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Let f = f(t) be a real function defined in the interval {—1, +1),
absolutely continuous, and satisfying conditions f(—1) = f(+1) = 0 and

+1 .
[ pfidt < oo, where p = (1—12)""” and the dot means differentiation with
=1

respect to . As shown in [2], for such a function, there holds the integral
identity

+1 +1 +1 .
(1) [ pprat—2 [ pfiae = [ p~hea,
-1 -1 -
where h = p2f. This identity implies, in turn, the inequality
+1 1 +1
@) [ pra<s [ ppa

-1 -1
in which the coefficient 1/2 cannot be diminished. Equality in (2) appears
for functions f = const-f, and f, = p~? only.

In what follows we assume the following orthogonality condition
for f:

+1 +1
(3) | pfhdt = [ p*fat <o.

THEOREM 1. Under the assumptions listed above we have the integral
inequality
+1 +1
4 .
(4 [pra<= | sra,
-1 -1
where the coefficient 4/9 cannot be diminished. Equality in (4). occurs for
f =0 only.
Theorem 1 follows immediately from the theorem in [3], but we
present here an elementary proof of it based on a certain modification
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of Hardy’s inequality Let us recall that inequality. The well-known
Hardy Theorem says (cf. [1]) that if a sequence {8,};., of real numbers
satisfies the condition

0<2ﬂ;< 00,
k=1

then the inequality
(5) D KRB+ B2 < 4 D) B

k=1 k=1
is valid; the coefficient 4 cannot be diminished.
Our proof of Theorem 1 will be based on the following

LEMMA. If a sequence {ai}y.o of real numbers satisfies the condition

_i 2 2
0< B @+ @ < 09,
k=1
then the inequality

(6) ao+2(k+ ) ( @+ ay+.. +ak)<4( a°+2a,,)

k=1 k=1
18 valid; the coefficient 4 cannot be diminished.

Proof. For any real function fe L*(0, o), f # 0, we have the integral
inequality (see [1])

(7) fwt’zF’dt <4 fw frdt,

0
¢
where F(t) = ff(r)d-r. Setting f(1) = 3a, for 0 <t < 3/2 and f(t) = a;
for k+1/2 < t< k+3/2, where k =1, 2,..., we obtain

fra-tas S

and

ft—=ﬁv=dt> ao+2( )( +a1+...+a,,)’,

whence, by virtue of (7), there follows (6).
Now, setting a, = k™2 for ¥k =1,2,...,K and ap =0 for X =0
and ¥ > K, we find first

Lagr Sa- Y

k=1 k=1
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and
(k+3)2(3ap+ar+...+ o) > 457 (1 — &)
for k =1,2,..., K, where ¢ = (}+k)"2(34+2k*%) > 0. Then we obtain

2
(8) a°+2(k+ ) (2 ay+a,+.. +a,,)

k=1

K —2
Z(k+ ) (—ao+a1+ +ak) >42(1 ng) b~
k=1 k=1l

1
~40—ng) (3 b+ > el
k=1
‘where

= (k) (S

Finally, if we note that gz > 0 and ng —0 for K— o0, inequality (8)
shows that the coefficient 4 in (6) cannot be diminished.

Proof of Theorem 1. Let T, =T.1), ¥ =0,1,..., denote Che-
byshev polynomials for the interval (—1, +1). If A = p2f the Parseval
identity gives the formulae

+1
2
E;fph’dt —2a,o+2ak, I, E——fp"h’dt 2b§+2b
-1

k=1 k=1

where
+1 +1 )
nay = [ phTodt, wby = [ p'hT,dt,
-1 -1
and, for ¥ =1,2,...,
+1 +1 .
nay = 2 [ phTydt, wb, =2 [ p~'hTydt.
- -1
Performing integration by parts, we obtain
(10) a, =2b, and (k+1)ap,,—(k—1)a,_, = 2b,

for £ =1,2,...

These equalities allow to express coefficients a; in terms of b,.
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According to (3), we have a, = 0. Putting b, = }a,, by = @, and
by =Py for k =1,2,..., we obtain from (10) the formulae

(11) @, =ayy  Ggqr = (k+3) (gt a1 +... +ap),
a2k=k_l(ﬂl+"'+ﬂk) fOI' k=1,2,-..
Now integrals I, and I, take the form

b 1 -2 1 2 had
Li=dt D(ktg) (Fatatta) + D@t a0,

k=1 k=1

1 (>} (<4}
L-tar S S
k=1 k=1
If f = 0, we have, according to (5) and (6), the inequality I, < 41,.
Of course, the coefficient 4 cannot be diminished here. Applying now
identity (1), which can be rewritten in the form

g
—,;fpfzdt = 2I, +1I,,
21

we complete the proof of the Theorem.
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