 3.1. Let

4

Y: = sin (%), Y; = —sin(q) (t=1,2,...,n),

rrr

¥ = —cos(l), 9. = —cos(n), ¥ = cos(l).

The results of using the procedures interp5102¢f and interp5102d13cf
are given in Tables 3.1 and 3.1', respectively.

TABLE 3.1 TABLE 3.1/
n E1 E2 n E1 B2
8 .706( —9) 707(—9) 8 .209( —10) .228( —10)
16 | .542(—9) 543(—9) 16 .364(—11) .375(—11)
32 .728( —10) 728(—10) 32 .400(—10) .401(—10)
64 .306( —9) .306(—9) 64 .500(—11) .532(—11)

Example 3.2. Let
y; = exp(1072%4), y; =10"%exp(107%3) (¢ =1,2,...,n),

244

¥y, =107% exp(1073), v, =10"%exp(10~’n), y; = 10"%exp(107%).
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The results of using the procedures interp5102¢f and interpsl02a13cf
are given in Tables 3.2 and 3.2, respectively.

TABLE 3.2 TABLE 3.2
n E1 E2 n E1 E2
8 .0 .0 8 .300( —12) .300( —12)
16 | .178(—14) .178(—14) 16 J703(—13) | .703(—13)
32 .355( —14) .355(— 14) 32 .125(—12) .125(—12)
64 | .355(—14) .355(—14) 64 .188(—13) .188( —13)

The execution time on the Odra 1204 computer of the procedure

i.nterp5loch is approximately equal to 32n-+984 msec. and that of
ierp5l02d13cf to 21n+1001 msec.
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ALGORYTMY 52-53
E. NEUMAN (Wroclaw)

WYZNACZANIE INTERPOLUJACE]J FUNKCJI SKLEJANEJ STOPNIA PIATEGO
Z WEZLAMI ROWNOODLEGLYMI I PODWOJNYMI

STRESZCZENIE

ltl'iech 7 bedzie liczba naturalng (n > 2). Dla danyeh liczb rzeczywistych y;

’ .
and y;' (i =1,2,..., n) wyznacza sig wsp6lezynniki interpolujacej funkeji sklejanej s
stopnia pigtego, takiej ze

() s €031, n];

(i) w kazdym podprzedziale [i,i+1] (i = 1, 2,

. ..., m—1), 8 jest wielomianem
stopnia co najwyzej 5;

(iti) 8(4) =y; oraz 8’ ()) =9} (i =1,2,...,n).
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Funkecja s, opisana przez (i)-(iii), w przypadku procedury inlerp5l02¢f speinia
dodatkowo warunki brzegowe

(iv) 8III( Ill(n) —_ y,’,',,,,

a przypadku procedury imterp5102d13¢f warunki
(iv’) s'(1) = y, oraz s’ (1) = y;",
gdzie y1"', yn's y; sa danymi liczbami rzeczywistymi.
Uwaga. Dla procedury interp5102¢f, n musi byé liczba parzysta.

Dane:
n — liczba wezléw funkeji s;
y[1:n] — tablica wartodci funkeji s w wezlach o; = i¢(1 = 1, 2, ..., n);
y2{1:n] — tablica wartodei drugich pochodnych funkeji s w wezlach x; = ¢
(i =1,2...,n0);
y13, yn3 — wartoéei trzecich pochodnych funkeji s w wezlach réwnych odpowiednio
11i n (w przypadku procedury interpsl02cf);
y11, y13 — wartodci pierwszej i trzeciej pochodnej funkeji s w wefle réwnym 1
(w przypadku procedury interp5l02d13cf).
Wyniki :
a,b,c,d, e fl1:n— 1] — tablice wspélezynnikéw funkeji s.
W kaizdym podprzedziale [4,i4+1] (¢ =1, 2,..., n—1) funkecja s ma postaé
okredlong wzorem (1).

1) =y, oraz s



